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Introduction 



The Hilbert scheme Hilbp^f^ has been introduced by Grothendieck [40] at the be- 
ginning of the '60 and belongs to several objects that arose with the schematic re- 
interpretation of algebraic geometry. It represents the Hilbert functor the associates 
to any scheme Z, over a ground field K of characteristic 0, the set of flat families in 
a projective space P" parametrized by Z. For this reason, usually we say that the 
Hilbert scheme parametrizes all the subschemes and all the (flat) families of sub- 
schemes of P" with a fixed Hilbert polynomial p{t). This means that the Hilbert 
scheme is itself a parameter scheme of a flat family A! of subschemes of P" with 
Hilbert polynomial p{t) such that any other flat family y ^ S can be seen as pull- 
back of A" — > Hilbp^f) by means of a uniquely defined map S — > Hilbp^f^: 

y = ^ Xffilb';,,) S > ;f 

S-----3!--->Hilb;(,) 

The Hilbert scheme is a projective scheme and it is usually defined as subscheme 
of a suitable Grassmannian. Following the notation used by Gotzmann in [34], 
given a subscheme X C P" = Proj 'K[xo, . . . ,x„] and the corresponding saturated 
ideal Jx C K[ xq, . . . , Xn] (IK[x] for short), we will say Hilbert polynomial of Ix refer- 
ring to the Hilbert polynomial p{t) of X, whereas we will say volume polynomial of 
Ix referring to the polynomial q{t) = ("^^) — p{t) such that dimK h = qit), t ^ 0. 
By Gotzmann's Regularity Theorem it is well known that for an integer r large 
enough, for each subscheme X C P" parametrized by Hilb^j-f), the saturated ideal 
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Ix is generated in degree lower than or equal to r and that Ir is a (j(r) -dimensional 
vector subspace of the base vector space of homogeneous polynomials of K [x] of 
degree r. Hence any point of Hilbp(f-) can be naturally identified with a point of the 
Grassmannian Gr{q (r), K[x]r) and then embedded by the Pliicker embedding in the 
projective space P , E = ( ^('^-j )• The dimension E of the projective space in which 
we can embed Hilbp^^j clearly becomes very huge just considering non-trivial cases. 
This fact reveals immediately the great difficulty of studying explicitly and globally 
the Hilbert scheme, indeed even Hilbert schemes of easy geometric objects give rise 
to intractable problems of computational algebra. 

Dealing with the problem of finding an ideal defining Hilbp^j^ as projective 
scheme, the study can be oriented towards the equations generating such an ideal 
and particularly to their degree. larrobino and Kleiman (1999) [52, Appendix C] 
proved that there exists an ideal defining the Hilbert scheme Hilbp^^f^ as subscheme 
of Gr{q{r),K.[x]r) generated by polynomials of degree q{r -|- 1) + 1 in the Pliicker 
coordinates, and afterwards Haiman and Sturmfels (2004) [41], proving a conjecture 
by Bayer (1982) [7], defined an ideal generated by polynomials of degree n + 1. 

In Chapter 1, after having recalled some background material about 
representable functors, Grassmannians and Hilbert schemes, we introduce a set of 
generators for any exterior power a'W of a subspace W G Gr{q,N) depending 
linearly on the Pliicker coordinates of W, given by Pliicker embedding. Exploiting 
this result in the case of Hilbert schemes, we give new and simpler proofs of the 
theorems about the degree of the equation defining Hilbp^^j C Gr{q{r) ,¥^[x\r) by 
larrobino-Kleiman and Bayer-Haiman-Sturmfels. Furthermore in Chapter 5, we in- 
troduce a new ideal defining the Hilbert scheme as subscheme of a Grassmannian 
generated by equations of degree smaller than or equal to deg p(f) + 2 < n + \ <^ 
q{r + + 

The first relevant property proved about the Hilbert scheme is surely its con- 
nectedness, proved by Hartshorne (1966) in its PhD thesis [42]. He used a basic 
idea widely exploited in the field of commutative algebra in the following years, 
that is to reduce the study on monomial ideals obtained by flat deformation of any 
ideal defining a point on a Hilbert scheme. This idea has to be carefully managed 
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in this context. Using the modern language of Grobner degeneration theory, the 
problem is that any change of coordinates g G GL(n + 1) defines an isomorphism 
of Hilbp(() that identifies the point Proj K[x]/7 G Hilbp(f) defined by an ideal I and 
the point Proj K[z] /{g •!) defined hy g .1, whereas the point defined by in (7) could 
not be mapped to the point defined by in(^ .7). To overcome this possible ambigu- 
ity, for any ideal I, given the equivalence relation g ^ g' <^ \n{g .1) = in(^' . J), it 
was proved that one of the equivalence classes corresponds to an open subset U of 
GL(n + 1). Hence associating to any ideal I the so-called generic initial ideal 'm{g.I) 
computed considering a change of coordinate g in the open equivalence class turns 
out to be consistent with the properties of the Hilbert scheme. Generic initial ideals 
belong to the class of monomial ideals called Borel-fixed, because fixed by the ac- 
tion of the Borel subgroup of GL(n + 1) composed by the upper triangular matrices. 
They are fundamental in the study of Hilbert schemes for two reasons: 

1. each component and each intersection of components of Hilbpj^f-) contains at 
least one point defined by a Borel-fixed ideal (roughly speaking they are dis- 
tributed all over the Hilbert scheme); 

2. they have a strong combinatorial characterization that makes them very inter- 
esting, also from an algorithmic perspective. 

In Chapter 2, after having recalled the main properties of Borel-fixed ideals and 
showed several ways to represent their combinatorial structure, we expose an algo- 
rithm for computing all the (saturated) Borel-fixed ideals in K.[x] with Hilbert poly- 
nomial p{t), that is for computing all the points of Hilbp^^^^ defined by Borel-fixed 
ideals. Then we discuss how the number of Borel-fixed ideals varies increasing the 
number of variables of the polynomial ring and changing the Hilbert pol}momial. 
Furthermore we propose new definitions of ideals that generalize the notion of lex- 
icographic ideal, that we call segment ideals. 

The basic idea of Hartshorne's proof of the connectedness of the Hilbert scheme 
is to construct a sequence of deformations and specializations (through distractions) 
of Borel-fixed ideals (he called it balanced ideals) in order to reach the point defined 
on Hilbp(f-) by the unique (saturated) lexicographic ideal associated to p{t) (see [60]). 
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A second proof was given by Peeva and Stillman (2005) [83], who basically rewrote 
Hartshome's idea in terms of Grobner degenerations. In both cases affine flat de- 
formations are used. In Chapter 3, we introduce a new type of flat deformations in- 
volving Borel-fixed ideals simply relying on their combinatorial structure that lead 
to rational curves on the Hilbert scheme. The idea of giving a "direction" to the 
deformations works also in this case, so that a new proof of the connectedness of 
the Hilbert scheme is proposed. Morever we show that all the points defined by 
segment ideals can play the same role of the lexicographic point in Hartshorne and 
Peeva-Stillman's proofs. Finally we are able to define families over (P^)^ '^ that can 
be used to detect set of points defined by Borel-fixed ideals lying on a same compo- 
nent of the Hilbert scheme. 

As explained above, the explicit and global study of the Hilbert scheme is un- 
achievable because of the huge number of parameters needed to describe these kind 
of geometric families. An alternative approach is the local one, i.e. considering 
the open covering induced on Hilbp^^j-) by the standard affine open covering of 
through the Pliicker embedding. This has been the true starting point of the the- 
sis, indeed the first topic I dealt with in my research activity is the construction of 
families of ideals sharing the same initial ideal. In [82] Notari and Spreafico (2000) 
proposed to cover set-theoretically the Hilbert scheme with such families. In the 
first part of Chapter 4, we prove that the family of ideals I such that in (J) = /, 
that we call Grobner stratum of / and denote by St{}), has a well-defined structure 
of affine scheme and we determine the conditions in order for a Grobner stratum 
to be an open subset of the corresponding Hilbert scheme, namely a local descrip- 
tion of its scheme structure. The ideal / is having to be a segment ideal, truncation 
of a saturated Borel-fixed ideal in degree equal to the degree r used to define the 
Grassmannian Gr{q{r),K.[x]r). St{}) can be viewed quite naturally as a homoge- 
neous variety with respect to (w.r.t. for short) a non-standard positive grading. This 
property has a great relevance in a computational perspective, because it allows to 
reduce significantly the number of parameters describing St{}) (and also the asso- 
ciated open subset of Hilbp^j^), indeed we prove that in many cases the degree of 
the truncation can be lowered while obtaining the same family (an isomorphic one) 



Introduction 



5 



of ideals. 

Unfortunately this technique does not solve the problem of the local study of 
the Hilbert scheme, because not every Borel-fixed ideal is a segment ideal, so that 
this method can not be always applied and above all the number of open subsets 
that in principle we would need to consider, i.e. the number of Grobner strata we 
would have to compute, is still enormous. Giving up the segment hypothesis is re- 
ally costly, because we can no longer use tools provided by Grobner theory, mainly 
the noetherian Buchberger's algorithm, that are the basis of construction of Grobner 
strata. Thus the central part of Chapter 4 is devoted to the ideation and develop- 
ment of a new noetherian algorithm of polynomial reduction based solely on the 
combinatorial properties of Borel-fixed ideals avoiding any term ordering. With 
this new procedure we define more general families of ideals, that include Grobner 
strata: a family of this type is constructed from a Borel-fixed ideal /, so we call it 
/-marked family and we denote it by M.f{]). The property common to each ideal 
/ G M.f{]) is that the set of monomials not belonging to / represents a basis of 
K[jt:] / J as K-vector space. 

In the final part of Chapter 4, we moreover answer also to the second problem 
about the local study of the Hilbert scheme, that is the huge number of open affine 
subsets to be considered. We prove that it is sufficient to study the /-marked families 
A4f{}), where / is the truncation in some degree ^ r of a saturated Borel-fixed ideal 
defining a point of Hilbp^^j^ C Gr{q{r),'K[x],-), and then to exploit the action of the 
linear group GL(n + 1) on the Hilbert scheme. 

In Chapter 6, we deal with Hilbert schemes of locally Cohen-Macaulay curves 
in the projective space P"'. A locally Cohen-Macaulay curve is a curve without em- 
bedded or isolated points and the set of points of the Hilbert scheme Hilb^f_|_^_^ 
corresponding to locally Cohen-Macaulay curves of degree d and genus g turns out 
to be an open subset denoted by iid,g- Iri turn H^ g contains an open subset corre- 
sponding to the set of smooth curves, that we denoted by H^"^, i.e. 

Hrf^ C Hrf^g C Hilb^f+i_^. 

As seen in Chapter 3, the full Hilbert scheme is connected, whereas there are known 
examples of Hilbert schemes of smooth curves in P'^ which are not connected (for 
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instance Hf^Q [43, Chapter IV Example 6.4.3]). For the Hilbert scheme of locally 
Cohen-Macaulay curves nothing is known, in the sense that there are no examples 
of non-connected Hilbert schemes and neither there is a proof of the connectedness 
in the general case. An approach similar to that one used in the proof of the con- 
nectedness of Hilbp(f-), for instance a sequence of Grobner deformations in a fixed 
direction, has always seemed unsuitable, because for any term ordering the initial 
ideal is a monomial ideal, hence except for some rare cases (ACM curves), a Grobner 
degeneration would lead to a curve with embedded points. 

A Hilbert scheme considered a "good" candidate of being non-connected was 
H^-s. In Chapter 6 we show that this Hilbert scheme is indeed connected, by con- 
structing a Grobner deformation with generic fiber corresponding to four disjoint 
line on a smooth quadric and special fiber an extremal curve. The key point is to 
choose appropriately a weight order co (which is not a total order on the monomi- 
als) such that the initial ideal w.r.t. cv is not necessarily a monomial ideal and such 
that the degeneration "approaches" the component of g of extremal curves. 

In order to strengthen the algorithmic purpose, I wrote lots of lines of code or- 
ganized in some libraries to explicitly calculate the objects introduced theoretically 
in the thesis in many non-trivial example. Appendix A contains an handbook for 
the package HilbertSchemesEquations written in the Macaulayl language, that 
covers the topics explained in Chapter 1. As seen the number of parameters is in 
any case too large, but the equations for the Hilbert scheme Hilb2 C Gr (4, 6) can be 
computed. 

Appendix B presents a library written in j ava that provides an implementation 
of the combinatorial structure of Borel-fixed ideals. All the algorithms described in 
Chapter 2 and Chapter 3 are implemented and made available by means of several 
java applets working on any web browser with java plugins installed. 

Finally the algorithms for working on marked families and Grobner strata 
introduced in Chapter 4 are made available through the Macaulayl package 
MarkedSchemes described in Appendix C. 

All this material is available at my web page 

www.personalweb.unito.it/paolo.leUa/HSC/. 



Chapter 1 

The Hilbert scheme 



In this first chapter we recall the definitions leading to the introduction of the Hilbert 
scheme and its usual construction as subscheme of a suitable Grassmannian. 

1.1 The representability of a functor 

Definition 1.1. For any schemes X over K, we define the contravariant /wnctor of 
points from the category (schemes)K of schemes over an algebraically closed field K 
of characteristic to the category (sets) of sets: 

hx ■ (schemes)^ — > (sets) 

such that for any object Z G Ob^g^-hgjngsjji^ 

hx{Z) =Hom(Z,X) 

and for any morphism f : Z ^ W ^ Mor(g(,j^gjnes)K' diagram 

Z- / » W 

X 
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we define 

hx(J) : Hom(W,X) Hom(Z,X) 

a /?x (/)(«) = fl o/. 

By the definition hx turns out to be a contravariant functor, indeed given Z 
W4- Tandfl e Hom(T,W) 



Z : / >W 

O 



X 



hx{gof){a) = a o g o f = hx{g){a) o f = hx{f){hx{g){a)) = {hx{f) o hx{g)){a). 

Given another scheme Y over K and a morphism tp : X ^ Y,it can be defined a 
natural transformation : hx ^ hy. For any Z e Ob(schemes)K' define h^,{Z) : 
hx{Z) -^hyiZ) through the diagram 



X ^ ^ Y 



and for any / : Z W e Mor(schemes)K' 



as showed in the following diagram 



— / > W 

^ I 
hx{f){a) a 

X ^ >Y 



1.1. The representability of a functor 



9 



Therefore we defined a functor h from the category (schemes )]k of schemes over 
K to the category of functors from (schemes)K to (sets) 

h : (schemes)]K — > Fun((schemes)]K, (sets)) 

X ^ hx (1.1) 

(xp-.X^Y) ^ {h^:hx^ hy) 

Proposition 1.2. The functor h described in (1.1) is fully faithful. 

Proof. We have to prove that the function xp i-^ h^ is a bijection, so starting from a 
map f : hx ^ hy we will define a morphism between X and Y and we will prove 
that this correspondence is the inverse function. 

hx{X) obviously contains the identity map idx of X, so by means of /(X) : 
hx{X) hyiX), we can define the map 

(p = /(X)(idx) :x^y, 

and we want to show that hg, = f. 

For any scheme Z G Ob(sjhemes)K niorphism ^ : Z — > X, we have the 

diagram 



hx{Z) 


-m 


-^hy{Z) 


T 




T 


hxig) 







hx{X) 


-fix) 


^hy{X) 



Note that g = hx{g){idx), G hx{Z), so 

f{Z){g) = hy{g){f{X)iidx)) = hy{g){cp) = Cpog = h,{Z){g). □ 

Theorem 1.3 (Yoneda's Lemma [29, Lemma VI-1]). The functor of points hx in 
Fun((schemes)]K, (sets)) uniquely determines the scheme X G (schemes)^ up to iso- 
morphism. 

Now we can introduce the notion of representable functor. 
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Definition 1.4. Let J-" : (schemes)|^ — > (sets) be a contravariant functor. is rep- 
resentable if there exists a scheme X G Ob(s(.hemes)K such that ~ hx- By Yoneda's 
Lemma, we know that such a scheme is uniquely determined, so we will say that 
the scheme X represents T. 

Let us conclude this section recalling some useful results about the representabil- 
ity of a functor. 

Proposition 1.5 ([29, Proposition VI-2]). A scheme X over K is completely determined 
by the restriction of its functor of points to affine schemes over K; in fact 

h' : (schemes)K — > Fun (( schemes )^^^, (sets)) 

is an equivalence of the category of schemes over K with a full subcategory of 
Fun((schemes)K, (sets)). 

From now on, in place of the contravariant functor of points (Definition 1.1), we 
will consider the covariant functor 

hA '■ (K-algebras) — ?► (sets) 

such that for any object B G Ob^K.aigg^ras) 

hA{B)= Hom(SpecB,SpecA) 

and for any morphism f : B ^ C ^ Mor(K.aiggbj.as), by the diagram 

Spec C — /* — > Spec B 

O I 

a 

Spec A 

we define 



hA{f) : hA{B) ^ hA{C) 

a i-> hA{f){a) = ao f*. 
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1.2 Grassmannians 

Let us consider a K-vector space V of dimension N with a basis {z?^, . . ■ ,v^^. The 
Grassmannian GrK(i?, N) parametrizes the set of all vector subspaces W C V of 
dimension q. Every ^^-dimensional subspace W can be described as a row span of a 
q X N matrix Tl{W) of maximal rank. Furthermore the list of all maximal minors 
of such a matrix up to scale determines uniquely the space W (see [72, Proposition 
14.2]), that is the matrix Tt{W) representing W is unique up to multiplication by 
invertible q x q matrices. 

By this argument the Grassmarmian GrK{q, N) can be embedded in the projec- 

five space ¥^ : 

GMq,N) ^ PKiA^V] ^^^^ 
W = (wi, . . . , Wg) ^ A ■ • • A 

N 

Let Wi = ^ij Hj, i = I, - ■ ■ ,qhe the decomposition of the basis of W with respect 
the basis of V and let 

{vi^^ =v,^A---Av,^ I I=(ii,...,i,), l^ii<...<i^^N} 

the standard basis of A'^V. The product zv-^ A ■ ■ ■ Aw^ decomposes as 

w^A---Aw^= Ai{W)v[^^ 
111=9 

where the coefficient Ai(W) is just the determinant of the submatrix SUti(W) of 
9Jt(W) composed by the columns of the vectors v^^,- ■ ■ and the set [. . . : Ai(W) : 
. . .] is the set of Pliicker coordinates of W, hence we will consider F]K[A'?y] = 
ProjK[...,Aj,...] =ProjK[A]. 

Another way to determine the embedding is considering the short exact se- 
quence 

— > W — >V ^ V/W — > 
and the induced epimorphism of the p-th exterior power where p = N — q, that is 

APV ^ APV/W 0. (1.3) 
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Since diiriK V/W = diiriK V — dimjK W = p, the exterior algebra A^W is isomorphic 

ip) 

to the field K and the map is uniquely determined by W up to multiplication 

(p) 

by scalar. So we can identify W with the set of the images by tt^ of the vectors of 
the basis of A^V 



precisely let us define 
and the embedding 



@i{W) = n\P\v^) (1.4) 



K 



W ^ [. . . : 0j(W) : . 



(1.5) 



considering ¥^ = Proj K[. . . ,©j, • • •] = Proj K[0] where the variables 0j are 
another set of Pliicker coordinates. 

Proposition 1.6. The sets of Pliicker coordinates [. . . : Ai : . . .] and [. . . : 0j : . . .] are 

equivalent. More precisely, for every W G Gr^{q, N), there exists c G K such that 

Ai(W) =c£j|i0j(W), JUI = {1,...,N} (1.6) 

where £j|i is the signature of the permutation a that orders J|I = (ji, . . . ,jp,ii, . . - Aq), i-^- 
t^(J|I) = (l N). 

Proof. Let us suppose W contained in the vector space V with basis {z^i, • • • / 2n} ^^id 
let p = N — (J. Since AP(y/W) ~ K, the morphism n^^^ described in (1.3) turns out 
to be a linear functional over /\PV. Let {v^ , . . . ,v^} be the usual basis of the dual 
space V* , that is 

0, i^j ■ 

Directly by the definition of 0j(W) given in (1.4), we can identify ttJ^ with 



v^{v^ 



(p) 
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where v} , = v^^ A ■ ■ ■ A v^p. 

Through the standard isomorphism 

AP{V*) ^ AW 



(v) 

the image of /rj^^ is 



Y: @mvUv,A---Av^) 

IJI=P 



and rewriting in each addend A • • • A z^j^ Z7j A £j|j Vj where J U I = {1, . . . , N} 
and £j|i is the signature of the permutation that orders J|I (equal obviously also to 
the signature of the inverse permutation a such that (7{1, ...,N) = J|I = (ji, . . . , jp, 
ii/ ■ ■ ■ / iq))/ we finally obtain 

X: 0j(W) vl (i;}^) A ejii = E ^JH i'^- 
IJI=P liN? 

IUJ={1,...,N} 

By duality the vector subspace generated by this elements has to coincide to the 
vector subspace identified by the injection 

Am — y A'^V. 

Chosen a basis {w^, . . ■ ,w^} of W, the generator of A'?W in AW is 

W.iA---Aw^= E uf\ □ 

\i\=1 

Remark 1.2.1. Given any (even not-ordered) set of indices H = (hi, . . . ,hq) (resp. 
H = (hi, . . . ,hp)), we will denote with Ah(W) (resp. 0h(W)) the determinant 

of the submatrix of 9?T(W) obtained considering the columns corresponding to the 

(p) 

vectors v-^^,-- - /Vhcf (resp. the image of z^^j A • • • A v^^ using n^ ). It is easy to check 
that Ah = eh^k (resp. 0h = eh^k)/ where eh is the signature of the permutation 
a that orders H, K = cr(H) is the corresponding ordered set of indices and Ak (resp. 
0k) is a Pliicker coordinate. From now on, if not specified the set of indices are 
considered in increasing order. 
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Given two multi-indices K = (kj, . . . ,ka) and H = (hi, . . . ,hj,), we will denote 
by K|H the set of indices (ki, . . . ,kfl,hi, . . . ,h;,), that in general will not be ordered, 
whereas we will denote with the union K U H the ordered multi-index containing 
the indices belonging to both K and H. For instance given K = (1/5) and H = (2), 
K|H = (1,5,2), H|K = (2,1,5) andKUH = HUK = (1,2,5). Coming back to 
Pliicker coordinates the following relation holds: 

Ak|h = EkIhAkuh (resp. 0k|h = EkIh^kuh)- 



To determine the equations of the subscheme ^[Gr^{q,N)) C P[A'?y], that 
is the conditions such that an element m^*?) G A^^V can be decomposed as exterior 
product of q vectors 

u('l^ = Wi A ■ ■ ■ A w^, Wi, . . . G V 

let us start considering the contraction operator (sometimes also called convolution). 
For any element of the basis of V*, let us define the operator 

i*{vi) : A'V ^ A'-^V 
is) 

as the operator sending the generic element = v^^ A • • • A v^^ of the basis of A^V 
to if does not belong to I whereas if ; = i^ for any k 

i\vi){v^h = {-If-'v,^ A ■ ■ ■Av,^_^Av,^^^ A...Av,^ = {-if-'^lj} 
so that for the generic element of A^V 

\|I|=s / |I|=s 

3 k s.t. i;t=/ 

Extending by linearity, for any element t = Ejli bj G V* we define i* (?) : 
AW A^~^y as the operator 

i*(i) = t.^ji*ivi) (1-7) 
7=1 
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Definition 1.7. For any f^,.) = Yl\]\^r ^J^[r) ^ A''(y*) we define the contraction opera- 

: A'V A'-'V (1.8) 



tor 



as 

\\l\=s / \\]\=r / V|I|=s / 

where we define /* (z?^^^^ ) (t^j^^ ) G A^^^'V through the composition of maps 

A^v ^ A-iy ■ ■ ■ ^ A-^y 

as 

f*(z;ji)o---o/*(#)(z;f)). (1.9) 

Proposition 1.8. A vector u^'^^ E A^V is decomposable, i.e. of the form zv^^A---A Wj^^, if 
and only if 

z*(Vi))(^^'') = 0' ^ Vd e A''-i(y*). (1.10) 

Proof. See [94, Chapter I Section 4.1] and [39, Chapter I Section 5]. □ 

To compute the Pliicker relations, we consider the generic element '}Z\i\=q Aixif^ 
of A'?y and we impose the condition (1.10) considering 



M I 111=9 

for all in the standard basis of A'?^^(y*). Firstly 



^ ' jci 

and supposing that I \ J = {1^} 
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so we can rewrite 



Eaii^I'M =(-1)^"'^ E {-ir'^m,= 



iii=i 

Jcl 



so that finally 



V 



ju(j) : 



(9) _ 



(9) 



Kj^N |I|=, 



(-1)*"^ E E^jio)^(i)iiAjuo)Ai4;;;;^ d.n) 



m 

By dimension arguments, each vector v[^^^^ of the basis A'^^^V comparing in the 
previous sum contains at least two vectors such that i ^ J. Let us decompose such 
a I as 

1= (in J) UK, |K|^2. 

For every i S K, rif^^^ compare in the wedge product £j|(i) Ajy(j)Z7j A Aj\(i)Z;j^^jj there- 
fore the sum (1.11) contains the addend 

( 

E^J|(i)^(i)|{I\(i)) AjU(i)Ai\(i) I V^f^^'^ 



(1.12) 



We remark that if |K| = 2, i.e. I = J U (ii,i2) the coefficient of the term Jif^^^ in 
(1.12) vanish, indeed 



^Jl(il)^(il)l(JU{i2)) "jU(il)"jU(i2) ^ tj|(i2)^{i2)|(JU(il)) "jU(i2)"jU(ii) 



Ati l^i,^A 



Ati iCI^^At 
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because, supposing ii < 12, 

£ji(i.)6(,)i(ju(i0) = (-ir • ("ir"^ = (-ir- 



Finally the ideal defining the Grassmannian Gr^{q,N) as subscheme of Pj^ 
is generated by the following set of quadrics 



0-1 



E^J|(i)£(i)l(I\(i))^JU(i)^I\(i) 



iGl 



VL |J|=^-1 

VI, |i| =^? + i, |i\(inj)| >2 



(1.13) 



Remark 1.2.2. Increasing the dimension N of the base vector space and/ or the di- 
mension q of the subspaces, the number of Pliicker coordinates and above all the 
number of quadrics become quickly huge, indeed for describing the Pliicker em- 
bedding of Gtk{(J,N), we need (^) Pliicker coordinates and the Pliicker relations 
among them are 

(A) ■ K+i^ " (^"2"^^) ■ relations are redundant, so 

the number of quadrics sufficient to describe the ideal is much lower. 

Example 1.2.3. Let us consider the Grassmannian Gr]K(4,6) and given a basis {vi, 
of y ~ let 

^ : GrK(4,6) ^ Pj,^ = Proj]K[Ai] 

be the Pliicker embedding described in (1.2) where the 15 Pliicker coordinates are 
indexed by ordered subsets I = (11,12,13,14) of {1,2,3,4,5,6}. Let {v^, . . . ,v^} be the 
standard basis of the dual space. 

fv'{V*) has a basis containing 20 elements. Let us look for instance at the con- 
traction operator defined by Ip- /\v^ f\ if' applied on the vector I]|i|=4 Aj : 



i*{v^Av^ Av'^) ( AjV^A = (-1)© X] ^ 

\|I|=4 / jG{lA5} 



236|j ^236Uj Jl] 



= Ai236 ^1 + ^2346 + '^2356 ^■ 



Then by 



(Al236 Vl + A2346 ^4 + ^2356 ^5) A i ^ Aj v\ 

\|I|=4 



(4) 
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we obtain the following 3 Pliicker relations 

£236|l£l|2345 ^1236^2345 + e236|4e4|1235 '^^2346^1235 + £236|5£5|1234 ^2356^1234 = 

= — A1236A2345 + A2346A1235 — A2356A1234, 
£236|l£l|2456 A1236A2456 + e236|4£4|1256 A2346Ai256 + £236|5^^5|1246 A2356Ai246 = 

= — A1236A2456 — A2346A1256 + A2356A1246/ 
£236|l£l|3456 A1236A3456 + £236|4£4|1356 A2346A1356 + £23615^511346 A2356A1346 = 

= — A1236A3456 — A2346A1356 + A2356A1346. 

Repeating this computation for every element of the basis of A'^(y*), we obtain the 
ideal defining the Grassmannian Gr^{4i,6) as subscheme of Pj^ as generated by 
3 ■ 20 = 60 equations of degree 2. In Example A. 1.2, we will show that 45 quadrics 
are redundant, that is we only need 15 polynomials to define this Grassmannian. 



Our next task is to understand how we can recover a set of generator of a sub- 
space W G GrK{q,N) knowing its image by the Pliicker embedding =f^(W) G 

^(GrK((?, N)) CF^l . It is well known (see [94, Chapter 4 Section 4.1] and [29, 
Section III.2.7]) that any point [. . . : Aj : . . .] G =^(Gr]K((?, N)) such that A(i ^) ^ 
corresponds to a subspace W C V with a basis of the type 



l,...,q 



where 



A, 



l-'?)\(i)l(i) 



A 



{l...q) 



(1.14) 

in fact after multiplying any matrix 9Jl( W) by the inverse matrix of ( (in- 

vertible because ^{i...q) 7^ 0), the coefficient 5^-^ is equal to the determinant of the 
matrix composed by the columns with indices m. {\, . . . ,q)\{i) \ (j). The same rea- 
soning can be applied for every vector space A^W, s ^ q. Starting from the basis 

(s) 

of W described in (1.14), we can consider as basis for A^W the set {zv^ | V I = 
(ii, . . . ,is), 1 ^ ii < ■ • • < is ^ i?}. More precisely 



(s) 

= A • • • A Wi 



(s) 



+ E 



■s]s 



(1.15) 
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and the coefficient of is equal to the determinant of the submatrix of 9Jl(W) 
composed by the columns with indices in {1 . . .q)\ I|J, i.e. 



-'iiji 



kh 



Si. 



s]s 



= e 



{i...q)\i\r 



ni-'?)\i|J _ 
A(i...g) 



Now the final step is to determine the vector space A^W avoiding the hypothesis 
on the non-vanishing Pliicker coordinate. 

Definition 1.9. Let Gr^{q, N) be the Grassmannian of (^-dimensional subspaces of 

V = (^1/ • • • / with the usual Pliicker embedding ^ : Gt^^q, N) ¥^ . For 

any point [. . . : Aj : . . .] e Pj^ and for any s < q, we associate to the ordered 
multiindex J = 0i, . . . ,]q-s) the element of A^V 



(1.16) 



Moreover we denote by F^^^ the set of all possible Aj^^: 

F(«) = |a{') I VJs.t. \]\=q-sY 



(1.17) 



Proposition 1.10. Let GrK{q, N) be the Grassmannian of q-dimensional subspaces ofV 

{vi,...,Vfj) with the usual Pliicker embedding ^ : Gr-K{q,N) and let us 

consider W e GrK{q, N). The vectors of 



(s) 
K 



VJs.i. \]\=q-s 



generate A^W. 



Proof. First of all, we show that for every J, aJ'^ (W) belongs to A'W. Let us suppose 
Aj^^(W) ^ 0, that is there exists a multiindex H, |H| = s such that the Pliicker 
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coordinate Aj = Ajuh does not vanish. We can write 



|K|=s 

/ 



V 



|K|=s ^J|H 



A 



J|H 



(s) 



V- ^J|K Js) 

|k|=s^J|hAjuh"^ 



A 



J|H 



v 



V- Al\H|K (s) 

|K|=s 
K/H 



obtaining an element of the type (except for a factor) described in (1.15). This ele- 
ment belongs to A^W because it can be obtained as exterior product (up to multipli- 
cation by a scalar) of s elements of th basis of W 



A;/)(W)|J'cI, \r\=q-l]. 



and it is easy to check that this basis is of the same type of that one described in 
(1.14). 

At this point we know that (F^'') (W)) C A'^W, so to prove the equality it suffices 
to show that dimK(r(")(W)) = dimjc A'W = (^). In fact the set 

{a'^\w) |KcI, |K| =s} 

contains (^) elements linearly independents, i.e. it represents a basis for A* W. □ 

Example 1.2.4. We consider again the Grassmannian Gr^{A,6) introduced in Ex- 
ample 1.2.3 and we will use the same notation. Obviously r'*' contains a single 



element: the vector defining the point in Pj|^: A^' 
example an element of T^^\ F^^) and T^^K 



J^Aiv[^\ We compute as 



20. 



^156 = ^156|2 ^2 + ^15613 ^3 + -^15614 = -^1256 ^2 + ^1356 ^^3 + ^1456 ^4- 
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1.2.1 The Grassmann functor 

Classically the same construction is extended to the more general setting of K- 
algebras and direct summands of A" of rank q. 

It is therefore natural to introduce the following functor. 

Definition 1.11 ([29, Exercise VI-18]). For any couple of integer {q, N), < q < N, 

the Grassmann functor is the functor 

gr^ : (K-algebras) -> (sets) 
Qr^ [A) = {rank q direct summands of A^} 

and for any / : A ^ B G Morj-j^.^iggbras) the map Q'^^ {f) is defined as 

P ^ P(^aB 

by means of the extension of scalars (see [4, Proposition 2.17]) and using the right 
exactness of the tensor product. 

Theorem 1.12. The Grassmannian Gr^{q,N) represents the functor Qr^ . 

To prove this result we need to say some more words about the Grassmannian. 
Let us consider the ring homomorphism 

/:K[...,Aj,...]^K[...,<5ij,...] 

where variables Aj are indexed over ordered subsets J C {1,...,N}, |I| = q and 
variables 5^ over \ ^\ ^q,\^\^N, such that/(Aj) = det(^ij)|jgj. / induces the 
affine homomorphism 

/* : Af = SpecK[...,^ij,...] ^ A^'^ =SpecK[...,Aj,...], 
and considering its restriction to the Zariski open subset 

Li = Af \Z((det(<5ij)|jej, V|J|=^)) 
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of the matrices {S^^) of rank q, also the morphism 

(p-.U^F'^' =ProjK[...,Aj,...] 



turns out to be well defined. 

Proposition 1.13. The morphism <p -.U —> Pj^^'' factors through Gr^{q,'N): 



u — <p — 1 



GrK(^?,N) 

Proof. Firstly (p is equivariant with respect the action of GLk {q) over U given by left 
multiplication }i : GL^{q) x U ^ U, that is 

GLk((?) xU — F^U 

I I 

i i 

U <P -p(~'"^ 

Then for any J ( |J| = q),\etU^ the closed subscheme of 17 such that the submatrix 
Ijej is equal to the identity matrix. Obviously LTj ~ j^k^ ■ Moreover consider 

the standard open covering on P^; 

[jUi, Uj = f'^ \Z(Aj). 

J 

To prove that (p factors through Gr]s^{q, N) we remark that 

(i) ii\uj '■ GL]k((?) X Uj ^ (p^^iJA]) is an isomorphism; 

(ii) ^luj : Uj — > n Gr^{q, N) is an isomorphism; 

(iii) for each Pliicker relation Q of the set in (1.13), the image of Q/Aj in 
¥.[..., . . .] belongs to the ideal /(LZj) defining LZj. □ 
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We rewrite the statement of Theorem 1.12 through the folio wmg proposition. 
Proposition 1.14. There exists an invertible natural transformation 

^■.gr^ ^hcr^^^^^y (1.18) 

Proof. Let us consider an element P G Gr^{A) and let us define a morphism 
Spec A GrK{cj, N), i.e. an element in ?ZGrK{q,N) (^)- Being P a direct summand of 
of rank q, the injective map 

ip-.P^ A^ 

is described hy a N x q matrix with coefficients in A. Therefore the chain of mor- 
phism 

K[...,^ij,...] =]K[...,^ij,...]^KA A, (1.19) 

where the second map is the evaluation map over the transposed matrix ^zp, in- 
duces a morphism fp : Spec A —> Aj|^ that factors over U. Finally (p o fp factors 
over GY^{q,'N) giving a morphism (p o fp : Spec A Gr^{q,N) G ^GrK(</,N) (^)- 
The transformation between morphisms of the two category follows directly from 
(1.19) and extension of scalars. 

To invert ^ , we look for the universal family over Gr^{q, N), that is we want to 
construct a sub-bundle /C ^ ^GrjK((? n)- consider again the action }i : GL^{q) x 
U -> U and let Vi = UiD Gr^iq, N) and Vj = n GrK{q, N). By the property (i) 
exposed in the proof of Proposition 1.13, Vi ~ Ui ~ Aj^^^''^ and Vj ~ Uj ~ Aj^^^''^ 
and using the property (iii) we can define the isomorphism 

pij : GLk(^?) X (Vi n Vj) ^ r'(Vi n Vj) ^ CL^iq) x (Vi n Vj) 

where the intersection on the left Vi fl Vj is considered as open subset of Vi whereas 
the intersection on the right as open subset of Vj. Thus the morphism to GL^{q) 
induced by pij determines a transition function ^ij : Vi n Vj ^ GLx((?). 

For every I, the embedding Vj ~ LZi ~ Aj^^'^^'^' ^ Aj^ induces the map — >■ 
. This collection of maps glue together by means of the transition functions ^rf 
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to the injective map /C —?■ C'^^^^^ whose cokernel turns out to be a locally free 
sheaf of rank N — q. 

Finally for every morphism/ : Spec A GrK(i?, N) G 'iGrK((?,N) (^)/ we define 
an element S Qr^ {A) starting from the family 

^ /c ^ 0GrK(,,N) ^ Q ^ 

via pull-back 

^ ric ^ ro^rK(,,M) ^ ^ r Q ^ o. □ 

By Yoneda's Lemma (Theorem 1.3) the schemes representing ^r^ and ^GrK(q,N) 
have to be isomorphic, so Gr^{q, N) represents also ^r^. 

1.3 The Hilbert functor 

Definition 1.15. Let us define the Hilbert functor as the covariant functor 

"Hilb" : (schemes)]K (sets) 

such that for X G Ob(schemes)K 

-Hilb"(X) = {Z C P" X X I Z flat over X via tt : Z P" x X ^ X} 
and for / : X ^ y G Mor(schemes)K 

Hilb"(/) : -Hilb"(Y) ^ -Hilb"(X) 

z ^ nz) 

that is well defined because the puUback preserves the flatness: 

nz) — .pj^xx .X 

idl/ / 

i i 

Z > P|^ X y . y 
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For the properties of flatness, we know that the Hilbert polynomial is locally 
constant for x S X, so we can decompose the functor "Hilb" as 

mih" = U mih'i^^ty 

p{t)eQ[t] 

where p{t) S Q[t] is a numerical polynomial and "Hilbp^f-j is the subfunctor of Hilb" 
such that 



?^ilb;(,)(X)= ZCP^XX 



Z flat over X with fibers 
having Hilbert polynomial p{t) 



Theorem 1.16 (Grothendieck [40]). The functor "Hilbp^^f^ is representable. 

Definition 1.17. We call Hilbert scheme and denote by Hilbp^^^ the scheme represent- 
ing the functor 'Hilbp(f-). 

There is another useful meaning of the representability of a functor. 

Proposition 1.18. The Hilbert scheme Hilbp(t) representing "Hilbp^f) is the parameter 
scheme of aflat family X with Hilbert polynomial p{t) 

X Hilb;(,) 




Hilb 



n 



Pit) 



such that any subscheme y C PJ^ x Sflat over S with Hilbert polynomial p{t) coincides 
with the fiber product X x^jn,"^^^ S C x Sfor a unique map S — > Hilbp(t).' 



y = ^ Xffiib'' ) S ^ ;f 



S ► Hilb;^,) 

The family X — > Hilb^j^j^ is called universal family and we will refer to this property as 
universal property of the Hilbert scheme. 
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To simplify the discussior\, we use again Proposition 1.5 for rewriting the Hilbert 
functor as a functor over the category of affine schemes: 

'Hilb|;(f) : (schemes)Aff ^ (sets), 
"Hilbpff) (Spec A) = {Z CF^IZ flat over Spec A with Hilbert polynomial p{t)} . 

It is well known that saying Z flat over Spec A means that the structure sheaf 
O2: is flat over Spec A. Being in the affine case we can consider the graded module 

M = ^H\Z,Oz{t)) (s.t M = Oz) 

over A[xo, . . .,x„] and Oz flat over Spec A is equivalent to M flat over A (see [43, 
Chapter III Proposition 9.2]). The flatness is preserved by localization ([43, Chapter 
III Proposition 9.1]), i.e. M is flat over A if and only if Mp is flat over Ap, for all 
p G Spec A. Moreover for any local algebra Ap, the flatness of a finite Ap-module is 
equivalent to its freeness ([69, Proposition 3.G]), so denoted by /c(p) the residue field 
of Ap, the Hilbert polynomial p{t) of Mp is well defined as the Hilbert polynomial 
of the module Mp <^k(p), that is 

p{t) = dimfc(p) (Mp)j ^ k{p), t > 0. (1.20) 

Finally the flatness ensures that the Hilbert polynomial does not depend on the 
point p G Spec A for which we localize ([43, Chapter III Theorem 9.9] and [29, Exer- 
cise 6.11]). 

Hence we can redefine the Hilbert functor as follows 

-Hilbp(f) : (K-algebras) ^ (sets) 

M, graded module over A [xq, . . . , x„] flat over A 1 
with Hilbert pol5momial p{t) j 

and for any / : A — > B, 

7^ilb;(,)(/):7^ilb;(,)(A)^7^ilb;:(,)(B) 
M ^ M^aB 
using the fact that the extension of scalars preserves the flatness (see [69, (3.C)]). 



7^ilb;(,)(A) = 
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Definition 1.19. The elements of the set T-Lilh^^f^^{A) are called A-valued points 
of the Hilbert scheme Hilbp(f^. With this terminology, the universal property of 
Hilbp(f) can be described saying that any flat family y — > Spec A defines a unique 
A-valued point of Hilbp^^j. 

Remark 1.3.1. The set of K-valued points 'Hilbp(f-)(K) contains exactly the sub- 
schemes X C with Hilbert polynomial p{t), being Spec K a single point. 

1.4 The Hilbert scheme as subscheme of the Grassmannian 

Definition 1.20. An admissible Hilbert polynomial p{t) has a unique Gotzmann rep- 
resentation 

(1.21) 

The number r of terms in this sum is said Gotzmann number of p{t). 

Example 1.4.1. The Hilbert polynomial p{t) = At has Gotzmann number equal to 6, 
indeed 

Theorem 1.21 (Gotzmann's Regularity Theorem [38, Theorem 3.11]). Let A be any 

K-algebra and let Z C Proj A[;co/ ■ ■ ■ ,x„] be any subscheme with Hilbert polynomial p{t), 
whose Gotzmann number is r. Then the sheaf of ideals Xz is r-regular. 

As usual to any subscheme Z C P^, we can associate the saturated ideal I{Z) = 
0j H^{Z,Iz{t)). Gotzmann's Regularity Theorem ensures that the truncated ideal 
I{Z)^r is generated by its homogenous piece of degree r, that is 

I{Z)^r = (7(Z),) . (1.22) 

This result suggests to associate to any subscheme Z C Proj A[xo, . . .,x„] the 
truncation I{Z)^r instead of the saturated ideal I{Z), with the main advantage of a 
more uniform description, indeed with this approach any ideal associated to such 
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subschemes is generated by the same number of linearly independent polynomials 
of the same degree. 

For any M G 'Hilbp(f-) (A), called Z the affine subscheme flat over Spec A such 
that M = Oz, M = A[ xq, . . . , Xn]/ I(^Z). We are interested in the homogeneous 
piece of degree r: Mr = A[xo, . . . ,nn]r/ I{Z)r. For each p G Spec A, we have already 
said that (Mp)^. is a free Ap-module and this property implies that Mr has to be a 
projective A-module ([29, Theorem A3.2]). As explained in Appendix C of [52, pp. 
302-303] (see also [29, Section A3.2]), being A[xo, . . . ,nn]r/ J(Z),- projective ensures 
that I{Z)r is a direct summand of A[xo, . . . , Xn]r- 

Therefore, set N{t) = ("+') and q{t) = N{t) - p{t), we can define a natural 
transformation of functors from T^ilbp^t^ and Gi^^ij^ 

^ grj;«(A) 
M = A[xo,...,Xn]/I{Z) ^ 7(Z), C A^W ~A[xo,...,x„], 

that suggests to determine the Hilbert scheme Hilbp^f^ representing 'Hilbp(f) as sub- 
scheme of the Grassmannian Gr]K(i?(r), N(r)) (representing ^r^^.'^-*). To accomplish 
this purpose, we need to understand under which conditions an ideal I = (Ir) C 
A[xo, ■ ■ ■ ,Xn] generated by q{r) linearly independent homogeneous polynomials of 
degree r determines a module A[xo, . . . ,Xn]/ 1 with Hilbert polynomial p{t). One of 
the best characterization is stated in the following theorem. 

Theorem 1.22 (Gotzmann's Persistence Theorem [52, Theorem C.17]). Let I C 

A[xo, . . . ,x„] be a homogeneous ideal generated by its piece of degree r, i.e. I = (/,■). If 
A[xo, ■ ■ . ,Xn]r/Ir and A[xq, . . . , Xn]r+i/ Ir+i are flat A-modules ofrankp{r) and p{r + 1), 
then A[xq, . . . ,x„]t/ It is a A-flat module of rank p{t) for all t^r. 

There is another important results by Macaulay that further simplifies the char- 
acterization. 

Theorem 1.23 (Macaulay's Estimate on the Growth of Ideals [38, Theorem 3.3]). Let 

I C A\ xq, . . . , Xn\ be a homogeneous ideal and let p{t) be an admissible Hilbert polynomial. 
IfravkA[xQ,...,Xn]r/Ir = p{r), then rank A[xq, x„]r+i/ Ir+i ^ p(r + l). 
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Putting together Theorem 1.22 and Theorem 1.23, the condition we have to im- 
pose on I C A[xo,...,x„] is rank A[xo, . . . , ^ p(r + 1) or rank 7,. +1 ^ 



1.5 Known sets of equations 

In this section we will consider a fixed Hilbert polynomial p(i) with Gotzmann 
number r, a fixed projective space = ProjK[xo, . . Let N = N(r) and 

q = q{r) = N{r) — p{r). In the previous section we embedded the Hilbert scheme 
Hilbp(f-) in the Grassmannian Gr^{q,N) parametrizing the vector subspaces of di- 
mension q in the base vector space K[xo, . . . ,Xn]r — K.^. 

To determine equations defining Hilbp^^f^, we will use tools introduced in Sec- 
tion 1.2 and for this reason we slightly modify the notation, adapting it to this spe- 
cial case. We consider IK[xo, . . . ,x„],- equipped with its standard monomial basis 
{x^ s.t. |j6| = r} and the bijective function 



a : {1, . . . , N} ^ { (flo, . . . , fl„) e | a,- ^ 0, V f and EU = ^} 

y.a{l) ^ ^a(2) ^ . . . ^ r«(^) 

^DegRevLex ^DegRevLex ^DegRevLex 



(1.24) 



so that the Pliicker coordinate Aj corresponds to the vector = x'^^'^' A ■ ■ ■ A x"^''') 
of the basis of A'? K[xo, . . . ,x„]r and for all J C {1, . . . , N}, |J| = q — s, 



|K|=s |K|=s 



Moreover we define for each variable Xj 

x,Af = X] Aj|KX,x(f) = ^ AjikX^x-'P^i) A--- Ax,-^'^^'^-'), (1.25) 

|K|=s |K|=s 

x,T(^) = {x,Af' I VJC {1,...,N}, IJI =^-s}. (1.26) 
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1.5.1 Gotzmann equations 

Moving from the Persistence Theorem (Theorem 1.22), the idea of Gotzmarm [34] 

Pit) y^^ir) ^ 



was to consider the natural transformation of functors ■Hilb"(t) ^^^1)'' ^ ^^'^l+i^^ 



M = A[x]/I{Z) ^ 7(Z), X ;(Z),+i 



(1.27) 



in order to translate the Hilbert functor as 



r (JJ)Ggr^(?(A)xgr^(';+V(^)s.t. 1 
^ U C / C and J • A^i = / J 

and applying Theorem 1.23 we can write 

n^wJ (U)e^<y(A)x,r^^(-)(A)s.t. 1 
' \ JCAM,, /cA[x],+iandJ-A[x]iC/ J 

Theorem 1.24 ([52, Proposition C.28, Theorem C.29]). The Hilbert scheme HilbJ^jj) is 
defined by quadric equations in the product of Grassmannians 

Gr^{q{r),N{r)) x GMq{r + l),N(r + 1)) 

and then can be embedded in Gi!:^{q{r), N{r)) through the projection on the first factor. 

Proof. We want to find closed conditions to describe the set 

{(;,/) G GrK{q{r),N{r)) x GrK(^?(r + l),N(r + K[xo, . . . C /}. 

Through the isomorphism 

GMqir + ^lN{r + 1)) ^ GrK(p(r + l),N(r + 1)) 
J ^ 

we redefine the condition as 

{(:,/) e GrK(^?(r),N(r)) xGrK(p(r + l),N(r + l)) \I-K[x], C J^}. 
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We consider the Grassmannian Gr^{q{r),N{r)) equipped with the Pliicker coordi- 
nates [. . . , Ai, . . .] . The ideal I is generated by the set F^^' and so 

I-K[x]i = /x,t(i) I f = 0,...,n\. 



Whereas for Gr^{p{r + l),N{r + 1)), we denote the Pliicker coordinates by 
[. . . , Vj, . . the generators of / by a|3' and the whole set of them by F^^' . 

The condition J • K[x]i C is equivalent to the vanishing of the scalar products 

E AH|(h)VK|(k). 
h, k 

for each i = 0,...,n and for all x,A^^ G x/F^^) and A^^ G F^i). Denoted by In the 
ideal generated by the set of quadrics 



E AH|(h)VK|(k) 
h, k 

^.^a{h)_^ft(k) 



VH,K,z 



and by the Plucker relations of both GrK('?(?'), jV(r)) and GrK(p(r + l),N{r + 1)), 
the Hilbert scheme is defined as 

Hilb;(() ~Proj(K[...,Ai,...] x]K[...,Vj,...])/X^. □ 

Example 1.5.1. Let us compute Gotzmann's equations of the Hilbert scheme Hilb^. 
Since the Gotzmann number of the Hilbert polynomial p{t) = 2 is 2 and {^^'^) = 6, 
(2+3) = we embed Hilbj in 

GrK(4,6) X GrK(8,10) ~ GrK(4,6) x GrK(2,10) 

The first Grassmannian is the same already introduced in Examples 1.2.3 and 1.2.4, 
but in this case we consider the monomial basis {xq, xqXi, x\, xqx^, XiX2, of 
K[zo,Xi,Z2]2- ByExamplel.2.4, we know that among the generators of 7 G GrK(4,6) 
there is 

^ISe = ^1256 XqXi + Ai356 + A1456 X0X2. 
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Fixed the monomial basis {xq,XqXi,Xqx\,x\,XqX2,xqXiX2,x\x2,xqx\,Xix\,x\} of 
K[xo, Xi, xijs among the generators F^^^ of / G Gr^{2, 10) there is 



Since |F(i)| = (^) = 20 and |F(i)| = (\°) = 10, the condition 7 C is represented by 
3 ■ 20 ■ 10 = 600 bilinear equations (the same number of equation was determined 
by Haiman and Sturmfels [41, Example 4.3]) to whom we must add 60 + 840 = 900 
Pliicker relations. See Example A.2.1 in Appendix A for further details. 

1.5.2 larrobino-Kleiman equations 

As Example 1.5.1 shows the transformation 'Hilbp(f) — > Q'^^l^^-^ ^ ^r^^'^i'i^^ allows to 
describe the Hilbert scheme by quadric equation, i.e. of low degree, but requiring 
lots of Pliicker coordinates and consequently lots of Pliicker relations, even in one 
of the simplest cases. Therefore we come back to the transformation of functors 
described in (1.23), in order to interpret the Hilbert functor as 



- V6,7 X0X1X2 + V7,8 XqxI + V7,9 ^1^2 + ^7,10 ^2- 

Thus among the equations described in Theorem 1.24, we will find 



XqA^^^I ■ A^^' = (Ai256 X^Xi + Ai356 XQxj + A1456 xgx2) " A^y^'^ = 
= —^1256^2,7 — Ai356V3,7 — Au56^5,7' 



^1^156 ■ ^7^ = (^1256 Xoxj + A1356 xj + A1456 X0X1X2) ■ A^y^ = 



= — Ai256V3,7 — A1356V47 — Ai456V6,7/ 
X2A^^^^ ■ aJ^' = (Ai256 ^0^1 ^2 + Ai356 X?X2 + A1456 XqX^) • A*,^' = 
= —^1256^6,7 + Ai456V7,8. 




IeGr^^'\A)s.tIcA[x]r 
and rank A[x]i ■ I = q{r + 1) 



and again by Macaulay's Estimate (Theorem 1.23) 
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Theorem 1.25 ([52, Proposition C.30]). The Hilbert scheme Hilbp^^^-) can be defined as 
subscheme of the Grassmannian Gr^{q, N) by equations of degree q{r + 1) + 1. 

Proof. Associated to any point of GrK(i?, N), we consider the ideal I generated by 
F*^^), so that the vector space ly+i is spanned by ^x,T(^) \ i = 0, . . . ,n'^. Requiring 
that dimiK ^ q{r + 1) is equivalent to ask that the {q{r + 1) + l)-th exterior 
power of Jr+i vanishes: 

q{r+l)+l 

dimKlr+i^q{r + l) ^ f\ = 0. (1.30) 

The vector space A''(''+^)+^7r+i is spanned by the set 




(1) 



Vz--e{o,...,n}, Vx,a{^) ex,-.rW 

whose elements have coefficient in the Pliicker coordinates of Gr^{q, N) of degree 
q{r + 1) + 1. Considering the ideal generated by all the coefficients of these 
generators of A'^^'^+^^+^J^+i and the ideal Q of the Pliicker relations, we define the 
Hilbert scheme as 

Hilb;(f) ~ProjK[...,Ai,...]/(Q,X^). □ 

Remark 1.5.2. larrobino and Kleiman in [52] proved this result in affine coordinates. 
In fact considering the standard affine covering of Pro] K[. . . , Aj, . . .], on each affine 
chart we can consider as basis the ideal / that one described in (1.14), thus work- 
ing with an optimal set of generators, and then we can glue together these affine 
subschemes via transition maps. 

Remark 1.5.3. From a computational perspective, the set spanning A'^^'+^^+^/r+i 
considered in the proof of Theorem 1.25 contains many vanishing elements, indeed 
any set of s > q polynomials, coming from s polynomials of degree r multiplied by 
the same variable, is surely dependent. A better set spanning A''^''+^'+^7r+i is 



A A-W^' 

;=0 



VO^Sy^(?S.t. E;LoS; =^?(r + l) 

VxyA{^^^ G xyF(i), = 0,...,n 



(1.31) 
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Example 1.5.4. Let us look at the larrobino-Kleiman equation of the Hilbert scheme 
Hilb| already introduced in Example 1.5.1. In the proof of Theorem 1.25, we are 
asking that any set of q{r -\- 1) +1 polynomials in {x,T(^' | i = 0, ... ,n} is linearly 
dependent. Hence in this special case we have to impose the dependency of any 
set of 9 polynomials in {xqT^^\ } . For instance, the polynomials repre- 

sented in the following matrix 



XiAj23 
^2^234 



Xq 


^0^1 


xqxI 


4 


^0^2 


XQX1X2 


xlx2 


Xgxj 


xixj 


x^ 
X2 








— ^1236 





— ^1246 


— ^1256 

















^1256 


^1356 





^1456 

















— ^1234 














A2345 





^2346 








-^1356 


-^2356 








'^3456 
































^1234 


A1235 





Al236 








— ^1245 





^2345 














^2456 




















'^1246 


^1346 





— ^1456 

















— ^1234 











^2345 


^2346 














— ^1456 


— ^2456 


-'^3456 












are linearly dependent if the rank of the matrix is not maximal, that is if the follow- 
ing polynomials of degree 9 in the Pliicker coordinates, corresponding to the minors 
of dimension 9, vanish 



^1235^1236^1246^1256^1356^1456^2345^2346 ~ ^1234^1236^1256'^1346^1356^1456^2345^2346 + 
+ ^1234^1236^1256^1346^1356^2345^2346^2456 + ^1234Al235^1236^1256^1356^1456^2345^2346'^2456 + 



^1234^1236^1246^1256^1356^2345^2346^3456 ' 



^1234^1236^1256^1356^1456^2345^2346^3456' 



'!^1235^1236^1246^1256^1356'^1456^2345^2346 ~ ^1234Al236^1256'^1346^1356^1456^2345^2346' 
^1236^1256^1346^1356^1456'^2345^2346 + ^1235^1236^1256^1356^1456^2345^2346 + 

+ Ai234Al236^1256^1346^1356'^1456'^2345'^2346^2356 + ^1234^1235^1256^1356^1456^2345^2346^2356 + 

— Ai234^1236^1246Al346^1356^2345 ^2346^2356^2456 + '^1234Al236^1346Al456A2345A2346A2356'A2456 + 

— A1234A1235A1246A1356A1456A2345A2346A2356A2456 + Ai234Ai235Ai236Aj45gA2345A2346A2356A2456 + 
+ A1234A1236A1246A1356A2345A2346A2356A3456 — Ai234Aj236Ai246Ai45gA2345A2346A2356A3455 + 

+ A1234A1246A1356A1456A2345A2346A2356A3456 — Aj234Ai236A^45gA2345 A2346A2356A3456 + 

+ Ai234Ai236^1256Al346A2345A2346 A2456A3456 + A1234A1235A1236A1256A1456A2345A2346A2456A3456 + 



■ ^1234^1236^1246^1256^2345^2346^3456 ' 
^1236^1246Al256Al356Al456A2345 A2346 " A 



^1234^1236^1256^1456^2345 ^2346^456' 



1234^1236^1256^1356^1456^2345^346' 
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• ~ '^1236^1256'^1346'^1356^1456'^2345^2346 ~ ^1235^1236^1256^1356'^1456^2345'^2346' 

• ~ '^1236^1256Al346Al356A2345'^2346^2456 " ^1235^1236^1256^1356^1456^2345^2346^2456 + 

+ '^1236^1246^1256^1356^2345^2346^3456 + Al234Al236^1256^1356'^1456^2345'^2346^3456' 

2 2 2. 2 2 

• - Ai236Al256^1346'^^1356Al456^2345 A2346 ~ ^1235^1256^1356^1456^2345 ^2346 + 

+ '^1236^1246^1256^1346^1356^2345^2346^2456 + ^1235^1246^1256^1356^1456^2345^2346^2456 + 

- Al236^1246^1256^1356^2345'^2346^3456 " ^1234^1246^1256^1356^1456^2345^2346^3456/ 

2 2 2 2 2 

• ~ ^1236^1245^1256^1346^1356^^1456^2346 ~ ^1235^1245^1256^1356^^1456^2346 + 

+ '!^1236^1245^1246^1346'^1356'^2346^2456 + ^1235^1236^1246^1256^1356^1456^2346^2456 + 
~ '^1236^1245^1346^1356^1456'^2346^2456 " ^1234^1236^1256^1346^1356^1456^2346^2456 + 

+ ^1235^1245^1246^1356^1456^^2346^2456 " ^1235^1236^1245^1356^1456^2346^2456 + 

2 2 2 2 2 

- ^1236^1245^1246^1356^2346^3456 + ^1236^1245^1246^1356^1456^^2346^3456 + 

- Ai234Al245^1246^1356^1456'^2346^3456 + ^1234^1236^1245^1356^1456^2346^3456' 

2 2 2 2 2 

• - '^^1236^1256^1346^1356^1456^2345 ^2346 ~ ^1235Al256'^1356^1456^2345 A2346 + 

+ '^^1236^1246'^1346'^1356^2345'^2346^2456 " ^1236'^1346'^1356^1456A2345 A2346^2456 + 

+ '^^1235^1246^1356^1456^2345^2346^2456 " Al235^1236Al356Al456'^2345 A2346'^2456 + 

2 2 2 2 2 

- Al236^1246^1356^2345^2346'^3456 + Al236^1246Al356Al456^2345'^2346^3456 + 

- Ai234Al246Al356^1456A2345'^2346^3456 + ^1234^1236^1356^1456^2345 ^2346^3456/ 

• — ^1236^1256^1346^1356'^1456^2345 ^2346^2356 " ^1235^1256'^1356^1456'^2345^2346^2356 + 
+ '!^1236^1246^1346Al356^2345'^2346^2356'^2456 " ^1236^1346^1456'^2345 ^2346'^2356A2456 + 
+ '^1235^1246^1356^1456^2345^2346^2356^2456 ~ ^1235^1236^1456^2345^2346^2356^2456 + 

- '^^1236^1246^1356^2345^2346^2356^3456 + ^1236^1246^1456^2345^2346^2356^3456 + 

- Ai234^1246^1356^1456^2345'^2346^2356'^3456 + ^1234^1236^1456'^2345 ^2346'^2356'^3456 + 

~ ^1236^1256^1346A2345'^2346'^2456^3456 " ^1235^1236^1256^1456^^2345^2346^2456^3456 + 

2 2 2 2 2 

+ '^1236^1246Al256'^2345'^2346'^3456 + ^1234Al236Al256Al456A2345'^2346^3456- 

If we consider any possible subset of 9 elements of {xqT^^\ xiT^^\ ^2!"^^^}/ we 
would need to examine {^g) exterior products, each of them containing at most 10 
terms (dimK A^K[xo, Xi,X2]3 = 10) so that an overestimate of the number of equa- 
tions would be 10 • (9°) = 147831426600. Following Remark 1.5.3, it suffices to 
consider the subsets of 9 polynomials subdivided according to the multiplication 
variable in 3 subsets of cardinality 4,4,1 or 4,3,2 or 3,3,3. Of the type (4,4,1), there are 
3 ■ (T)^ ■ (T) = 1408441500 possibilities, 6 • (4°) • (3°) • (2°) = 6296562000 of the type 
(4,3,2) and (3°)^ = 1481544000 corresponding to (3,3,3), for a total of 9186547500: 
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still a huge number just under the half of ( It is clear that the set of equations 
defining the Hilbert scheme provided by Theorem 1.25 can not be use to project an 
effective algorithm (see Section A.2 of Appendix A). 

1.5.3 Bayer-Haiman-Sturmfels equations 

Even in the very simple case of Hilb2, the equations determined by larrobino and 
Kleiman have a large degree and they are too many to think about using them for 
a methodical study of Hilbert schemes through computational software. Then one 
of the first goal is to lower the degree of the equations. The idea introduced by 
Bayer in his thesis [7] is to put together polynomials of degree r + 1 coming from 
polynomials of degree r multiplied for the same variable, that is to associate to any 
subproduct in (1.31) a generator of an exterior power of having as coefficients 
linear polynomials in the Pliicker coordinates: 

i=l 

Theorem 1.26 ([41, Theorem 4.4]). The Hilbert scheme Hilbp^^f-) can be defined as sub- 
scheme of the Grassmannian Gr^{q, N) by equations of degree equal to or less than n + 1. 

Proof. We consider again the equivalent condition showed in (1.30) to impose 
dimjK Ir+i ^ q{r + 1), but we construct a different set of generators for A'?(''+^)+^ J^+i 
taking advantage of the elements of XiT^'^\ ^ 1 ^ s ^ q, indeed A'^'''+^^+^J,+i is 
spanned by the set 



;=0 



(Si) 



Vsy^(?s.t. E;LoS; = (?(r + l) + l 

V xoa'^I"^ e xor(^o), . . ., V XnA'jl"'^ e x„r(=") 



Denoted by the ideal generated by all the coefficients of the elements sparming 
Ir+i, that are polynomials of degree n + 1 in the Pliicker coordinates, and 
by Q the ideal of the Pliicker relations, the Hilbert scheme Hilbp^^f-j can be defined 
as 

Hilb;(,) ~ProjK[...,Ai,...]/(Q,X^). □ 
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Example 1.5.5. Let us consider again Hilb2 as in Examples 1.5.1 and 1.5.4. Applying 
Theorem 1.26, we have to impose the vanishing of the exterior products 

where (so,Si,S2) is a triple chosen among the set {(4,4,1), (4,3,2), (4,2,3), (4,1,4), 
(3,4,2), (3,3,3), (3,2,4), (2,4,3), (2,3,4), (1,4,4)}. For instance let us compute ex- 
plicitly the product XqA^' A XiA^^^ A X2Af ^: 

^0^0' = ^1234 xl A x^xi A xqxI a xlx2 + A1235 xl A x^xi A xq^i A ^0X1X2+ 
+ Ai236 xl A x^xi A xqxI a XQxf + A1245 A x^xj A Xo'^2 A X0X1X2+ 
+ Ai246 -^0 A XqXi a xgx2 A XQxf + Ai256 xl A x^xj A X0X1X2 A xox^+ 
+ A1345 x^ A xqxI a xgx2 A X0X1X2 + Ai346 xl A XQxf A x^X2 A xox|+ 
+ ^1356 ^0 A xqxI a X0X1X2 A xqx^ + Ai456 xg A x^X2 A X0X1X2 A XQxf + 
+ A2345 XqXi a xqxI a x^X2 a X0X1X2 + A2346 XqXi a xqxI a x^X2 a XoX^+ 
+ A2356 3^0^! A XqxI a X0X1X2 A Xox| + A2456 xgxi A x§X2 A X0X1X2 A XqX^ + 
+ A3456 XQxj A x^X2 A X0X1X2 A xqx^, 

XiA^g' = -^1235 XqXi a xf - A1245 XqXi a X0X1X2 + Ai256 XgXi A X1X2 + A2345 4 A X0X1X2 + 

- A2356 xl A xixl - A2456 X0X1X2 A xix|, 
X2Af' = A1234 X0X1X2 A xjx2 A xqx^ + A1235 X0X1X2 A xf X2 A xixf + A1236 X0X1X2 A xf X2 A xf + 
+ A1245 X0X1X2 A X0X2 A Xixf + Ai246 X0X1X2 A X0X2 A X2 + Ai256 X0X1X2 A X1X2 A X2 + 
+ A1345 xf X2 A XQxf A xixl + Ai346 xjx2 A xqx^ A xf + A1356 xf X2 A Xjxf A x^+ 
+ Ai456 xqx^ Axixf Ax|. 
We obtain the following 10 equations: 

• A1235AJ345 - A1234A1345A2345 + AJ235A1346 - AJ234A2356, 

• Ai235^1345^1346 ~ Ai234A2345^1346 + Ai235^1236^1346' 

• A1235A1345A1356 — A1234A2345A1356 + A1234A1236A2356/ 

• — Ai235^1346^1256 + Ai234Al246^2356 + Ai235^1345^1456 ~ Ai234A2345^1456' 

• — A1235A1346A1356 + A1234A1346A2356, 

• - A2345A1236A1356 - Ai235Aj35g + A^236^2356 + A1235A1346A2356/ 

• — A1345A1346A1256 — Ai236Ai346Ai256 + A1245A1346A1356 — A1234A1346A2456, 

• A2345A1246A1356 — Ai236Al246A2356 " A1245A1345A2356 + A1235A1355A1455, 

• A2345Ai345Ai35g — A1345A1346A2356 — Ai236^1346^2356/ 

• A2345A2346A1356 — A2345A1346A2356 — A1236A2346A2356 — A1235A1355A3456. 



1.5. Known sets of equations 
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Globally for the tern (4,4, 1) there are 1-1-20 possibilities, there are 1 - 6 - 15 = 90 
to (4, 3, 2) and 3 - 6 = 18 to (3, 3, 3), so we have to examine 3 - 20 + 6 - 90 + 18 = 618 
products. Since dimK A^K[:tO/^i/^2]3 = 10, for each product we could have at 
most 10 coefficients and an upper bound of the number of equations for is 6180. 
Comparing this set of equations with that discussed in Example 1.5.4, we discover 
that the number of exterior products to be examined is reduced by about a factor of 
10^. 

Let us examine in the general case the difference between the number of exterior 
products to be considered according to Theorem 1.25 (Remark 1.5.3) and Theorem 
1.26. We saw that in both cases every exterior product can be subdivided in n + 1 
parts depending on the variable used to move by multiplication from a element of 
degree r to an element of degree r + 1, so let us consider any sequence of integers 
(so, ■ ■ ■ ,Sn) such that ^ s,- ^ ^j, V f = 0, . . . , n and Ya^o S; = q{r + 1) + 1. 

To compute larrobino-Kleiman equations, we have to choose in every possible 
way s, polynomials among x,T(^) for each i, hence the possibilities are 

! = V / .^g V Sj 

Instead for Bayer-Haiman-Sturmfels equations, for every i we need to pick a single 
element among x/F^^'^, so that the possibilities are 



fi \q - Si) 



It would be interesting to determine a good underestimation of the ratio between 
these two numbers, independent of s„ i.e. a formula 



nu ( V ) _ A ( V ) 

N 



nr=o (o-s.) !=o ( 



Y[-^^¥{q,N). (1.32) 



q—Sj' u yq—SjJ 



Chapter 2 

Borel-fixed ideals 



In this chapter we introduce the most important objects used in this thesis, i.e. the 
Borel-fixed ideals. 

2.1 Definition 

Let us consider the usual action of the linear group GLK(n + 1) of the square ma- 
trix of dimension n + 1 on the polynomial ring K[jCo, . . . , n„], i.e. for any invert- 
ible matrix g = (gij) G GL]K(n + 1), the variable is mapped to the linear form 
g .Xj = Y^j gijXj, so that any polynomial P{x) G K[x] is mapped to 

g.P{x) = g.P{XQ,...,Xn) = P{g.Xo,...,g.Xn) = P{g.x). 

Hence given an ideal / C K[jt:], it is well define the ideal 

g.i = {g.p\ypei). 

For any ideal J C K [x] and for any term ordering cr, we can define the following 
equivalence relation on GL^{n + 1): 

g^g' ^ \n,r{g.I) = \n,ig'.I) (2.1) 

Viewing each matrix g G GLK(n + 1) as a element of the affine space A("+^'^ = 
SpecK[. . .,gij, . . .], the equivalence classes correspond to a stratification of A("+^)^. 
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Lemma 2.1 ([72, Lemma 2.6]). For a fixed ideal I and a term order a, the number of 
equivalence classes in CL^{n + 1) is finite and one of these classes is a nonempty Zariski 
open subset U ofGL^{n + 1) 

Definition 2.2. Let J be an ideal of K[x] and let a he a fixed term ordering. The initial 
ideal '\r\a{g ■ I) obtained considering a matrix g in the open subset U C GLK(n + 1) 
corresponding to an equivalence class as in Lemma 2.1 is called generic initial ideal 
of I w.r.t. a and it is denote by g\n^{I). 



To better understand the interaction between the change of coordinates and the 
computation of initial ideals, let us now recall the LU decomposition of a matrix. 

Theorem 2.3. Given any square matrix g G GL]^{n + 1), ifg can be turned into an upper 
triangular matrix by means of Gaussian elimination without swapping rows, the g can be 
decomposed as the product I ■ u, where I is a lower triangular matrix and u is an upper 
triangular matrix with all entries on the diagonal equal to 1: 



( 



gm 



\ / 1 



If] 



"0; 



"On 



\ 



Inn J y 











We remark that always considering matrices as points of A("+^)^, the matrices 
having a LU decomposition correspond to an open subset, indeed any matrix that 
need row interchanges to be made upper triangular satisfies linear realations among 
the variables. 

Lemma 2.4. Let a be any term ordering. For each homogeneous polynomial P E K [x] ^ 



in^(P) = in^(/.P) 



(2.2) 



for each lower triangular matrix I. 



2.1. Definition 



43 



Proof. It suffices to prove the statement for any monomial = xfi" ■ ■ ■ Xq° , \ol\ = r. 

l.X^ = {l.XnY"---{l.XiY'---{l.xl') = 

= {ln„X„ + . . . + InOXoY" ' " " {UiXi + . . . + MjO^o)'*' " " " {koXoT° = 

= {lllx^^' + lower terms) ■ ■ ■ {l^^x^' + lower terms) ■ ■ ■ {Qxl°) = 

= (Vi^'il^ + 1°^^^ terms. □ 

From this lemma, it is clear that to understand which ideals have a nice be- 
haviour under change of coordinates and initial ideal computation the key point is 
analyzing the action of the Borel subgroup B^^(n + 1) of GL-^{n + 1) of the upper 
triangular matrices. 

Definition 2.5. An ideal 1 C K[x] is called Borel-fixed if it is fixed by the action of 
the Borel subgroup, i.e. 

g.I = l V^eBGL(n + l). 

First of all, a Borel-fixed ideal has to be a monomial ideal because the Borel 
subgroup contains the algebraic torus group T^^(n + 1) of the diagonal matrices 
that fixes all (and only) the monomials ideals. In the case of our interest, i.e. with a 
ground field IK of characteristic 0, there is the following characterization. 

Proposition 2.6 ([38, Proposition 1.25], [72, Proposition 2.3]). Let I c¥.[x]bea mono- 
mial ideal. The following statements are equivalent 

(1) 1 is Borel-fixed; 

(2) ifx^ G 1, then gx"^ G J, V x,- | x^,j > i; 

Proof. (1)^(2). Let us consider the action on x"* of the matrix g G B^^ + sending 
the variable x,- to Xj + x, (i.e. / > z) and leaving fixed the others: 

g.x^=g.flxl^ = x:"... ^ . {Xj + x,r . xfr/ ■ • • = 
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Since g . I = I and 7 is a monomial ideal, each monomial appearing ing .x"^ belongs 
to J and {Uk^,xl>^)xjxf'-' = '^x-. 

(2)^(1). Let X* E I. For all g E B^^(n + 1), each monomial in ^ . z*^ can be ob- 
tained from x" through a sequence of multiplication by ^, / > i. By the hypothesis 
(2) each monomial belongs to I, so that g . x" E I. □ 

Now we can state the theorem providing the link between Borel-fixed ideals and 
Hilbert schemes due to Galligo [33] in characteristic and generalized by Bayer and 
Stillman [11] in any characteristic. 

Theorem 2.7. The generic initial ideal g\n^{I) is Borel-fixed. 

Proofi See [27, Theorem 15.20] or [38, Theorem 1.27]. □ 

Let I C K[x] be an ideal and a any term ordering. It is well known that the 
ideal ma{I) has the same Hilbert function of I and that there is a family over Aj^- 
having as fibers both I and ma{I). In the Hilbert schemes context, this means that 
the ideals I and \r\a{I) defines two K-rational point of the Hilbert scheme Hilb^^f^, 
where p{t) is the Hilbert polynomial of the subscheme ProjK[x]/ 1. Since there is 
a flat deformation of I which specializes to \r\cr{I), there is necessarily a component 
of Hilbp(-f^ containing both points. Being embedded in a suitable Grassmannian, 
the Hilbert scheme turns out to be invariant under the action of the linear group 
(Proposition 1.13), so it is interesting to face again with the problem of the relation 
between change of coordinates and initial ideal on the Hilbert scheme. 

Any change of coordinates g E GL^ (n + 1 ) of K [x] induces a linear action on the 
vector space K [x] r of the homogeneous polynomials of degree r, V r so also on the 
Hilbert scheme Hilbp(t). Fixed any term ordering a, the correspondence I i— ?► \v\a{l) 
in general is not well-defined, indeed I and g.l define the same K-rational point on 
Hilbp(f) (up to isomorphism) but \'C\a{l) and \Ua{g.l) could not. But by Lemma 2.1, 
we know that the generic initial ideal ginp.(J) is stable for change of coordinates in 
an open subset U C GL]K(n + 1), and the same holds for the corresponding points 
on the Hilbert schemes. Hence the correspondence I i— > gin^(J) results to be well- 
defined also in the context of Hilbert schemes. 



2.2. Basic properties 
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g'm^{I) lies on the same component of I and if I belongs to an intersection of 
components then gm^{I) does too. So each components and each intersection of 
components of the Hilbert schemes has to contain at least one K-rational point de- 
fined by a Borel-fixed ideal. The key role played by Borel ideals in the study of 
Hilbert schemes spring out from this remark, indeed we can consider the points 
defined by Borel ideals as distributed throughout the Hilbert scheme. Each Borel- 
fixed ideal can be used as the starting point of a local study of the Hilbert scheme 
(see Chapter 4), whereas as a whole they can be used to investigate global properties 
(see Chapter 3). 



2.2 Basic properties 

We now recall some of the main properties of Borel-fixed ideals that will be useful 
hereinafter. For this part we mainly refer to the first two sections of [38]. 

Definition 2.8. Denoted by m the irrelevant ideal {xq, . . . , x„), a homogeneous ideal 
I C K.[x] is saturated if (7 : m) = I. Given a non-saturated ideal / C K[x], its 
saturation is the ideal 

r'=]J{}:m'). (2.3) 

Proposition 2.9. For a Borel-fixed ideal 7 C K[;c], (7 : m) = [I : xq). 

Proof. The inclusion (7 : m) C (7 : ;co) is obvious. For any monomial G (7 : Xq), 
x'^xq belongs to 7 and so by Proposition 2.6 ^x'^xq = Xix"^, i = 1, . . . ,n belongs to 7 
too. Finally x"^ G (7 : m). □ 

Corollary 2.10. A Borel-fixed ideal 7 C K[x] is saturated if the variable xq does not appear 
in any generator of 7. 

Therefore from a operative point of view, given a Borel ideal 7, to compute its 
saturation we can consider any set of generators and impose xq = 1, indeed if the 
monomial x'^x^ {xq | x'^) belongs to 7, the monomial x"^ belongs to (7 : Xq) = (7 : m*^) 
and so to 7®^'. 
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Definition 2.11. Given an ideal 7 C K[x] and a minimal free resolution 

-> Mn -> ■■■ -> Ml -> Mo -> I ->0, 
where M,- = K[x] (— ), the regularity of I is max{»jy — i}. 

Proposition 2.12 ([38, Proposition 2.11], [10, Proposition 2.9]). The regularity of a 
Borel-fixed ideal I C K[x] is equal to the maximal degree of one of its generators. 

Now we state a proposition giving a meaning of these properties of ideals in the 
context of schemes. 

Proposition 2.13 ([38, Proposition 2.6]). Let I C'K[x]be a saturated ideal. The regular- 
ity of I (as in Definition 2.11) is equal to the Castelnuovo-Mumford regularity of the sheaf 
of ideals obtained from the sheafification of I. 

Another important property of the last variable Xq is the following. 

Proposition 2.14. Let I C ¥.[x] be a Borel-fixed ideal. The linear form xq is regular 
for I, i.e. the hyperplane H = {xq = 0} does not contain any irreducible component of 
Pro] ]K[x] Thus there is the short exact sequence induced by the multiplication by xq 

O^SM,,.:, -,Si(,)^m(,)^0 (2.4, 

Called p{t) the Hilbert polynomial of the scheme X = Proj K[x] / /of dimension 
d, it is well-known that the scheme obtained through the generic hyperplane section 
Xii = X n H and defined by the ideal (J, xq) has dimension d — 1, indeed its Hilbert 
polynomial is 

pH{t) = Ap{t) = p{t)-p{t-l) and deg p(0 =d ^ deg Ph(0 =d-l. 

Moreover we remark that the ideal (/, xq) fl K[xi, . . . , x„] is still Borel-fixed, be- 
cause its monomials satisfy the characterization of Proposition 2.6. 

Proposition 2.15. Let I C K[x] be a Borel-fixed ideal and let p{t) be the Hilbert poly- 
nomial o/Proj K[x]/7. The degree of p{t) is equal to max{f | xf ^ I, m ^ reg(7)} = 
min{; E I, m^ reg(/)} — 1. 



2.2. Basic properties 
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Proof. Let us proceed by inductior\ or\ the degree d of the Hilbert polynomial, 
does not belong to the ideal I for all m, because if it does, applying repeatedly Propo- 
sition 2.6 any other monomial should belong to the ideal, i.e. I^,„ = K.[x]^m- Con- 
sidering the sequence in (2.4), if deg p(i) = 0, the intersection between points and 
a generic hyperplane section should be empty, so that the ideal {I,xo)^,n coincides 
with K [x] ^„j. Hence xf, . . . , x"/ belong to I and deg p{t) = = max{f | xf ^ 1} = 
mm{i I xj' e 7} - 1. 

Let us suppose that the statement is true for deg = d — 1 and let us consider 
an ideal I defining a scheme of dimension d. Again through the exact sequence in 
(2.4), in order to obtain the ideal (I, Xq) defining a subscheme of dimension d — 1. 
Let us consider the map 

(p : K[xq,...,x„] K[yo, . . . ,yn-i] 
xo^ 

Xi^yi-i, i = \,...,n. 

The ideal J = ^((J, xq)) is still Borel-fixed and defines a subscheme isomorphic to 
the subscheme defined by {1,xq) and reg(7) ^ reg(7). By the inductive hypothesis 
we know that d — 1 = max{f \yf ^ 1} = min{; | y"' G 1} so that xf^^ = (p^^{y^) G 
7andx^ = <p-i(i/J_i) ^ I. □ 

Definition 2.16. For any (non-constant) monomial G K[x] we define 

• minx" = min{f s.t. x, | x"^}; 

• maxx** = max{y s.t. Xj \ x"^}. 

As we chose x„ as the greatest variable and xq as the smallest one, the definition 
makes sense also in the following way 

• minx** = min{x, s.t. x, | x**}; 

• maxx** = max{xy s.t. Xy | x*}. 

From now on we will use both definitions interchangeably. 
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Lemma 2.17 ([30, Lemma 1.1],[72, Lemma 2.11]). Let I = {x'^\ ...,x''^) C K[x] be a 
Borel-fixed ideal. Each monomial x^ E I can he written uniquely as x'^'x^ so that min x*' ^ 
max x'^. 

Proof. (Existence) Let us consider any decomposition of x^ = x'^'x'^ and let us de- 
termine one of the type described in the statement. Suppose that minx'*' < maxx'^. 

Bv Proposition 2.6 we know that also x"^' belongs to I, so we can consider 

another minimal generator x"^! of I dividing j^j'^ . x'*' . By construction minx*/ ^ 
minx*', and either minx*/ > minx*' or minx*/ = minx*' and the degree of minx*/ 
in X*/ is lower than the degree of min x*/ in x*' . This procedure can not be repeated 
infinitely so at the end we will find a good decomposition. 

(Uniqueness) Let us suppose that x^ has two decomposition x*' x''' = x*/x'^' such 
that minx*' ^ maxx'^ and minx*/ ^ maxx'^ . If we suppese that minx*' ^ minx*/, 
then X*' and x"/ are divided by the same power of each variable x^ > minx*'. If 
minx*' divides x*/, then minx*^' = minx*/, hence either x*' divides x*/ or viceversa 
and being both minimal generators they coincide. If maxx*' does not divide x*/, 
then the degree of max x*' in x*' is smaller than the degree of max x*' in x*/, i.e. the 
degree of max x*' in x^. Again x*' divides x*/ but being both minimal generators of 
I x*=' = X*/. □ 

Definition 2.18. Given a Borel-fixed ideal I = (x*i,. . .,x*'*) C K[x] and a mono- 
mial x^ G I, the unique decomposition described in Lemma 2.17 is called canonical 
decomposition of x^ over I or canonical I -decomposition of x^ and we will denote it by 

x^ = (x*'|x'^)^, minx*' ^ maxx'^ 

In [30] Eliahou and Kervaire introduce the decomposition function 9/ from the 
set of monomials M(I) of the Borel-fixed ideal I to the minimal set of generators 
G(7) = {x*i,...,x*-^}of J: 

dr- M{i) -^G{l) 

xf^ = (x*'|xT)^ ^ X*' 



We recall the main properties of this function. 



2.2. Basic properties 
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Proposition 2.19. Let I C K[x] be a Borel-fixed ideal and let dj : M{I) G{I) be its 
decomposition function. 

1. For any pairs of monomials x^,x"' G /, 

dii^x^x"/) =di{x^) ^ min9j(x^) ^ maxx^'. (2.5) 

2. For any pairs of monomials x^ E 1 and x^ G K[x], 

3j(xTaj(x/^)) = 9i(x^xT), (2.6) 
vmndi{xf^x'f) ^ rmndi{xf^), (2.7) 

aKx^xT) <DegRevLex M^^)- (2-8) 

We finish this section describing the set of generators for the module of syzy- 
gies of a Borel-fixed ideal given in the free resolution constructed by Eliahou and 
Kervaire. 

Theorem 2.20 ([30, Theorem 2.1]). Let I C lK.[x] be a Borel-fixed ideal generated by 
. . . , x""). The module ofsyzygies Syz(J), i.e. the kernel of the map 

e K[x]{-\ai\) ^ KM 

i=l,...,s 

zs generated by the elements 

x^ei-x^iej, y i = l,...,s,y x,,> minx"' s.t. x^x"' = (x'*/|x'?)^. (2.9) 

Example 2.2.1. Let us consider the Borel ideal I = (xg, X3X2, x^x^, X3X1X0, Xj, x|xi ) in 
K [xq, Xi, Xi, X3] . The kernel of the map 

]K[x](-2)2©K[x](-3)2eK[x](-5)2 ^ K[x], 

sending ei 1— ?► X3, 62 ^ X3X2, 63 ^ X3Xpe4 1— )■ X3X1X0, 65 h- )■ x^, ee 1— > x^xi, is 
generated by 9 elements. 

• min X3 = X3, so no generators of the type (2.9) can be found. 
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• mmx3X2 



X2, SO there is the generator 



1. ^362 



X2ei, since X3{x3X2) 




• mmx3xl 



x\, so there are 



2. ^263 - x\e.2, since X2(x3xf ) = (x3X2|x^)^; 

3. ^363 -xfei, since X3(x3xf) = (x\\x^^^ . 

• rmnx3XiXo = xq, so there are 

4. ^164 -:tfe3, sincexi(x3XiXo) = {x^xUxq)^; 

5. X2e4 -xfe2, since X2(x3XiXo) = (x3X2|xiXo)^; 

6. X3e4 -xfei, since X3(x3XiXo) = (x||xiXo)^. 

• min X2 = X2, so there is 

7. X3e5 - x|e2, since X3(xf ) = (x3X2|x|)^. 

• minx|xi = xi, so there are 

8. X2e6 — ^165, since X2(x|xi) = (x||xi)^; 

9. X3e6 -x^xi 62, since X3(x|xi) = (x3X2|x^xi)^. 

2.2.1 Basic manipulations of Hilbert polynomials 

Definition 2.21. Let p(f) be an admissible Hilbert polynomial. We define A^p{t) = 
p(i) and recursively 



Directly from the definition, Ap{t) = A^p{t) and if degp{t) = d, A^+^p(i) = 0. 

Proposition 2.22. Let p{t) he an admissible Hilbert polynomial. Let r be its Gotzmann 
number and f the Gotzmann number ofAp{t). Then f ^r. 



A'p{t) = A'-^p{t) - A'-'^p{t - 1). 



(2.10) 



2.2. Basic properties 
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Proof. Considered the Gotzmann representation (1.21) of p{t), the representation of 

Ap{t) is 

, / N /N / -N ft + aA ft + Ur-ir-l) 

AK0 = P(0-P(^-1) = ( a' 

t-l + ai\^ ^ ft-l + Ur- {r-1) 



ai J \ a,- 

^ + (fll-l)^^^ ^ ft + [a^ -i) - [r -V 



(fli — 1) y ' ' ' \ flr — 1 

where all the binomial coefficients with a, — 1 < vanish, so the Gotzmann number 
f of Ap{t) is equal to the number of coefficient fl, ^1. □ 

Taking inspiration from the proof of the previous proposition we introduce a 
new manipulation of Hilbert polynomials. 

Definition 2.23. Given an admissible Hilbert polynomial p(f) with Gotzmann rep- 
resentation as in (1.21), we define 

Obviously Sp(f) and p{t) have the same Gotzmann number. Furthermore 
A(Ep) (t) = p{t), whereas I^(Ap) (t) = p{t) — c, c ^ 0, indeed in the second case 
we lose the constant part corresponding in the Gotzmarm decomposition to the bi- 
nomial coefficients with a, = 0. 

Definition 2.24. Let p{t) be an admissible Hilbert polynomial and let us define the 
set 

HP(p(f)) = {p(0|Ap(0 = P(0}- (2.12) 
The polynomial Sp(0 belongs to HP(p(i)) and 

p(f) = Ep(0 + c, c ^ 0, V p(0 e HP(p(0); 

thus we call T,p{t) minimal polynomial of HP(p(i)). 

Remark 2.2.2. By Proposition 2.22, we deduce that Tip{t) is the Hilbert polynomial 
in HP(p(t)) with lowest Gotzmann number: let us denote it with f. For any other 
polynomial p{t) G HP(p(i)) with Gotzmann number r 

p{t) = T.p{t)+r-f. 
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2.3 The combinatorial interpretation 

In this section we provide a more combinatorial way to look at Borel-fixed ideals, 
that will turn out very useful in our algorithmic perspective. 

Definition 2.25 ([38, Definition 1.24]). Let K[xo, . . . , x„] be a polynomial ring and let 
K(x) its field of fraction. We define 

X '11 

• the i-th increasing elementary move e+ as the element — — G K(x), M i < n; 

^ 1 

• the j-th decreasing elementary move ej as the element — — € K(x), V ; > 0. 

Xj 

Given a monomial x'^ S lK[x], we will say that the elementary move e^^ (resp. e^~) 
is admissible on x'^ if x,- | x* (resp. Xj \ x'^), i.e. ef{x'^) = ^x" G K[x] (resp. 
er(x'^) = e ]K[x]). 

In the following, we will use an additive notation to denote the composition of 
an elementary move with itself, that is 

2e+ = e+oe+= (^)' and 2er := er o er = (2.13) 
and so on. 

In general, a composition of elementary moves turns out to be a "monomial" 
xT (7 G Z"+i) of degree in ]K(x) and we will say that it is admissible on x* if the 
product x'^x* belongs to K [x] . Going by the commutativity of the product, given a 
composition F = Xq^^ o ■ ■ ■ o Aie^^, we can suppose fi < . . . < so that whenever 
F is admissible, each elementary move in the written order is admissible. Similarly 
for any composition G = }ib^J^ o • • • o we will suppose ji > . . . > j},. 

Remark 2.3.1. Rewriting the characterization of Borel-fixed ideals given in 2.6, we 
can say that an ideal I is Borel-fixed if and only if its set of monomials is closed w.r.t. 
increasing elementary moves, indeed V 7 > z 



2.3. The combinatorial interpretation 
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Definition 2.26. We call Borel order, and we denote it by <b, the partial order defined 
on the set of monomials of a fixed degree by the transitive closure of the relations 

e+(x^) >B^" >Be7(x'^). (2.14) 

We note that the Borel order can be also obtained imposing the compatibility of 
the assumption Xn > . . . > xq with the multiplication, because for any admissible 
elementary move on x'^, set x'^ = j:, we have that x'^ = XiX'^, e'l {x'^) = x^+ix"^ 
and 

Xi+i>Xi =^ Xi+iX^ > XiX^ efix") >B X". 

In the definition of a monomial order (see [54, Definition 1.4.1], [24, Definition 1]), 
the compatibility between the order relation and the multiplication is always re- 
quired, therefore any graded term ordering ct" is a total order on the monomials of 
fixed degree that refines the Borel partial order, that is 

X* >B X^ =4> X* >a X^. 

We now characterize the Borel order by means of an analysis on the sets of expo- 
nents of monomials. Firstly, for any pair of multiindices a, /3 G N"+^, |a| = |j6| and 
for any ^ i ^ n, we define the integer 

p(a,/3,0=EK-/3;). (2.15) 

/='■ 

Lemma 2.27. Let x"^ and x^ he two monomials in K[x]„,. 

x''>bx^ ^ p{a,l5,i)^0,yi = 0,...,n. (2.16) 

Proof. (=>) x'^ >B x^ means x^ = }ib^J^ o • • ■ o jiiej^{x'^), ji > . . . > ji,. Obviously 
|0(a,/3,0) = |a| — |/3| = 0. Moreover p (a, j6,/) = 0, V z > ji and p{a., f?i,ji) has to be 
positive because a.j^ > (ij^. Let x'^ = }^leJ^{x'^). By definition 7 = {ocq,. . + 
{cij^ - /3yj),/Syj,. . .,a„), i.e. /^i = Uj^ - ^j^, so that p{oi,^,i) = p{^,^,i), V z < 71. 
Repeating the reasoning on x^ >b x^ = Y-h^J^ o • ■ ■ o }i2^J^ (^^)/ we prove p{oL, j6, i) ^ 
0, V i. 

(<^=) It suffices to consider the composition of decreasing moves 

G = p{oi,^,l)e:^ o ■ ■ ■ o p{oL,^,n)en. □ 
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Corollary 2.28. Let x** and be two monomials in K[x]m. They are not comparable w.r.t. 
the Borel order if there exists two integer i,j such that p{a, fi, i) ■ p{cx., fi,j) < 0. 

Example 2.3.2. Consider the polynomial ring K[xo, xi, X2, Xs, x^] and the monomial 
xIxsXjXq. By definition 

X4X3X2X0 >B Bi o3e2 o 2e^ (xlx^xlxo) = x^xlx\xl 

and, set a = (1,0,3,1,3) and /3 = (2,2,0,3,1), 

p(a,|6,0) = 0, p(a,|6,l) = 1, p(a,^,2) = 3, p(a,j6,3) = 0, p{a,^A) = 2. 

Furthermore the monomials Xj^x^x^Xq and x\x2x\ are not comparable, indeed, set 
7 = (1,0,3,2,1) ar\d5= (0,3,1,3,0), 

p(7,^,0) =0, p{^,5,l) = -1, p(7,(5,2) =2, p{^,5,3)={), p(7,^,4) = 1. 

Definition 2.29. We denote by V{n,m) the Partially Ordered SET (poset for short) 
of the monomials of degree m in the polynomial ring K[xo, . . . ,x„] with the Borel 
partial order <b. 

Definition 2.30. Following the characterization of Borel-fixed ideals in terms of el- 
ementary moves, we call Borel set any subset ^ C V{n,m) closed w.r.t. increasing 
elementary moves, i.e. 

x" &m =^ e+(x'*) G V e+ admissible on x\ 

With the terminology of orderings on sets, a Borel set represents a filter of V{n, m) 
for the Borel partial order. Given a Borel-fixed ideal I, we will write {Im} referring 
to the Borel set defined by the piece of degree m of the ideal I in the poset V{n,m). 

Obviously the complement ,yV = V[n,m) that we will also denote by , 
is closed w.r.t. decreasing elementary moves. We will call such a subset an order set, 
taking inspiration from the definition of order ideals, since the dehomogeneization 
of the complement of a Borel set (imposing xq = 1) turns out to be exactly an order 
ideal. 
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Given any subset S C V{n,m), we will denote with S(^,) the subset of S 

S(^,) = G S I min;c'* ^ /} . (2.17) 

Obviously S(^o) = S. Now we introduce some further definitions borrowed from 
the terminology of ordering on sets. 

Definition 2.31. Let =^ C 'P(n, m) be a Borel set and let ^ = 10^ the corresponding 
order set. 

• jc"^ G will be called minimal if for any admissible decreasing move ej , 
ej {x'^) does not belong to SS. 

• G jV will be called maximal if for any admissible increasing move e^^, 
e'l{x^) belongs to ^. 

Moreover we will say that 

• x'' G =^ is k-minimal if ej^ (x**) G ^ for any admissible e^, j > k; 

• x^ G c/K is k-maximal if e^(x^) G =^ for any admissible e^^, i ^ A;. 
Example 2.3.3. Let us consider the poset V{2, 3) and its Borel subset 

^ = {xI,xIxi,X2x\,xIxq,X2XiXq}, 

SO that 

= ,'^ = {x\,xlxo,X2xl,Xixl,xl}. 

There is a single minimal element X2XiXq and two maximal elements: X2X^ and x\. 
Moreover the 1-minimal monomials are X2X^ and X2XiXq and the 1-maximal ones 
are x^ and x\xq. 

Remark 2.3.4. For any term ordering a, refinement of the Borel order, and for any 
Borel set ^ 

• mine- =^(^jc) is a minimal element of ^(^jt)/ 

• maxcr S^-^iA is a maximal element of 
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2.4 Graphical representations 

The combinatorial interpretation of Borel-fixed ideals leads up to nice representa- 
tions of the posets of monomials of the same degree and their Borel subsets. We 
now briefly describe some different approaches emphasizing positive and negative 
aspects. 

Green's diagrams We mainly refer to Section 4 of [38]. Green's diagrams can be 
used to describe few situations, indeed through this approach we can describe only 
Borel-fixed ideals defining points in P'^ or curves in P'^. 

Let us begin with P^ = ProjK[xo,Xi,X2], i.e. looking at posets of the type 
7^(2, m). Green arranges the monomials of degree m in a triangle shape with the 
top vertix corresponding to and completing the diagram moving down with the 
rule described in the following picture 

/ \ 
e+oe+ e+ 

/ \ 

— e+ — 

so that the base of the triangle contains the monomials of degree m in K[xi, Xi] (see 
Figure 2.1). 

X2xl xixl 

2 2 2 2 2 

X2XQ X2X-[Xq ^1^0 

X^Xq X^XiXq X2X^Xq XjXq 

4 3 2 2 3 4 

X^X'y X^X-^ "^2^^ 

Figure 2.1: An example of Green's diagram for P^: the poset V{2,A). 
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Afterwards he does not write explicitly the monomials, and given an ideal I C 
K[jt:o, Xi,X2] he uses a black circle to denote a monomial of the ideal and an empty 
circle to denote a monomial not belonging to 1. In Figure 2.2, there are two examples 
of Borel sets defined by Borel-fixed ideals. 



o 

o • o 

o o • • o 

► o o • • • o 



o 



(a) The Borel set {74} C P(2,4), (b) The Borel set {L5} CP{2,5), 

where I = {x\, X2x\, x\) . defined by L = {x2,x\). 

Figure 2.2: Example of Green's diagrams of Borel sets defined by Borel-fixed ideals 
of points in K[xo, :ti,:t2]- 



To describe a Borel set C V{3,m), Green thinks a trihedron (drawn with 
orthographic projections in Figure 2.3) described looking at its plane view with top 
vertix corresponding to the monomial Xq" and completed with the following rule 

/ \ 
o o e^j" e^^ o 

/ \ 

x^ e+ 

Then the monomials are marked according to the following notation: 

• a black circle denotes a monomial in such that also all the other monomials 
under it belong to 

• a empty circle denotes a monomial in ^ such that all the monomials under 
it do not belong to 
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PLANE VIEW 



FRONT VIEW! 



X2X3 



X2X3XQ 



X^Xq 



2 



2 

X^Xq 



2 2 3 2 2 

X^ Xq X2 Xq Xq X^ Xq X^ Xq 



X2X1 X2X1XQ XiXq X3X1X0 



2 2 2 
X2 X-^ X-y Xq X3 X-^ 




3 2 2 

Xq ^3 ^3 ^0 



XiXq X3X1X0 X3X1 



2 2 
X-j^ Xq X3 X-j^ 



SIDE VIEW 



Figure 2.3: The trihedron describing the poset V{3,3) w^ith orthographic projec- 
tions. 



• a empty circle with inside a positive integer A denotes a monomial x"^ in ^ 
such that the monomial (under it) AeQ"(x'*) belongs to ^ and (A — l)eQ"(x'*) 
does not. 



We remark that in the diagram corresponding to a saturated monomial ideal I, 
a monomial x** marked with a black circle imposes that also every other monomial 
under it and contained in a triangle with as top vertix belongs to I. Indeed split- 
ting X* as x^Xq (xo f x'^), the black circle means x** G / and any monomial in the 
triangle under it is divided by x*. From now on, we will only draw the black circles 
defining the saturation of an ideal. Moreover if the ideal I is Borel-fbced also any 
monomial at the left of x* has to be marked with a black circle. Thinking about the 
quotient, any monomial above or at the right of a monomial marked with a empty 
circle does not belong to the ideal. We can siunmarize this characterization with the 
following diagram 
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O O 

00 © O 

' • © • • O 



(a) TheBorelset{J4} C P(3,4),definedby (b) The Borel set {74} C P (3, 4), defined 

the ideal I = {x^, X3X2, x^Xi, x^, x^x^). by the ideal / = {x^, X3X2, x^, xj,x'^). 

Figure 2.4: Example of Green's diagrams of Borel sets defined by Borel-fixed ideals 
of curves in K [xq, xi, xi, X3] . 



quotient 



This type of diagram works very well in the context of curves in P^, because we 
can understand many geometrical information about a curve simply looking at its 
diagram. For instance the number of empty circles corresponds to the degree of the 
curve, indeed it is easy to check that from the diagram of a curve in P'', the diagram 
of the hyperplane section with H |xo=0/ i-e. points in P^, can be obtained substituting 
the empty circles with an integer inside with black circles. 

Example 2.4.1. Let us consider the curve defined by the ideal 

I = {xl,xlx2,xlxi,X^xl,x\,X2,xlxi,X^X2x\) C K[xo, Xi, X2, X3]. 

Its Hilbert polynomial is f{t) = 5t + 2, i.e. the curve has degree 5 and genus — 1. 
The ideal defining the plane section of the curve with the plane H\xq=q turns out to 
be 

/ = {xl,x^X2,x\) C ¥.[xi,X2,Xz] 
and defines 5 points in P^ as expected. The two diagram are drawn in Figure 2.5. 
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o o 
o o o o 

o • • o 

• • o o 

• • • 

(a) The curve in P^. (b) The plane section in P^. 

Figure 2.5: Green's diagrams of the curve in and its plane section in described 
in Example 2.4.1. 



Marinari's lattices Another way to represent posets in 3 or 4 variables was taught 
to me by Maria Grazia Marinari, that with some coUegues has worked extensively 
on Borel-fixed ideals (see [62-65]). As for Green's diagrams, this approach works 
only for ideals defining subschemes in P'^ and P'^, but without any restriction on the 
degree of the Hilbert polynomial. 

The poset V{2,m) is described again through a triangle shape with the bottom 
right vertix corresponding to the monomial and then moving up and left with 
the following rule 



t 

e+ 



In the following we will not write explicitly the monomials and we will consider 
the lattice without the verse of the arrows. Given a Borel set ^ (ZViT., m), we will 
denote again with a black circle a monomial belonging to and with a empty circle 
a monomial not belonging. 

To describe posets in 4 variables, the idea is to decompose 7^(3, m) as 

7?(3,m) = V(l,m)\JxQ ■ V{2,m- 1) U ■ ■ ■ U x'^'-^ ■ V{2,1) U {x[f} 
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3 2 2 3 4 



t t t t 

XjXq X2X1XQ -«- X2x\xq -« xJxq 

t t t 

\ \ 
\ 



2 2 2 2 2 



3^2 " Xixl 



Figure 2.6: An example of Marinari's lattice for P^: the poset 7^(2,4) (cf. Figure 
2.1). 




(a) The Borel set {J4} C 7^(2, 4), (b) The Borel set {L5} C V{1,5), de- 

where I = {x'^,X2X^,x\). fined by L = (x2,i'j). 

Figure 2.7: Example of Marinari's lattices representing Borel sets defined by Borel- 
fixed ideals of points in K[jco, Xi, JC2] (cf. Figure 2.2). 



and to draw each V{2, i) one above the other, so that a monomial x*^ G Xq 'V{2, i) 
has above it the monomial eQ{x'^) G XQ^'^^V{2,i + 1) and beaneath it eQ^(x'*) G 

^m-mp(2,Z-l). 

With this representation, given an ideal defining a curve, the ideal of its plane 
section (with H\xq=o) in K[xi,X2,X3] is directly described in the highest triangle. 
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2 2 3 
X^X2 — -^3-^2 ^2 



x^xi - X^Xl 



x^xl y X2xl 



xpo - X3X2X0 



xjxQ 

\ 



X^Xq 



x^xl - X2xl 



xixl 



Figure 2.8: The Marinari's lattice describing the poset 7^(3,3) (cf. Figure 2.3). 





o o 



(a) The curve in introduced in Ex- 
ample 2.4.1. 



(b) The Borel set defined by 

X3X2, x\, X3X1, X2X\, x\) 

(6 points in P-'). 



Figure 2.9: Borel sets of a curve and points in P'^ in the Marinari's lattice. 
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Gotzmann's pyramids Gotzmann showed to me another slightly different way 
to draw posets of the type V{2,m) and V{3,m) using two and three dimensonal 
spaces. He (literally) builds two or three dimensional pyramids (see Figure 2.10) 
representing monomials as bricks (squares for V{2,m) and cubes for V{3,m)) start- 
ing from the monomial in the case of P(2, m) and from xf in the case of V{?>,m) 
with the following expansion rules: 




Figure 2.10: A photo of a Borel set sent to me by Gotzmann. 



With this technique, the monomials not belonging to the Borel set are not drawn. 
To understand which monomial are missing, i.e. to have information about the 
subscheme defined, we can consider for V{2,in) the line touching the monomials 

and Xq", for V{?>, m) the plane touching the monomials x^" and x^q and look at 
the "bricks" that we would need to fill the empty space between the pyramid and 
the line or plane (see Figure 2.11). 
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(a) The Borel set defined by (x^, X2X^, xf) in 'P(2, 4) (cf. Figure 2.7a and Figure 2.2a). 

" o 62 o 63 




(b) The Borel set corresponding to the curve defined in Example 2.4.1 (cf. Figure 2.5a and Figure 2.9a). 
Figure 2.11: An example of Gotzmann's pyramids. 
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Planar graphs All previous approches result to be intrinsically limitated to the 
projective 3-space. We would like to overcome this limit and to find a nice repre- 
sentations available for any kind of poset. A very natural way to describe V{n,m) 
comes directly from the definition of partially ordered set: we associate to it the 
graph whose vertices are the monomials of IK[xo, . . . ,Xn]m and whose edges corre- 
spond to elementary decreasing moves (see Figure 2.12). Given a Borel set =^ C 
'P{n,m), we will represent its monomials with vertices with elliptic black boundary 
and without boundaries the monomials outside 

This representation, as well as allowing to manage any poset, is very advanta- 
geous in an algorithmic perspective, indeed there are many tools to work on graphs. 
We underline that with this description is very easy to detect minimal and maximal 
monomials (see Figure 2.13). 

In the following we will use Marinari's lattices and planar graphs: the pictures of 
lattices turn out to be very helpful to understand the main ideas and planar graphs 
allow to generalize such ideas to posets in any number of variables and to con- 
cretely project algorithms, indeed the java class PosetGraph of the package HSC 
implements the poset by means of the associated direct graph (see Appendix B). 
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(a) The Borel set defined by 
{xl,X2x\,x\) in ^(2,4) (cf. 
Figure 2.7a, Figure 2.2a and 
Figure 2.11a). 




X2X\ x\xiX(i X^x\xq X3X2XI 



l\iX X'/ 




(b) The Borel set corresponding to the curve 
defined in Example 2.4.1 (cf. Figure 2.5a, Fig- 
ure 2.9a and Figure 2.11b). 



Figure 2.12: An example of Borel sets drawn as planar graphs. 
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Figure 2.13: The Borel set defined by the ideal X4X3, X4X3X2, ^4^2, x^x^xi, x^) in 
V (4, 4) . The monomials with red boundary are minimal elements of the Borel set, 
whereas the monomials with a light blue background are maximal elements in the 
complement. 



68 



Chapter 2. Borel-fixed ideals 



2.5 An algorithm computing Borel-fixed ideals 

In this section and in Section 2.7, we will expose some of the results contained in the 
paper [21] "Segments and Hilbert schemes of points" written in collaboration with 
Francesca Cioffi, Maria Grazia Marinari and Margherita Roggero. 

Let / C ]K[:t] be a Borel-fixed ideal. In this section we denote by Jxg the ideal 
obtained from / setting Xq = 1. Keeping in mind Corollary 2.10, we know that 
Jxg = 7^'*'. We extend this notation denoting by Jxgxi the ideal obtained from / setting 
both xq and Xi equal to 1. We call Jxgx^ the Xi-satumtion of / and say that / is Xi- 
saturated if / = ]xqx^^- Hence an ideal / that is xi-saturated is also saturated. 

Remark 2.5.1. A xi-saturated Borel-fixed ideal / C K[x] defining a subscheme 
with Hilbert polynomial has the same minimal generators as the saturated 
Borel ideal / fl K[xi, . . . , x„] C K[xi, . . . , that defines a subscheme of P"^^ with 
Hilbert polynomial Ap(i). 

The following result is analogous to Theorem 3 of [86], where the notion of "fan" 
is used. Here we apply the combinatorial properties of Borel ideals only. 

Proposition 2.32. Let J C K[x] &e a saturated Borel-fixed ideal defining a subscheme 
with Hilbert polynomial p{t) whose Gotzmann number is r. Let I = Jxgxi be its x\- 
saturation and let p{t) be the Hilbert polynomial of the subscheme defined by I in P". 
Set q = dimiK 1,- — dimjc ]r, 

(i) p{t) = p{t)-q; 

(ii) q is equal to the sum of the exponents of Xi in the minimal generators of J. 

Proof, (i) We show that ifq = dimK h — dimjK Js then q = dimR h+i — dimK /s+i, for 
every s > r. Let x^i, . . . , x^'' be the terms of Is\Js- Thus, xqxI^^, . . . , xqx^'i are terms of 
^s+i \ /s+i and so dimK Is+i — dimR Js+i ^ q, since xqx^' would belong to Js+i if and 
only if x^' belong to /s, being / saturated. Now, to obtain the opposite inequality, it 
is enough to show that every term of 7s+i \ /s+i is divisible by xq. Let x'^ G Jg+i be 
such that minx'^ ^ 1 and let x'^ be a minimal generator of I such that x'^ = x"-x^ . 
Since / is saturated and J is the xi-saturation of /, x'*x^ is a minimal generator of / 
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for some non negative integer a. Hence, for every x^' of degree s + 1 — |a| and with 
minx^' ^ 1, x^' >b x\ implies G ]s+i- In particular, x'^ G ]s+i- 

(ii) Let x'^'^xl^, . . . ,x'*''x^'' be the minimal generators of /, with minx*' > 1, for 
every 1 < i < h. Since the J^Sj terms x'^'x^'^^Xq^''^''^^'^^ 1 < t < s„ are in I,- \ /,-, 
one has q > ^s,-. Vice versa, we show that each term x^ in 1^ \ },■ is of the previous 
type. We can write x^ = x^x"Xq^'^'^", with minx^ > 1 and u < s,. Let s be the 
minimum non negative integer such that x^x^ is in /. Then there exists i such that 
x'^'x^' jx'^x^, i.e. x*' |x^ and s, < s. By the definition of s, we get S; = s and there 
exists x'^ with minx'^ > 1 such that x^ = x'^'x'^. Since x^ does not belong to / we 
have I7I < s, = s, or otherwise x*'x[^' and hence, by the Borel property, x^ = x'^'x'^ 
should belong to /. Now we can take x^x^ and observe that this term belongs to 
/ because it follows x'^'x^ in the Borel relation. Thus s < s — |7|, so that 7 = 0, i.e. 
xl^ = X*' as claimed. □ 

Lemma 2.33. Let J C 'K[x]be a saturated Borel-fixed ideal such that K[x]// has Hilbert 
polynomial p{t) whose Gotzmann number is r. Let x^ be a minimal monomial of {Js} C 
V{n,s) of degree s ^ r such that minx^ = xq. Then the ideal I = {{Js} \ {x^}) is 
Borel-fixed and K[x] / J has Hilbert polynomial p{t) = p(f ) + 1. 

Proof. First, note that by definition of minimal monomial, {7s} is still a Borel set. 
Called q{t) the volume polynomial of /, we show that I has volume polynomial 
q{t) = q{t) — 1 applying Gotzmann's Persistence Theorem (Theorem 1.22), i.e. prov- 
ing that dimjK }s — dim^ Is = dim^ /s+i — dim^ Jg+i = 1. By construction dim^ Js — 
dimjK Js = 1- The Borel considition ensures that x^xq G Js+i\Is+i and there are no 
other elements, because x'^xq is the only monomial that cannot be generated from 
the monomials in 7s by multiplication of a single variable. In fact let us consider the 
monomial x,x^, i > 0. Since xq | x^ the following identity holds: 

xvx^ = • . . . ■ — xqx^ = e^'li o ■ ■ ■ o er^(x^)xo 

X,_i Xo ' ^ ^ ' ' 

and for each i, o • • • o ej" (x^) belongs to Js, by the minimality of x^. □ 

Proposition 2.34. Let I and J be Borel-fixed ideals o/K[x]. If for every s ^ we have 
Is C Js and Pk[x]/i{^) = Pk[i-]//(0 + ^^^^ fl G N, then I and J have the same x\- 
saturation. 
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Proof. Let s > max{reg(7),reg(/)}. In case a = 1, there exists a unique term in 
/s+t \ h+t, for every t > 0. Let x'^ be the unique term in /, \ Ig. Then, both x'^Xq 
and x'^Xi belong to /s+i. By the Borel property, x'^xi must be in Ig+i and so the 
unique term in Js+t \ h+t is x'^xqK This is enough to say that I and / have the same 
Xi-saturation. If a > 1, the thesis follows by induction applying Lemma 2.33. □ 

Theorem 2.35. Let p{t) be an admissible Hilbert polynomial in P". For any s, there is a 
bijective function 



7 C K[x] saturated Borel-fixed 
ideal s.t. reg(/) ^ s and K[x]// has 
Hilbert polynomial p{t) 

} 



1:1 

i — y < 



^ cV{n, s) Borel set s.t. 

set.yV = V{n,s)\SS 
^(^i^ =A'p(s), Vf 



{/s} 



(2.18) 



Proof. First of all, note that if the two maps are well-defined, keeping in mind 2.12, 
i.e. for each /, = {Js), 



J 



' Us} 



Let / C K[x] be a Borel-fixed ideal such that the Hilbert polynomial of K[x]// 
is equal to p(t) and let jV = V{n,s) \ {Js}. Obviously |^^o)| = l-^l = P(s) = 
A^p{s). Using the short exact sequence (2.4), we determine the Borel ideal I = 
X\, . . . , Xfj] with module ]K[xi, . . . , x^] / 1 having Hilbert polynomial Ap[t). 
Thus being {k} = {/s}(^i) C V{n-l,s), = \{Is}^\ = Ap(s). Since 7 is 

Borel-fixed in the polynomial ring K[zi, . . . , Xn] we can repeat the reasoning with 
the hyperplane section defined by xi = and so on. 

Let us now consider a Borel set ^ C V{n,s), such that the complement jy = ^ 
satisfies the condition 



A'p(s) for every/. Firstly reg(,^)®^' ^ s by Proposi- 
tion 2.12, so let us prove that K.[x] / {SS) has Hilbert polynomial p(f). We proceed by 
induction on the degree d of the Hilbert polynomial. For any n, if deg p(i) = 0, then 
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^^,) = 0, for every i ^ 1, since Ap{t) = 0, that is for any G min = 0. Ap- 
plying repeatedly Lemma 2.33 starting from the Hilbert polynomial p{t) = (corre- 
sponding to the ideal (1)), we obtain that (^)^^* defines a module K.[x] / hav- 
ing constant Hilbert polynomial p{t){= p(s)). Let us know suppose that the map 
^ — >• (^)^^' is well-defined for any Hilbert polynomial of degree d — 1 and let p{t) 
be a Hilbert polynomial of degree d. 3S = d V{n — \,s) realizes the condition 

of the theorem w.r.t. the Hilbert pol5momial Ap(i) and deg Ap(f) = d — 1. Hence 
by the inductive hypothesis the ideal (^)^^* C K[xi, . . .,x„] defines the module 
K[xi, ...,x„]/ {,^)^^^ with Hilbert polynomial Ap{t). Let p{t) be the Hilbert polyno- 
mial of K[xo,. . .,x„]/(^)*^': p{t) = p{t) + a, because Ap{t) = Ap{t). (;#)"^' turns 
out to be the Xi-saturation of {^Y^^, so by Proposition 2.32 the Hilbert polynomial of 
K[xo, . . . ,Xn]/ {SSy^^ differs by a constant from p{t) and since |^| = |-^^o) I = Pi^) 
it coincides with p ( f ) . □ 

Corollary 2.36. Let p{t) he an admissible Hilbert polynomial in P" whose Gotzmann num- 
ber is r. There is a bijective function 



/ C K [x] saturated Borel-fixed 

ideal s.t.K[x]/j has \ < 
Hilbert polynomial p{t) 

/ {h] 



(lV{n, r) Borel set s.t. 
set.jV = V{n,r)\^ 
^^,-) =A'p(r), V/ 



(2.19) 



Proof. By Proposition 2.12, Proposition 2.13 ant Theorem 1.21, any saturated Borel- 
fixed ideal / defining a module K[x] // with Hilbert polynomial p{t) has regularity 
lower than or equal to the Gotzmann number oip{t). □ 

Therefore to compute the saturated Borel-fixed ideals we can construct Borel sets 
with the prescribed property. The proof of Theorem 2.35 suggests to use a recursive 
algorithm: i.e. to determine the Borel sets in V{n,r) corresponding to the Hilbert 
polynomial p{t), we begin computing the Borel sets inP(n — l,r) corresponding to 
the Hilbert poljmomial Ap{t). 
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Let us examine more precisely this idea. Let ^ C 'P{n — l,r) a Borel set corre- 
sponding to the Hilbert polynomial Ap{t) and let ryV = SS^ . In order for SS to be 
the restriction ^(^i) of a Borel set =^ C V{n,r) (where 'P{n,r) contains one more 
variable smaller than variables m'P{n — 1, r)), each monomial that can be obtained 
by decreasing moves from a monomial in ^ has to belong to ^ = . This ex- 
tension of an order set .JV C V{n — l,r) to an order set ^ C V{n,r) has an ideal 
interpretation. 

Lemma 2.37. Let ^ C V{n - l,r) be a Borel set and let jY = . Moreover let 
JY C V{n,r) be the order set containing the monomials in jV and all those obtained 
by descreasing moves from them. Then, 

^ = V{n,r)\[ {{MY'' ■ K[xo,. . . ,Xn]),}. (2.20) 

Proof. Let us call the Borel set {{{W^ ■ ^[xq, . . . ,Xn])r}. Let = ■ ■ ■ xl° 
be a monomial of V{n,r) and suppose minx* = 0, i.e. ao > 0. The monomial 
otQe^ {x'^) = x'^" ■ ■ ■ x\^^'^'> belongs to V{n-l,r), so either ccqQ^ {x'^) el^ or 
aoeo (x") e If x"" • • • ^r^"" e then ■ ■ ■ x^^ is in {MY''' and so x^ G 
{MY""^ ■ K[xo, . . . , x„], otherwise ■ ■ ■ xj'i+'"' G implies x** G □ 

At this point, by Proposition 2.32, we know that the Hilbert polynomial cor- 
responding to a Borel set =^ of the type {((^)®^' ■ K[x])r} differs from the target 
Hilbert polynomial by a constant: to determine this constant we compare the value 
p(r) of the Hilbert pol}momial p(f) in degree r with the cardinality of the order set 
jY obtained by decreasing moves from 

Lemma 2.38. Let ^ ClV{n — k,r)be an order set and let ,jV (lV{n, r) be the order set 
defined from JV by decreasing moves. Then, 

1^1 = E_ 

■yd y.<^n J^k 

A. — J^Yl -^j^ 

Vroof. Each monomial x* G .yV imposes the belonging to .jV of any monomials 
obtained from it applying a composition of decreasing moves Aie^^ o • • ■ o A/^e^. 




2.5. An algorithm computing Borel-fixed ideals 



73 



These type of moves act on the maximal power of xj^ in x"^ and so they describe a 
poset isomoprhic to Vik, aj^) and 



There are three possibilities: 

• p(r) — < 0, ^ imposes too many monomials ouside the ideal, so the 
hyperplane section defined by (,^)®^' has to be discarded (there exist no Borel- 
fixed ideals corresponding to p{t) with such a hyperplane section); 

• p{r) - \ \ = 0, {^y^^ C K[xo, . . . is one of the ideals sought; 

• p(r) — > 0, applying repeatedly Lemma 2.33 we determine the ideals we 
are looking for. 

Putting together Remark 2.2.2 with Lemma 2.37, we can establish a sharp upper 
bound of the difference p{r) — \^\. 

Proposition 2.39. Let pit) he an admissible Hilbert polynomial with Gotzmann number r 
and let ti be the Gotzmann number ofAp{t). 

(i) Given saturated Borel-fixed ideal J C K[xi, . . .,x„] such that K[xi, . . . , x„] // has 
Hilbert polynomial Ap(f), to pass from {(/ ■ ¥.[xo, . . ■ ,x„])r} C V{n,r) to a Borel 
set corresponding to p{t), we need to remove at most r — ri monomials. 

(ii) We need to remove exactly r — r^ monomials if we consider the lexicographic ideal 
LCK\ Xi, . . . ,x„] corresponding to the polynomial Ap{t). 

(Hi) Let I C K[x] &e fl Borel-fixed ideal, such that the Hilbert polynomial o/K[x]/J zs 
pit). To construct the Borel set C V[r,n) corresponding to I, we need to remove 
at most r monomials. 

Proof, (i) Straightforward from Remark 2.2.2, because the Hilbert polynomial of 
K[xo,.. .,x„]/{J- K[xo,. . .,x„]) belongs to HP(Ap(0). 

(ii) There are more than one way to prove this point. We exploit Lemma 2.38 
in order to show that the ideal L • K[xo, . . .,x„] corresponds to the minimal polyno- 
mial in HP(Ap(f)). By definition, the order set ^ = {L^}^ C V{n — l,r) contains 




□ 



74 



Chapter 2. Borel-fixed ideals 



the smallest Ap(r) monomials in'P{n — l,r) w.r.t. the degree lexicographic order. 
To construct ^ we can think to start from the order set {x[} C Vi^n — l,r) and to 
remove successively the minimum w.r.t. the lexicographic order (see Remark 2.3.4) 
among the minimal monomials of the complement. This minimum can be detected 
also looking at the elementary increasing move by which we can reach it: it will 
correspond to the lowest index possible. So whenever it is possible we add a mono- 
mials reached with e^^ so that the number of monomials smaller than it in 'P{n, r) 
decreases. Any other choice will generate an order set ^ with more elements. 

(in) It comes directly applying (i) recursively on the construction of the Borel sets 
corresponding to any A'p(i). □ 

2.5.1 The pseudocode description of the algorithm 

In Algorithm 2.1, we give a pseudocode description of the algorithm just designed. 
Of some auxiliary methods implementing basic operations, we only describe the 
requirements on the input and the result returned in the output. In Table 2.1, we 
simulate an execution of BorelGenerator on K[xo, Xi, X2, x^] and p{t) = 3t + 2. 

GOTZMANNNUMBER(p(i)) 

Input: p{t), admissible Hilbert polynomial. 
Output: the Gotzmann number of p{t). 

MinimalElements(,^) 
Input: Borel set. 

Output: the set of minimal elements of ^ w.r.t. <b. 

1: BORELGENERATOR(K[X)t, . . .,X;,],p(f)) 

Input: K[x)t, . . .,Xh], polynomial ring. 
Input: p{t), admissible Hilbert polynomial in P''^' 
Output: the set of all Borel-fixed ideals in K[xj., 
P''^*^ with Hilbert polynomial p{t). 

2: iip{t) = Othen 

3: return {(1)}; 

4: end if 



= ProiK[xk,...,xi,]. 
. . . ,Xh\ defining subschemes of 
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5: hyperplaneSections ^ BoRELGENERATOR(K[x)t+i, . . . , Xh], Ap(i)) ; 
6: borelFixedldeals 0; 

7: r ^ GOTZMANNNUMBER(p(f)); 

8: for all / e hyperplaneSections do 

9: {iJ-K[xk,...,Xh])r} C V{h-k,r); 

10: q ^ p{r) - 
11: ifq ^ then 

12: borelFixedldeals ^ borelFixedldeals U Remove(^, q); 
13: end if 
14: end for 

15: return borelFixedldeals; 



1: REM0VE(^,(^) 

Input: a Borel set. 

Input: q, the number of monomials to remove from ^. 

Output: the set of saturated Borel-fixed ideals obtained from Borel sets constructed 
from ^ removing in all the possible ways q monomials. 
2: iiq = then 
3: return {(^)*^'}; 
4: else 

5: borelldeals ^ 0; 

6: minimalMonomials ^ Minim alElements(^); 

7: for all X* e minimalMonomials do 

8: borelldeals ^ borelldeals u Remove \ {x'*}, «j - 1); 

9: end for 

10: return borelldeals; 
11: end if 

Algorithm 2.1: The algorithm computing the set of all saturated Borel-fixed ideals 
in a fixed polynomial ring with a fixed Hilbert polynomial. 
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BORELGENERATOr(K[xo, Xi, X2, X3],3t + 2) 
_BORELGenerator(K[xi,X2,X3],3) (because 3f + 2 7^0) 
,_BorelGenerator(K[x2/^3],0) (because 3 7^ 0) 

I return {(1)} inK[x2/X3] 

,, The Gotzmann number of Ap(i) = 3 is 3 

,_^o = {((l)-K[xi,X2,X3])3} =P(2,3) and (?o = 3-1^^1 =3 
Lremove(=:^o,3) 

Lremove(=^o \ {^i}/2) 

Lremove(^o \ {xl, X2xl},l) 

_Remove(^o \ {xl,X2xl,xlxi},0) 
L Remove(^o \ {^1, X2xl, X3XI}, 0) 

1 return {(X3, x^), (x^, X3X2, Xj)} in K[xi,X2,X3] 

The Gotzmann number of p{t) = 3i + 2 is 5 

— ^1,1 = {((s:3,a:f) •K[xo,Xi,X2,X3])5} C P(3,5) and = 17- l^f ^l = 2 
L Remove (^14, 2) 

_ Remove (^1,1 \ {x^x^},l) 

Remove(=^i4 \ {xlxl,xlxiXo},0) 

L Remove (.^14 \ {xlxl,x3xl},0) 
Lremove(=^i,i\{x3x4},i) 

Remove(=^14 \ {x3X^,x^x^},0) (already found) 

L Remove \ {xsx^^xsxix^j^O) 

— %2 = {((x3,X3X2,x^) ■ K[xo,Xi,X2,X3])5} C V{3,5) and 

(^12 = 17- \^^^2\ = 1 

L Remove (^1,2/1) 

L Remove (=:^i^2 \ {xlx^},0) 
_ return { (X3, x|, x^xf ), (x§, X3X2, X3X1, x|, x^Xi), (x|, X3X2, x|, X3xf ), 
(x|, X3X2, xj, x\xx ) } in K[xo, Xi, X2, X3] 

Table 2.1: The diagram of the execution of BorelGenerator with as inputs the 
polynomial ring K[xo, x\, X2, X3] and the Hilbert polynomial p{t) =3t + 2. 
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The example described in Table 2.1 shows a first inaccuracy of the strategy, in 
fact BorelGenerator could compute many times the same ideal (the Borel set 
\ {^s^O'-'^i-'^o} corresponding to the ideal [y^, x^xr, x-^Xi, x\, x\x\) is obtained 2 
times). To solve this problem, we can use a total order on the monomials, so we fix 
any term ordering a, and then keep trace of the computation: we add as argument of 
the function REMOVE a monomial (that usually will be the last monomial removed) 
and we consider as monomials to remove only those greater than it. 

1: REM0VEUNIQUENESS(,^,(J,X^) 
Input: S^, a Borel set. 

Input: q, the number of monomials to remove from 
Input: x^ , monomial (usually it will be a maximal element of SS). 
Output: the set of saturated Borel-fixed ideals obtained from Borel sets constructed 
from removing in all the possible ways c\ monomials without repetitions. 

2: if = then 

3: return {(^)^^'}; 

4: else 

5: borelldeals 0; 

6: minimalMonomials ^ MinimalElements(^); 
7: for all x'^ G minimalMonomials do 

8: if x" >DegLex then 

9: borelldeals ^ borelldeals U RemoveUniqueness(=^ \ {x'^},c\ - l,x'^); 

10: end if 
11: end for 
12: return borelldeals; 
13: end if 

Algorithm 2.2: The modified version of Algorithm 2.1 to avoid repetitions of ideals. 

We remark that Algorithm 2.1 could be naturally interpreted as an algorithm 
visiting a tree. Let us consider any Hilbert pol}momial p{t) of degree d, admissible 
for the projective space P" (i.e. d < n). We can associate to the pair {p{t),¥") the 
rooted tree defined as follows: 
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the nodes are all Borel-fixed ideals of K[xi, . . .,x„] with Hilbert polynomial 
A'p(f), Vi = 0,...,d + l; 

the father of J C K[x 

!/•••/ ^n] is the ideal / C K[x;-)-i, . . . , Xfi\ such that / — 
[l\xi=i n ]K[x;_|-i, . . .,x„])***, that is / represents the hyperplane section of I 
w.r.t. Xi. 




A^p{t)=0 A^p{t)=5 

K[x3,Xi] K[X2,X3,X4\ 



{xl,XiX3,xj) 

Aip(0 =5t-2 

K[xi, X2, X3, Xi] 



■^3' 3 2' 3 2 



•^X2, x^x^, X^X-i) 



(X^, X4X3, X4X2, XjiXi, X^, X^X2, X3X1, x^x^) 



(3:^, X4X3, 3:43:2, x^x^, x^, x^x^) 



(3:4, x'3, X^X^ / X^X^, X^X^X'^ ) 



{X^f X4.X3, XiX2, X^Xi, X3, X3X2, X3X2) 



K[xo,:Cl,X2,X3,X4] 



Figure 2.14: The tree of Borel-fixed ideals associated to and p{t) = ^t^ + — 8. 
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With such a definition, we have that the root of the tree is the ideal (1) C 
K[X(|+i,. . .,x„] if d < n — 1, or the ideal [x^ ^^'^^) C K[x„_i,x„], if d = n — 1, 
and the Borel-fixed ideals defining subschemes of P" with Hilbert polynomial p{t) 
are represented by the leaves at maximal distance from the root (see for an example 
Figure 2.14). Algorithm 2.1 turns out to be a BFS (Breadth First Search) on the tree, 
indeed to determine the leaves at maximal distance we have to examine before all 
the nodes closer to the root, that from a computational point of view means that we 
need to store in the memory of a computer all the intermediate steps. Figure 2.14 
clearly shows that this approach could not be optimal also because generally there 
are many ideals that will be finally discarded by the algorithm (because imposing 
too many monomials outside the ideal) but that we keep in mind for a long time 
before examing them. 

Therefore a better approach is to visit the nodes of the tree of Borel-fixed ideals 
by means of a DFS (Depth First Search) visiting algorithm, so that the algorithm 
discards an ideal (if necessary) immediatly after having determined it. In Algorithm 
2.4 and Algorithm 2.3, there is the description of this strategy, which is used in the 
effective implementation Borelldeals of the algorithm in the package HSC (see 
Appendix B). 



1: BORELGENERATORHS(K[;CO/ - • -/^nJ/PlO'^'^) 




Input: ]K[xo, . . . , Xn], polynomial ring. 




Input: p(f), admissible Hilbert polynomial in P" = 


ProjK[xo,. . 


Input: k, integer s.t. ^ A: ^ degp(t). 




Input: I, Borel-fixed ideal in K[x/f, . . . , Xn] s.t. ]K[xj., . . . , x„] // has Hilbert polyno- 


mial A'^p{t). 




Output: the set of all Borel-fixed ideals / in K[xo, 


. . ,x„] defining subschemes of 


P" with Hilbert polynomial p{t) s.t. 




2: iik = then 




3: return {I}; 




4: end if 




5: r ^ GOTZMANNNUMBER(A'^"^p(i)); 
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6 


{{I-K[xk-i,...,Xn])r} C P(n-/c + l,r); 


7 




8 


i( q ^ then 


9 


HS ^ REMOVEUNIQUENESS(^,fl,0); 


10 


BORELlDEALS ^ 0; 


11 


for all T G HS do 


12 


BORELIDEALS ^ BORELlDEALS U 




BorelGeneratorHS(]K[xo,. . .,x„],p(f),fc 


13 


end for 


14 


return BORELlDEALS; 


15 


else 


16 


return 0; 


17 


end if 



Algorithm 2.3: The core of the DFS strategy to compute Borel-fixed ideals defining 
subschemes of P" with Hilbert polynomial This function visits a node and 
then calls itself on the children of the node. 



1 


BorelGeneratorDFS(]K[xo, . . 




Input: K[xo, . . . , x„], polynomial ring. 




Input: admissible Hilbert polynomial in P" 


= Proj]K[xo,- • •,:tn]• 


Output: the set of all Borel-fixed ideals in K[xo, . 


. . , x„] defining subschemes of P" 




with Hilbert polynomial fit). 




2 


d degp(i); 




3 


if d = n — 1 then 




4 


c ^ A^p{t)} 




5 


return BorelGeneratorHS {K[xo, . . . , x„ 




6 


else 




7 


return BorelGeneratorHS {K[xo, . . . , x„ 


],p{t),d + 


8 


end if 





Algorithm 2.4: This function detects the root of the tree associated to (K[x], 
and then starts the DFS visit. 
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BORELGENERATORDFS {K[xo, Xi, X2, X3],3t + 2) 

_£f = degSf + 2 = 1 <2 = 3-l 
_ BorelGeneratorHS {K[xq, Xi, x2, X3], 3f + 2, 2, (1)) 
,_^^{?>t + 2) =3=>r = 3, SSq = r{2,3) and qo = 3 
_ REMOVEUNIQUENESS(,^0/ 3, 0) 

LremoveUniqueness(=^o \ {^?}/2, xl) 

LremoveUniqueness(^o \ {xl,x2xl},l,x2xl) 

_RemoveUniqueness(=^o \ {xl,X2xl, x|xi},0,x^xi) 
1_RemoveUniqueness(=^o \ {xl,X2xl, x^xl},Q,xo,xl) 
L return {{xj,, xl) , {xl, x^X2,xl)} 
BorelGeneratorHS (K[xo,xi,x2,x3],3t + 2,1, {x^,x\)) 
_^^{3t + l) =3i + 2^r = 5, 

^14 = {{{x^,xl) ■K.[xq,Xi,X2,xz])^] and qi^i = 17-15 = 2 
1_ RemoveUniqueness(=^i4, 2, 0) 

,_RemoveUniqueness(^i4 \ {x\xl},l,x\xl) 

_RemoveUniqueness(=^i,i \ {x\xI,x\xixq},{),x\xixq) 
|_RemoveUniqueness(=^i4 \ {x\xI,x^xI},Q,x^Xq) 
LremoveUniqueness(^i4 \ {x2,xl},l,x^xl) 

|_REM0VEUNIQUENESS(^14 \ {x-iXQ, X3XiX^},0, Xo,Xixl) 

l_ return { (xa, x\, x^xj), {xj, X3X2, X3X1, x|, xfxi ), (x§, X3X2, x\, xsxf ) } 
L BorelGeneratorHS (K[xo,xi,x2,x3],3f + 2,1, {x\, X3X2,X2)) 
_A0(3i + 2) =3t + 2^r = 5, 

^1,2 = {((^§,^3^2,^2) ■lK[xo,Xi,X2,X3])5} and q\;2 = 17-16 = 1 
|_ RemoveUniqueness(=^i,2, 1, 0) 

LrEMOVEUNIQUENESS(^1,2 \ {x3XiX^},0,X3XiX^) 

L return { [x\, X3X2, x\, x\xi ) } 
_ return {(x3,x\,x\x\), (x|,X3X2,X3Xi,x|,x|xi), (x|,X3X2,xf,X3xf), 
{x\, X3X2, x^, x^xi ) } in ]K[xo, xi, X2, X3] 

Table 2.2: The diagram of the execution of BorelGeneratorDFS with as argu- 
ments K[xo, x\, X2, X3] and 3i + 2 (cf. Table 2.1). 
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2.6 How many Borel-fixed ideals are there? 

An interesting question that naturally arises from the algorithm projected in the pre- 
vious section is if we are able to predict the number of Borel-fixed ideals associated 
to any pairs (n,p{t)) without computing all them. In Table 2.3, there is a summary 
of the number of Borel-fixed ideals in the case of some constant Hilbert pol5momial. 
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Table 2.3: The number of Borel-fixed ideals in the case of constant Hilbert polyno- 
mials p{t) = s in P", for 2 ^ n ^ 10 and 2 ^ s ^ 10. 



Definition 2.40. Given a projective space P" and an admissible Hilbert polynomial 
p{t), we denote by S^^jj the set of all Borel-fixed ideals defining subschemes of P" 
with Hilbert polynomial p{t) and by A/'^^^j its cardinality 



(2.22) 



The dependence of on the Hilbert polynomial seems a very hard task to 
achieve, whereas already the numbers showed in Table 2.3 suggests that the behav- 
ior of A/^p(t) varying n could be more treatable. Thus let us start discussing how the 
dimension n of the projective space affects -^p(f ) • 

Remark 2.6.1. Let pit) = ('^'*) be the Hilbert polynomial of a d-projective space 
contained in P" for any ^ d < n. The Gotzmann number of such a Hilbert 
polynomial is 1, so that we consider posets of the type V{n,l), that turn out to be 
totally ordered sets. 
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Therefore 



ton 



-'V ,1+d 



d I 



1. 



(2.23) 



The inclusion IK [xq, . . . ,x„ Xq, . . . ,x„,Xx+i] with Xn+1 >b Xn naturally 

extends to the corresponding posets in any degree. Thinking about the character- 
ization of Borel-fixed ideals given in Corollary 2.36 and looking for a setting that 
allows to consider simultaneously Borel-fixed ideals in any number of variables we 
introduce the following setting. 

Definition 2.41. Let {xq, . . . , x„, . . .} an infinite set of variables. We denote by 7^(m) 
the poset composed by monomials of degree m in the variables {xq,. . . , x,,, . . .} and 
given by the natural extension to an infinite number of variables of the elementary 
moves. Moreover for any finite poset 'P{n,m), we denote by z„ : V{n,m) ^ V{m) 
the inclusion map. 

Now we need to extend the notion of Borel set. 

Definition 2.42. A subset C V{m) is called Borel set if the complement = 
V{m) \SS is a finite order set, i.e. ISS^ is closed w.r.t. decreasing elementary moves. 
For any n, we define (and denote again with f„) the map 

f„ : {Borel sets of ^(n^m)} — > {Borel sets of 'P(m)} 

so that the order sets defined by ^ and in{^^) are equal, and the map 

s„ : {Borel sets of P(m)} — > {Borel sets of 7^(n,m)} 

^ I — y ^nr{n,m) 

Obviously s„(z„(=^)) = ^. 

Given a Hilbert polynomial p{t) with Gotzmann number r, let us now consider 
the inclusion 



(2.24) 



(2.25) 



? C V{n,r) Borel set s.t. 
set^ = V{n,r)\^ 
^^,) =A'p(r), Vz 



? cP{r) Borel set s.t. 
set^ = V{r)\^ 



(2.26) 



A'p(r), V i 
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that results still well-defined. To understand how the number of Borel-fixed ideals 
of K[jt:] with fixed Hilbert polynomial is affected by n, we will discuss the property 
of the map (2.26). 

Definition 2.43. Let ^/K be a finite order set (either in V{n,m) or V{m)). We define 
the maximal variable of -yV as 



max var = max { max x 



G ^} . (2.27) 



Proposition 2.44. Let 7 C K[x] &e a saturated Borel-fixed ideal and let ,yV = {I,-}^ C 
V{n,r) he the corresponding order set, where r is the Gotzmann number of the Hilbert 
polynomial of ¥.[x]/ 1. Then 

Xj is a minimal generator of I ■^=> maxvar ^ < j. 

Proof. (<J=) If i > maxvar then XjX^^^ belongs to {Ir}, so Xj is a generator of I. 

(=>) Since Xj G I, XjX^^^ does not belong to Moreover any other monomial z"^ 
of degree r such that max ^ j cannot belong to because x* >b xjXq^^. In fact 
■^"^ — s max j" -^i — s ^;^o^ since Xq^^ is the minimum w.r.t. the Borel order among 
monomials of degree r — 1. □ 

Proposition 2.45. Let C Vim) be a Borel set. If maxvar ^ = j, then 

in{sn{^))=^, Vn^y. (2.28) 

Proof, maxvar = implies 0^ C 7^(n, m), for all n ^ j. □ 
Lemma 2.46. Let ,jV (lV{m)be any order set such that \^\ = a. Then 

maxvar .yV ^ a - 1. (2.29) 

Proof. It comes directly from the remark that to reach Xq" from a monomial x*^ s.t. 
maxx*^ > a — 1 we need at least a decreasing elementary moves, i.e. any order set 
containing x** would contain at least a + 1 elements. 

The bound is sharp, indeed for the order set ^ = {x^, x^~^xi, . . . , x^'^Xa-i} 
\,yV\ = a andmaxYar ,yV = a — 1. □ 
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Proposition 2.47. Let p{t) he an admissible Hilbert polynomial with Gotzmann number 
r. Then for any n ^ p{r) — 1 



^ C V{n,r) Borel set s.t. 
set.yy = V{n,r)\^ 
^^,-) =A>(r), Vf 



1:1 
< > < 



^ C'P{n + l,r) Borel set s.t. 
set^ = V{n + lj)\m 



(2.30) 



A'p{r), Vf 



Proof. Using the Borel sets in the infinite poset 'P(?') as intermediate step, the maps 
giving the bijection are s„+i o i„ and s„ o i„^i □ 

From the point of view of saturated Borel-fixed ideals, since n + 1 is surely 
greater than max var the correspondence turns out to be 



/ saturated Borel-fixed 
ideal s.t. K.Ixq, . . . ,x„]/ J has 
Hilbert polynomial p{t) 

J 



J' saturated Borel-fixed 
ideal s.t. ^[xq, . . . , x„^i] / }' has 
Hilbert polynomial p{t) 

{Xn+l,J)- 



Corollary 2.48. Let p{t) be an admissible Hilbert polynomial with Gotzmann number r. 
The number A/j^^j-j is constant for n ^ p{r) — 1. 

Definition 2.49. We denote by the sequence of the the number of Borel-fixed 
ideals associated to a fixed Hilbert polynomial p{t) and varying number of variables 



n: 



(2.31) 



If d = degp{t), then p{t) is admissible in P" for n > d, so the first integer of the 
sequence will be always -^p(\y Moreover since by Corollary 2.48 the sequence at 
some point becomes constant, we could write the sequence as a finite list of integer 

meaning that = A/"^., V fc ^ 0. 



In general, we expect that the bound p(r) — 1 is an overestimation of the point of 
stabilization of -^pi^t)' because the order set .jV = {xg, . . • ,^p(r)-i^o^} constructed 
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in Lemma 2.46 corresponds to a Borel-fixed ideal in any K[zo, . . . n ^ p{r) — 1 
with constant Hilbert polynomial p{t) = p{r), indeed the hyperplane section is the 
ideal (1) C K[ xi, . . . , Xn]- For this reason, we carry on with a more detailed analisys. 

Let be an admissible Hilbert polynomial of degree d with Gotzmann num- 
ber r. Thinking about the recursive strategy of Algorithm 2.4, we want determine 
the Borel-fixed ideal defining the order set ^ with maximum max var c/K among 
the ideals with a given hyperplane section I C K[xi, . . . , x„], for some n. 

Let =^ = {(T ■ K[xo, . . . ,x„])r} C 'P{n,r) and let ^ be the associated order 
set, viewed in the infinite poset 'P(r). We saw that the Hilbert polynomial p{t) 
associated to ^ differs from the Hilbert polynomial p{t)hy a constant (Proposition 
2.32). Set c = p{t) — p{t), to determine an order set corresponding to p{t) we have 
to add c monomials to ^ and we want to achieve it using as many variables as 
possible. Let A = max var ^ (= max var {1^}^ by construction); by Proposition 
2.44, we know that X/^^x-'^o ^ and moreover this monomial is minimal in ^yV , 
so ^ U {x/i+iXq^^} is still an order set and 

maxvar (^^yV U {x^+iXq^^}^ = A + 1 = maxvar^ + 1. 

Repeating the reasoning c times we construct the order set ^ = ^ U {x^+iXg^^, 
. ..,XA+cx'f^} and 

max var c/K = max var ^^/K U {xyi_|_iXQ^^, . . . , x^+c^o^^}^ = 
= A + c = max var ^ + c. 
We summarize this construction in the following lemma. 

Lemma 2.50. Let p{t) he an admissible Hilbert polynomial with Gotzmann number r and 
let J C Kf Xi, . . . ,x„] the saturated Borel-fixed ideal of an admissible hyperplane section 
of p{t). Moreover let p{t) be the Hilbert polynomial associated to I • K[xo, . . . , x„] and 
c = p{t)-p{t). 

(i) max jmax^ s.t. \ J/'\ = p{r) and ^^i) = {J/-}^} = maxvar {1,-}^ + c. 

(ii) Any Borel-fixed ideal I C K[xo, . . . ,x„] associated to p{t) with hyperplane section I, 
contains as minimal generator Xj, maxvar {1,-}^ + c < j ^ n. 
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So to estimate a bound, we can consider among the hyperplane sections defining 
order sets with same maximum the one with smallest Hilbert polynomial. 

Proposition 2.51. Let p{t) be an admissible Hilbert polynomial of degree d with Gotzmann 
number r and let L C ]K[xi, . . . ,x„] the saturated lexicographic ideal associated to Ap{t). 
For any ideal I C K[xo, . . . ,x„] having L as hyperplane section 

nic^i^ + P(0 - ^(Ap) {tl if Pit) = C^/) + c, 
maxvarji,} ^ < (2.32) 

I d + -E(Ap)(i) + 1, otherwise. 

Proof. To determine the smallest number of variables that we need to determine an 
order set in V{n — l,r) associated to Ap{t), we think to Macaulauy's Theorem [60]. 
It says that whenever the Hilbert polynomial is admissible a lexicographic ideal L 
realizing it exists, i.e. the lexicographic ideal has to be the ideal with the order set 
involving the smallest number of variables. 

If p{t) = {^Y) + c, then Ap{t) = and by Remark 2.6.1 the lexicographic 

ideal is the only Borel-fixed ideal {x„, . . . , Xfj^i) C K[xi, . . . , x„], so that by Proposi- 
tion 2.44 

maxvar {{x„, . . . , xa+i)r}'^ = d. 

For any other Hilbert polynomial the condition of admissibility is n > d, so the 
order set {L, }^ C V{n — 1, r) will involve the variables x-[, . . .,Xi^^i (regardless of 
n) and 

maxvar {L,-}^ = d + \. 

Let D be the maximum of the order set defined by the lexicographic ideal. 

In the proof of Proposition 2.39 we showed that the ideal L • K[xo, . . is 
associated to the minimal polynomial among those with first difference equal to 
Ap(i) and by Definition 2.24 such minimal polynomial is S(Ap) {t). Hence called 
^ the order set defined by { (L ■ K[xo, . . . , x„] to obtain an order set associated 
to p{t) we need add p{t) — E(Ap)(f) monomials. With the goal of constructing 
the order ideal involving as many variables as possible, we begin adding x^j^ix'^'^ , 
since maxvar^ = D => x^f+iXg^^ t Repeating the reasoning p{t) — E(Ap) [t) 
times we can obtain as limit case an order set with maximum variable equal to 
D + p(f) -E(Ap)(0. □ 
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Now we compare the lexicographic hyperplane section with any other section 
defining an order set with maximum greater than the maximum of the order set 
defined by the lexicographic ideal associated to Ap{t) (d or d + 1). 

Lemma 2.52. Let I C K[xi, . . . ,x„] be an admissible hyperplane sections for the Hilbert 
polynomial p{t) of degree d with Gotzmann number r and let p{t) the Hilbert polynomial 
associated to I • K.[xo, . . . ,x„]. Moreover let D be the maximum of the order set defined by 
the lexicographic ideal that realizes Ap{t). ifmaxvar {Tr}^ = D + B, then 

(i) p{t)^Z{Ap){t)+B; 

(ii) maxvar {I r}'^ + p{t) -p{t) ^ D + p{t) -E(Ap)(i). 

Proof, (i) Preliminarly we can simplify the problem considering the case B = 1 and 
then proceeding iteratively. 

Furthermore we suppose that {1,-}^ contains a single monomial with maximum 
variable equal to D + 1, i.e. the monomial xu+ix[^^, because we want to not move 
too away from the lexicographic ideal in order to preserve a small polynomial p{t) 
(this idea, at this point almost intuitive, will be clarified in Chapter 3). 

Applying Lemma 2.37 and Lemma 2.46 we know that 

p{t) = p{t)- ip{r)- ^ + I . 

V ^"^iW J 

The order sets defined by 7 and by the lexicographic ideal surely differs for at least 
1 monomial: xd^ix^^^. It is replaced necessarly by a monomial divided by a power 
of Xi lower than r — 1 because all the monomials divided by a power of Xi greater 
than or equal to r — 1 already belong to {T}^, so 

J2 («i + l) >E(Ap)(r) =^ (/■) p(0>E(Ap)(0 

X«G{I,.}C 

(ii) By the inequality (i) 

p{t)-p{t)<p{t)-^Ap){t) O p{t)-p{t)^p{t)-^Ap){t)-l 
and finally 

maxvar{T,}^ + p(0 -p(0 = D + l + p(0 -p(0 + p[t) -^{Ap){t). □ 
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Theorem 2.53. Let p{t) be an admissible Hilbert polynomial of degree d with Gotzmann 
number r. For any (lV{r) order set defined by a Borel-fixed ideal associated to p{t), 

^^{d + Pit) - E(Ap) [t), if Pit) = (7) + c 
maxvar^ ^ < (2.33) 

yd + pit)- E(Ap) it) + 1, otherwise. 

Proof. It comes directly applying Lemma 2.52 and Proposition 2.51. Moreover Propo- 
sition 2.51 ensures that the bound is sharp. □ 

Corollary 2.54. Let pit) be an admissible Hilbert polynomial of degree d with Gotzmann 
number r. Then, 

K(t) = Ku)' '^^^i (2-34) 

[d + pit)-'LiAp)it) + l, otherwise. 

Example 2.6.2. Let us check empirically the statement of Corollary 2.54 on some 
examples, with the help of the java function Borell deals of the package HSC. 
p{t) = 5t + 1. From the Gotzmann representation 

'o>CoVCo>Co>Co>C7 

we can easily compute 

5t + 1 - E(A(5i + 1)) = 5i + 1 - (5i - 5) = 6 
so that the sequence N'l^i is supposed to stabilize for n = 2 + 6 = 8. In fact 

M^t+i = (4, 38, 71, 89, 95, 97, 98, 98, . . . ) . 
pit) = + |t. The Gotzmann representation is 
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so 



and the sequence ^2^7^ levels off for n = 3 + 4 = 7. In fact 

^',2,7, = (8,27,36,39,40,40,...). 
p(t) = ^t^ + jt^ + + 3. The Gotzmann representation is 



2 6 V3y V3y vi/ Vi 

't-A\ A-5\ /i-6\ /i-7\ /t 



,o/'Vo/'Vo/'Vo/^Vo 

so 

1 . 3 2 25 ^ ^ / . /I 3 3 2 25 ^ 



and the sequence A/"* 3 3 2 19 levels off for n=4 + 5 = 9. In fact 

3' +2' +6 

Arr^3+3(2+|f+3 = (21,84,130,149,155,156,156,...). 

2.6.1 The special case of constant Hilbert polynomials 

We will now discuss in depth the case of constant Hilbert pol5momial. The bound 





given in Corollary 2.54, if p{t) = s = (^t°) + (s — 1), turns out to be s — 1. 



Definition 2.55. For any constant Hilbert polynomial p{t) = s, we define for 1 ^ 

z ^ s - 2 

AA/;' = A/"/-' - A/T'-i (2.35) 

and 

am; = (am}, am^, . . . , am;-^) (2.36) 



Example 2.6.3. Let us consider the Hilbert polynomial p{t) = 15. Since 
A^is = (1,27,107,206,287,342,377,398,410,417,421,423,424), 

we obtain 

AA/'is = (1,1,2,4,7,12,21,35,55,81,99,80,26). 
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Experimentally we noticed that AJ\fg for s 3> becomes constant. In the follow- 
ing proposition we explain this behavior. 

Proposition 2.56. AAC? is constant for s ^ 2i — 1. 

Proof. Since AA/'g = N's^' — A/"/^'^^, we are interested in studying order sets ^ C 
7^(5), such that max var ^ = s — i, indeed if max var ^ < s — i, jV can be defined 
by an ideal in K[xo, . . . ,Xy^ with n ^ s — z — 1. 

By Proposition 2.44, if max var jV = s — i then Xs-iX^'^^ belongs to ^ and being 
^ closed by decreasing elementary moves 

Thus we have to study the remaining 

^ \ {Xs_,Xo"^ • • • , 4} = S - (S - f + 1) = f - 1 

monomials (not depending on s!). The point is again to determine which is the 
greatest number of variables involved in a subset ^ such that ^ = ^ U {xg-iX^^^, 
. . . ,Xq}. The Borel set V{s — i,s) \ {Xs_,jCq^^, . . . , jCq} has only one minimal mono- 
mial: x\x^f^^, so surely ^i^g G Then the strategy is always the same: we 
choose the next monomial to add applying succesively the increasing elementary 
moves with the index as big as possible, i.e. 

x\Xq ^ — y X2X1XQ ^ — > X3X1XQ ^ — > ■■■ 

In order for being able to apply this strategy / — 2 times, that is being able to con- 
struct the order set 

we need i — l^s — i^s^li — 1. □ 
Definition 2.57. We define 

A^^' = AMI s > (2.37) 
and we denote by AA/"* the sequence 

W^AA/'2,...,AA/'',...V (2.38) 
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The optimal way to compute AA/"' is to consider AA/'2,_^ = -^27-1 ~ -^li^i' 
is to count the saturated ideals of ■N'27-i having variables as generator. The first 
values of the sequence are 

1, 1, 2, 4, 7, 12, 21, 35, 58, 96, 156, 251, 403, 639, 1008, 1582, 2465, 3821, 5898, 9055, .... 

Proposition 2.56 (and its proof) suggests a new strategy for designing an algo- 
rithm computing Borel-fixed ideals with constant Hilbert polynomial. Let us con- 
sider the Hilbert polynomial p{t) = s and the polynomial ring K[x]. The sequences 
AA4* coincides with AA/"* for the first i values with i ^ C = . There are three 
cases. 

n ^ s. By Corollary 2.54, we know that all the possible order sets involve at most 
s — 1 variables, hence we compute the ideals B^^^ and 

B^ = {{xn,...,x„I)\IeBl-']. 
n < s — C. We compute B" using Algorithm 2.4. 

s — C^n^s — 1. We compute B^^^^^ using Algorithm 2.4 and then we apply re- 
peatedly Proposition 2.56. Let us suppose to have computed Bg. The set Bg^^ 
surely contains the set 

{{xk+i,I) I leB'^g] 

to which we would add the Borel-ideals defining order set with maximum 
equal to A; -|- 1. We are looking at 

Afg^^ - Afg = AA/;', i = s-k-l, 

new order sets and the best way to study them is considering the Borel ideals 
in B!^}^. Let O the set of order sets with maximum equal to f — 1. The order 
sets we are looking for are 

O = { {x,+ix^-i, . . .,Xix',-'} U . ^ I ^ G O} . 
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1 


BorelGeneratorConstantHP(K[xo, . ..,Xn\,s) 


Input: K[xo, . . .,x„], polynomial ring. 


Input: s, positive integer (the Hilbert polynomial). 


Output: the set of all Borel-fixed ideals in K[xo, . . .,x„] with Hilbert poljmomial 




p{t)=s. 


2 


i ^ s — n; 


3 


if / ^ then 


4 


idealsLessVars ^ BorelGeneratorConstantHP(k;[xo, . . .,Xs-i],s); 


5 


borelldeals ^ 0; 


6 


for all J e idealsLessVars do 


7 


borelldeals borel Ideals u{(x„,...,Xs,/)}; 


8 


end for 


9 


return borelldeals; 


10 


else if z > I^J then 


11 


return BorelGeneratorDFS(K[xo,. . .,n„],s); 


12 


else 


13 


IdealsLessVars BorelGeneratorConstantHP(K[xo, . . . ,x„_i],s); 


14 


IdealsLinGen ^ 0; 


15 


for all 7 € IdealsLessVars do 


16 


IdealsLinGen ^ idealsLinGen U {(x„,7)}; 


17 


end for 


18 


idealsDelta ^ BorelGeneratorDFS(K[xo, . . .,x,-i],2z - 1); 


19 


idealsWithoutLinGen ^ 0; 


20 


for all / G idealsDelta do 


21 


if max{ /s}^ = f — 1 then 


22 


^ ^ {}sfu{xix'o-\...,Xnx'o-^}; 


23 


IdealsWithoutLinGen ^ IdealsWithoutLinGen u {(^^)«^'}; 


24 


end if 


25 


end for 


26 


return IdealsLinGen U IdealsWithoutLinGen; 


27 


end if 



Algorithm 2.5: A new strategy for computing Borel-fixed ideals with constant 
Hilbert polynomial. 
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Example 2.6.4. Let us see how the strategy works in the cor\crete case of the polyno- 
mial ring K[xo, . . . ,X(,] and the Hilbert polynomial p{t) = 10. Following Algorithm 
2.5, we have that z = 10 — 6 = 4 and since s = 10 > 7 = 2/ — 1, we are sure that 



Among the Borel-ideals with Hilbert polynomial 2f — 1 = 7 in the polynomial 
ring K[xo, . . . , ^i-i] = K[xo, xi, X2, xo,], there are 4 saturated ideals without a linear 
generator, precisely 



h = {xl,X^X2,X2,Xi,xl,xlxi,X2x\,xl) =^ {(/3)lo}*^ = ^ U {x?X^, X2XiX^, 
h = {xl,X^X2,xl,X^x\,X2x\,xl) {(/4)lo}*^ = ^ U {x\xl, X2Xixl, X^Xixl} 

where ^ = {x^x^, X2x'q, Xix^, x^} . Therefore, set ^ = {x(,Xq, x^Xq, x^Xq} U ^ , the 
ideals in K[xo, . . . , xg] with Hilbert polynomial p{t) = 10 without linear generators 



In addition to these 4 ideals, we have to consider the ideals with the same Hilbert 
polynomial in ]K[xo, . . . , ;C5] to which we add X(, as generator. 

2.7 Segment ideals 

We conclude this chapter, trying to generalize the notion of lexicographic ideal. We 
recall that by a theorem of Macaulay [60], if a numerical function / : N — > N is 
admissible, i.e. there exists a K-algebra A such that HF^(i) = /(f)/ then the direct 



/l = (x3,X3X2,X2,X3Xi,X2Xi,xf) { (/i)io}'^ = ^ U X^Xq, xf X^} 

h = {x\,X^X2,x\,X^Xi,X2x\,x\) =^ {(/2)l0}*^ = {xf X^, X2XiX^, xf Xq} 



are 
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sum 

L = ^ Lt, Lt = /biggest \ — /(O monomials of K[:t]t w.r.t. DegLex 

fGN \ V " / 

is an ideal of K.[x] and ]K[x]/L has f{t) has Hilbert function. L is uniquely de- 
termined by f{t), so it is called lexicographic ideal associated to f{t). In our con- 
text, we are mostly interested in Hilbert polynomials, so we would like to associate 
uniquely a saturated lexicographic ideal to any Hilbert polynomial Let us start 
writing in a slightly different way the Gotzmann representation of ji{t) supposing 
degp(0 = d: 



t + d-i-hA (t + d-i-{hd + h-i-i) 

d-l /V d-1 



t-{ba + ... + h)\ , ^ ft-{bd + ... + h + bo-l[ 



(2.39) 



/ V 

Comparing (2.39) with (1.21), we see that bj counts the number of fl, equal to ;'. 
We have the following characterization of the saturated lexicographic ideal. 

Proposition 2.58. Let p{t) be an admissible Hilbert polynomial in ]K[xo, . ■■,Xn ]. The 
saturated lexicographic ideal L, such that K[x]/L has Hilbert polynomial p{t),is 

where the exponents bj are the integers defined in (2.39). 

Example 2.7.1. Let us consider the Hilbert polynomial p{t) = \^t^ + + + 3 in 
P^. The Gotzmann representation oi p{t) is 

lt^ + lt^ + ^^t + 3 = (!f) + {'%^)+ ^ b, = l 

=> b2 = 

+ + ^ b,=2 

+ (V) + C o') + O + ( V) + (V) ^ ^0 = 5 
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so the corresponding saturated lexicographic ideal is 

, X5, X^, X4X3, X4X2, X^X2Xi ) . 

We want to study what happens considering any term ordering a instead of the 
lexicographic order. 

Definition 2.59. A set S of monomials of degree f is called segment w.r.t. the term 
ordering a if for any monomial G S, then x** G S. 

Definition 2.60. Let J C K[x] be an non-null monomial ideal and let a he any term 
ordering. 

• 7 is called segment ideal w.r.t. a, if for every t G N, It is a segment w.r.t. a. 

• 7 is called hilb-segment ideal w.r.t. a, if ly is a segment w.r.t. a, where r is the 
Gotzmann number of the Hilbert polynomial of K[x] / 1. 

• 7 is called reg-segment ideal w.r.t. a, if 7reg(7) ^ segment w.r.t. a. 

• 7 is called gen-segment ideal w.r.t. a, if for every t G N, the generators of 7 of 
degree f, i.e. the generators of It \ {It-i)t, are the biggest monomials w.r.t. a 
among the monomials of degree t non contained in (It-i)- 

By definition, the lexicographic ideal is a segment ideal w.r.t. the degree lexico- 
graphic order. In the following we will call it also lexsegment ideal. 

As seen in Definition 2.26, each term ordering a defines a total order on the 
monomials of a fixed degree that refines the Borel order. Hence it is clear that in 
order for a set S to be a segment it is necessary to be a Borel set. 

Proposition 2.61. (i) If S is a segment, then S is a Borel set. 

(ii) If I is an ideal that respects one properties described in Definition 2.60, then I is a 
Borel-fixed ideal. 

Lemma 2.62. Let I ClK.[x]bea saturated Borel-fixed ideal and let a be any term ordering. 
Iflp is a segment then Iq, q < p, is a segment too. 
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Proof. Let x"^ and be two monomials of degree q, such that x* S 7,^ and >cr x**. 
x'^Xq belongs to Ip and x^Xq >^ x'^Xq implies x^Xq G Jp, because Jp is a 
segment. Recalling that 1 is saturated, x^ belongs to 7^. □ 

Lemma 2.63. Let C V{n,rn) he a Borel set. If there exists four terms x*,x^ G ^, 
S 1^ such that x*x^ = x'^x'^, then is not a segment w.r.t. any term order a. 

Proof. If 3S were a segment w.r.t some a, by the given assumptions we would have 
in particular x** >tr and x^ >a ■ From these it would follow 

X"X^ >a X^xf^, X^XT >a X'^XT => X*X^ >^ xT'x'' 

contradicting x*x^ = x'^x^. □ 

Clearly this lemma can be used to deduce properties also about ideals. Let I be 
a Borel-fixed ideal. 

• If {Jf } for some t realizes the hypothesis of Lemma 2.63, then I could not be a 
segment ideal. 

• If {Ir} realizes the hypothesis of Lemma 2.63, then I could not be a hilb- 
segment ideal. 

• If {4eg(z)} realizes the hypothesis of Lemma 2.63, then I could not be a reg- 
segment ideal. 

• If {Jf}, for some t, and two generators of degree t realize the hypothesis of 
Lemma 2.63, then I could not be a gen-segment ideal. 

Proposition 2.64. Let I C'K[x]bea saturated Borel-fixed ideal and let a he a term order- 
ing. Then 

(i) I segment ideal => I hilb-segment ideal =^ I reg-segment ideal => I gen-segment ideal. 

(ii) a is the lexicographic order the implications in (i) are all equivalences, for every 
ideal 1. 

(Hi) If the projective scheme defined by I has constant Hilbert polynomial, then: I segment 
ideal o I hilb-segment ideal <4> I reg-segment ideal. 
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Proof, (i) The first implication is obvious. For the second one, it is enough to apply 
Lemma 2.62, because the Gotzmann number is greater than or equal to reg{I). For 
the third implication, recall that I is generated in degrees ^ reg(7), by definition. 
Moreover, if J is a reg-segment ideal, by Lemma 2.62 It contains the greatest terms 
of degree f, for every t ^ reg(/). Thus, in particular, minimal generators of I must 
to be the greatest possible. 

(ii) First, suppose that a is the lexicographic order. Then, by (i), it is enough to 
show that a gen-segment ideal is also a segment ideal. Indeed, by induction on the 
degree s of monomials and with s = as base of induction, for s > suppose that 
Ig-i is a segment. (Is-i)s is still a segment and, since possible minimal generators 
are always the greatest possible, we are done. 

Vice versa, if a is not the lexicographic order, let s be the minimum degree at 
which the monomials are ordered in a different way from the lexicographic one. 
Thus, there exist two terms and with maximum variables X/ and xjj, respec- 
tively, such that <a x'^ but x;, >(7 X;. The ideal I = (x/,, . . .,x„) is a gen-segment 
ideal but not a segment ideal, since x^ belongs to I and x** does not. 

(Hi) It is enough to show that, in the case of constant Hilbert polynomial, a reg- 
segment ideal I is also a segment ideal. By induction on the degree s, if s ^ reg(J), 
then the thesis follows by the hypothesis and by Lemma 2.62. Suppose that s > 
reg(7) and that Is-i is a segment. At degree s there are not minimal generators for I 
so that a monomial of Is is always of type x^x;, with x"^ in Js_i. Let x^ be a monomial 
of degree s such that x^ >o- x^x;,, thus x^ >cr x'^xq. By Proposition 2.15, we have 
that (xi, . . .,x„y C I. So, if x^ is not divided by xq, then x^ belongs to h, otherwise 
there exists a monomial x^ such that x^ = x'^xq. Thus x'^ >a x°^ and by induction x^ 
belongs to /s-i so that x^ = x'^xq belongs to Jg. □ 

In the following chapters, the relevance of the definition of various type of seg- 
ment ideals will be clearified. At this point, we are interested in explaining how to 
determine the term ordering a that makes an ideal a segment ideal. 

First of all, we recall the characterization of term orderings by means of matrices 
with rational coefficients. Let T G GLQ(n + 1) be any invertible matrix. T induces 
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an order relations on the monomials of K.\x] defined as follows 



X"^ >T X^ 



the first non-zero entry of the vector T • (a — jS)*"^ is positive. 



Proposition 2.65 ([54, Proposition 1.4.12]). Let The an invertible matrix in GLQ(n + 1). 
The order induced by T on the monomials of¥.[x] is a term ordering if and only if the first 
non-zero element in each column of T is positive. 

As well known the matrices representing the Lex, DegLex and DegRevLex are 



/l 





1 










1/ 



/l 

1 



1 





l\ 




0/ 



and 



/ 1 





1 \ 

-1 



y 



We are working in the projective case, i.e. with homogeneous polynomials, so 
we are interested in matrices with the first rows represented by the vector (1, . . . , 1) 
to evaluate the total degree of a monomial. We consider as second row a vector 
CO = {co„, . . . ,coq) G Q"^^ and then we complete the matrix with the same rows of 
the matrix associated to the DegLex term ordering: 

/ 1 1 ... 1 1 \ 



T 











... 



(2.41) 



V ... 10/ 

We want that the induced term ordering agrees with the hypothesis x„ >b ■ ■ ■ >b xq, 
so we will always suppose cOn > ■ ■ ■ > <^o- This fact ensures that the matrix is 
invertible because the rank of T could be lower than n + 1 if and only if 



1 



1 



0. 



Since the term ordering induced by T depends on the vector co, we will say "the 
term ordering co" meaning "the term ordering induced by the matrix (2.41) with 
second row equal to the vector co". 
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Now let us consider a Borel set C V{n,m) and let us try to determine the 
vector 00 in order for ^ to be a segment. \i x'^^, . . . , x"^" are the minimal monomials 
of and x^V • • • / are the maximal elements of the complement we need to 
impose that x'^' >u) x^', \J i = 1, . . . ,a, j = 1, . . . ,h. The first row of the matrix (2.41) 
compares the degree of the monomials, therefore it does not affect the ordering on 
the monomials of'P{n,m). We can look for a vector co that orders the monomials as 
we want, that is we have to solve the following system of inequalitites 



cOi > coi^i, i = l,...,n, 

(V ■ (a,- - |6y) > 0, V x^', V x^i. 



(2.42) 



Example 2.7.2. Let us consider the Borel set {h} C V{2,A) defined by the ideal I = 
{x\,X2x\,x\) C K[xo,Xi,X2]. The minimal monomials of {1^} are x\x'q,X2x\xq,x\ 
and the maximal monomials of {h}^ are X2XiXq, x^xq. So the system of inequalities 
to solve is 



CO Xi) 
CO Xq) 



4c<;i > 3(jOi + o^o 



X2Xixl) 
■3. 



(j02 > COl (^2 >, 

COl > COq {Xi > 

2C02 + 2cOo > C02 + COl + IcOq {^2^0 

2co2 + 2coq > 3coi + coo i^l^o >^ ^i^o) 

C02 + 2coi + a;o > a;2 + a;i + 2coo (x2X^xo >w ^2^i^o) 
C02 + 2coi + o^o > ^coi + coo {x2xlxo >co x\xq) 

{x\ >^ X2Xixl) 

^4 \ 



(xf >a; xfxo) 



C02 > COl 

COl > coo 

C02 > COl 

2<jj2 + o^o > 3a;i 
COl > coo 

C02 > COl 

3coi > C02 + 2coo 
COl > COq 



Supposing COq = 1, we obtain 



C02 > COl 
COl > 1 

2co2 > 3coi — 1 
002 < 3coi + 2 



0O2 = 3, COl = 2, COq = 1. 



The example clearly shows that whenever for the pair x'^',x^i there exists an 
elementary decreasing move such that e^(x*' ) = x^', the inequality given is 
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already determined by the Borel order. Thus we can restrict the conditions to be 
imposed as follows 

cOi > coi^i, i = 1,.. .,n, 

(2.43) 

CO ■ {ui - j6y) > 0, V x^', V xf^i, $ s.t. {x^') = xf^L 

For the simplest cases, a solution of the system of inequalitites can be found by 
hand with a little bit of work, but just increasing the number of variables and the 
degree of monomials of a poset, the system can become much more complicated. A 
natural way to face this problem is to use the theory of linear programming and the 
simplex algorithm (see [103, Chapter 2] for an introduction to the topic). 

The problem of linear programming that best fits our case is the minimization 
of a linear expression under some linear constraints. In fact the standard problem 
of minimization requires: 

• a set of variables zq, . . . , z„ with the hypothesis that they do not assume nega- 
tive values, i.e. 

zo ^ 0, ... ,z„ ^ 0, 

• a target function (that we want to minimize) 

CqZq + . . . + CnZ„, 

• a set of constraints on the variables expressed by linear inequalities of the type 

'^iO^O + • • • + ^ bj. 

The simplex algorithm allows to compute the solution (zq, . . . , z„ ) of the system of 
constraints such that the value CqZo + . . . + c„z„ is minimum. 

In our context we are looking for any solution of the system (2.43), not the min- 
imal one, so we choose arbitrarily as target function the sum of the vector compo- 
nents coq + . . . + cOn- The next step is to transform our strict inequalities in non-strict 
ones, so we rewrite the system (2.43) as 

LOi-cOi^i^\, f = l,...,n, (2.44) 

CO ■ {cci - ^j) ^ 1, V x^-, V xf^i, $ s.t. (x«0 = xf^i. 
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ensuring also a;o ^ 0, . . . , a;„ ^ 0. 

Example 2.7.3. Considering again the Borel set introduced in Example 2.44, the 
system of inequalities written so that it can be solved with the simplex algorithm is 

COi — COq^ \ 
< 0^2 — ^ 1 

2a)2 — 3a)i + coq ^ 1 
—CO2 + 3coi — 2too ^ 1 

v 

and the solution we obtain with target fucntion CO2 + coi + coo is again (3, 2, 1). 

In Algorithm 2.6, there is the pseudocode description of the strategy just ex- 
posed and also used for designing the corresponding functions of the class 
BorellnequalitiesSystem of the package HSC (see Appendix B). In Algorithm 
2.7, there are the pseudocode descriptions of the methods for determining when- 
ever a Borel-fixed ideal is a hilb-segment or a reg-segment ideal, that can be easily 
deduced by Algorithm 2.6. 

MinimalElements(,^) 
Input: ^, Borel set. 

Output: the set of minimal elements of ^ w.r.t. <b- 

Maxim alElements (^) 
Input: ^, Borel set. 

Output: the set of maximal elements of w.r.t. <b- 

SimplexAlgorithm(/, S, to) 
Input: /, a target function (to be minimized). 
Input: S, a set of constraints. 
Input: (V, a vector. 

Output: true if the system of constraints is solvable, false otherwise. If true the 
solution that minimizes / is stored in co. 



Some auxiliary methods for Algorithm 2.6. 
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1: ISSEGMENT(=^,a;) 
Input: =^ C P(n,m), Borel set. 
Input: CO = {coo, . . .,co„),a vector. 

Output: false, if =^ can not be a segment, true otherwise. In this case the term 
ordering realizing ^ as a segment is stored in co. 
2: constraints ^ {zq ^ 1}; 
3: for z = 1, . . . , n do 

4: constraints constraints U {z; - Z;_i ^1}; 
5: end for 

6: minimallVlonomials ^ MinimalElements(^); 
7: maximallVlonomials ^ MaximalElements(=^); 
8: for all x'^ G minimallVlonomials do 
9: for all G maximalMonomials do 
10: if $ s.t. {x'^) = x^ then 

11: constraints ^ constraints U {(z„, . . .,zo) ■ (a - j6) ^ 1}; 

12: end if 
13: end for 
14: end for 

15: return SimplexAlgorithm(zo + ... +z„, constraints, a;); 

Algorithm 2.6: The algorithm computing a vector defining a term ordering that 
realizes a Borel set as segment. 

In the following proposition we use definitions and algorithms just introduced 
to characterize segment ideals in K[xo, xi, X2] with constant Hilbert polynomial. 

Proposition 2.66. In K[;co/^i/^2] every saturated Borel-fixed ideal with Hilbert polyno- 
mial p{t) = s ^ 6 is a segment ideal. Whereas for every p{t) = s ^ 7, a saturated 
Borel-fixed ideal, which is not a segment for any term order, always exists. 

Proof. We give a constructive proof of this result, examining the Borel sets defined 
by the ideals in degree equal to their regularity (Proposition 2.64///). 

s = 1, 2. There exists a unique saturated Borel-fixed ideal (x2, x^), which is the lexi- 
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1: ISHlLBSEGMENT(J,a;) 
Input: I C K[xo, . . . , x„], Borel-fixed ideal. 
Input: 00 = (coq, . . . ,co„),a vector. 

Output: false, if I can not be a hilb-segment, true otherwise. In this case the term 
ordering realizing J as a hilb-segment is stored in cv. 

2: p{t) ^ HILBERTPOLYNOMIAL(K[xo, ■■■,^n]/J); 
3: r <— GOTZMANNNUMBER(p(f)); 

4: return lsSEGMENT({7y}, a;); 

1: ISREGSEGMENT(J,a;) 
Input: I C K[xo, . . . , x„], Borel-fixed ideal. 
Input: cv = (coq, . . ., cOn), a vector. 

Output: false, if I can not be a reg-segment, true otherwise. In this case the term 
ordering realizing 7 as a reg-segment is stored in co. 
2: return isSEGMENT({7ieg(j)},a;); 

Algorithm 2.7: The methods for computing the term ordering that realizes an Borel- 
fixed ideal as hilb-segment or reg-segment. 

cographic ideal. 

s = 3,4. There are two saturated Borel-fixed ideals: the lexsegment ideal {x2,Xy) 
and (x2,X2Xi,x^^^), segment w.r.t. DegRevLex. 

s = 5. There are three saturated Borel-fixed ideals: the lexsegment ideal {x2,Xy), 
{x2,X2Xi,xf) segment w.r.t. (4,2,1) and (x^/ ^2^1/^1) segment w.r.t. 

DegRevLex. 

s = 6. There are four saturated Borel ideals: the lexsegment (^iz-^i)/ {X2, X2X-1, 

segment w.r.t. (5,2,1), {x\,X2x\,x\) segment w.r.t. (3,2,1) and {X2, XjXi, X2xl, 
x^) segment w.r.t. DegRevLex. 

s = 2fl -I- 1, fl ^ 3. Let us consider the ideal / = {x2,X2X^,x"'^^). It has constant 
Hilbert polynomial p{t)=2a + l, because x"'^^ belongs to / and 
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dim]^'K[xo, Xi, X2]a+i/ Ja+i = 2a + 1, indeed the monomials of degree a + 1 
not belonging to / are 

Xixl x\xq } U {x2xg, X2XlX«-^ . . . , X2X^-lxo } • 

By Lemma 2.63, / cannot be a segment because x^x^^^, G { ]a+i }, x^x^x^'^^, 
X2x\'^xq G {]a+iY and x\xl''^ ■ x^^^ = X2xIxq'^ ■ X2x""^xo (see Figure 2.15a). 

s = 2fl, fl ^ 4. The ideal / = [x^, x\xi, X2x\, x\"^^) has Hilbert polynomial p{t) = 
2a, because xf"^^ S / and K[xo,xi,X2]2a-3/ j2a-3 is spanned by the 2a mono- 
mials 

{xlxl^-^X2X,xl^-^X2xl^-'} U [xl^-\x,xl^-' xj^'^} . 

Finally by Lemma 2.63, / can not be a segment because X2x'\x^^^^ G {/2H-3}/ 
xlxl'-\ x\x^-' e {ha-^Y and {x2xlxf-'f = xlx]'-^ . x\xl'-' (see Figure 
2.15b). □ 




! + l 



(a) The Borel set of P(2,fl + 1) defined 
by (x2,x2X«,x«+i). 



□ 
o 

□ 00 
o o 
o 



2a -3 



(b) The Borel set of V{2,2a - 3) defined 
by {x\,x\xi,xix\, Xj"^^). 



Figure 2.15: The Borel sets defined by Borel-fixed ideals of K [xq, Xi, X2] with Hilbert 
polynomial p(f) = s ^ 7, which can not be segment ideals (see Proposition 2.66). 
With □ and ■ we denoted the monomials realizing the hypothesis of Lemma 2.63. 



A slightly different approach is needed to deal with the gen-segment ideals, 
because the property required in the definition involes more than a single degree of 
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the monomials. Let us consider the truncation of a saturated Borel-fixed ideal I. 
In order for 7^„j to be a gen-segment ideal, we have to check that {!,„} is a segment 
and that any generator of I of degree m > mis bigger than the monomials of {Im}'^' 



COo ^ 1, 

Wi - iOi^i ^ 1, 

a; ■ (a - j6) ^ 1, 



w ■ - 5)^1, < 



l,...,n, 

V x'^ minimal monomial of { /„, } 

V maximal monomial of { ]m }^ 
$ s.t. e^ix'^) = xf^ 

V x'^ minimal generator of J, 1 7 1 > m 

V x^ maximal monomial of {J|^|}^ 
^e^-s.t. e^-(xT) =^■5 



(2.45) 



Example 2.7.4. Let us consider the ideal 1 = (zg, XjX2, X2,x\, x^xi, x^x^xi, x^x^, x^) C 
¥.[xq, x\, X2, X3] . Note that I can not be a reg-segment ideal because 



X3X2X0 G /, x\xq,xIxI i I and {xsxIxq 



4 2 3 

X2X0 ■ ^3^0 



(Lemma 2.63) 



neither a hilb-segment ideal because in degree 9 (the Gotzmann number of the 
Hilbert polynomial 5f — 1 of I) the same relation multiplied by x^ holds. 

Applying Algorithm 2.8 to determine if I could be a gen-segment ideal, we need 
to impose that {73} is a segment of V{3, 3) and that X2 is greater than all the mono- 
mials of {h}'^ ■ These conditions lead to the following system of inequalities: 

COl — COq ^ 1 
CO2 — COl ^ 1 

003-0)2^1 

CO3 — 3C02 + 1<jJ\ ^ 1 

-a;32a;i - a;o ^ 1 



oj = (10,7,6,1] 



{X3xl >aj xl) 
(X3xf >a, xjxo) 



-2C03 + 5CV2 — 3cvo ^ 1 (^2 >w ^3^0) 
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1 


isGenSegment(J, m, co) 


Input: I C K[xo/ • • • / Xn], saturated Borel-fixed ideal. 


Input: m, positive integer. 


Input: CO = [coq, . . . , a;„), a vector. 


Output: false, if I^m can not be a gen-segment, true otherwise. In this case the term 




ordering realizing J^^ as a gen-segment ideal is stored in co. 


2 


constraints {zq ^ 1}; 


3 


for / = 1, . . . , n do 


4 


constraints ^ constraints U {zj - Z;_i ^ 1}; 


5 


end for 


6 


minimalMonomials ^ minimalElements ({/„}); 


7 


maximalMonomials MAXiMALELEMENTs({;m}*^); 


8 


for all e minimalMonomials do 


9 


for all e maximalMonomials do 


10 


if $ el s.t. el (x*) = then 


11 


constraints ^ constraints U {(z„, . . .,zo) • (a - jS) ^ 1}; 


12 


end if 


13 


end for 


14 


end for 


15 


for j = m + 1, . . . , reg(7) do 


16 


maximalMonomials ^ maximalElements({7y}); 


17 


for all x'^ minimal generator of I^m, 7| = / do 


18 


for all e maximalMonomials do 


19 


if ^ s.t. e^(xT) =x''then 


20 


constraints ^ constraints U {(z„, . . .,zo) ■ (7 - ^) ^ 1}; 


21 


end if 


22 


end for 


23 


end for 


24 


end for 


25 


return Simplex Algorithm (zq + ... + Zn, constraints, cv); 


Al 


gorithm 2.8: The pseudocode description of the algorithm determining if a Borel- 



fixed ideal is a gen-segment ideal or not. 



Chapter 3 

Rational curves on the Hilbert 
scheme 

In this chapter we expose the results contained in the preprint [57] "A network of 
rational curves on the Hilbert scheme". 

3.1 Rational deformations of Borel-fixed ideals 

The starting idea is expressed in the following remark. 

Remark 3.1.1. Let ^ C V{n,m) be a Borel set and let and be a minimal 
monomial of =^ and a maximal monomial of By definition both .S§ \ {x^} and 
^ U {x^} are still Borel sets. Moreover x* will be a maximal element of \ {x*})^ 
and x^ will be a minimal element of ^ U {x^}. 

Let us consider a Borel set {/,-} C V{n,r), defined by a Borel-fixed ideal I with 
constant Hilbert polynomial p(f) = r, i.e. = J' and {Jr}('>y) = 0/V; > 

0. Moreover let us suppose that there exist two monomials x'*,x^ G V{n,r), such 
that x" is a minimal element in {Ir}, x^ is a maximal element in {h}^ and assume 
minx'' = minx^ = 0. If ^ = {J,} \ {x**} U {x^} is still a Borel set, the ideal 
has the same Hilbert polynomial of J (by Corollary 2.36). 
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Example 3.1.2. Let us consider the ideal I = [x2,X2Xi,x^) C K[xo, Xi,X2] having 
Hilbert polynomial p{t) = 4. The Borel set C 7^(2,4) has two minimal mono- 
mials: X2X1XQ and x^Xq) while the monomials X2Xq and X'^Xq are maximal elements 
in the complement {^4}^ (see Figure 3.1a). There are four possibilities of removing 
a minimal element and adding a maximal one: 

(Figure 3.1b) the set ^1 = {J4} \ {x2:tiXQ} U {x^Xq} is not Borel, because x^Xq G 
and X2X1XQ = e^ixlx^) ^ 

(Figure 3.1c) the set ^2 = {h} \ {^1^0} U {xjXq} is not Borel, because x^x^ G ^2 
and x^xo = e^ix^xl) i ^2) 

(Figure 3.1d) the set =^3 = {-^4} \ {x2XiXg} U {x2Xq} is not Borel, because X2Xq G .^3 
and X2Xix§ = ej"(x2X^) ^ ^3; 

(Figure 3.1e) the set =^4 = {h} \ {x\xq\ U {x2X^} is Borel and (^4)^''' = (x2,x^). 

By Remark 3.1.1 and Example 3.1.2, we see that swapping two monomials x**, x^ 
fails to preserve the Borel property whenever the minimal monomial is mapped 
by an elementary move to the maximal monomial, in fact in this case if we first 
remove the minimal monomial x** from x^ is no longer a maximal element of 

{^\{x^}f. 

What happens when considering Borel-fixed ideals with Hilbert polynomial 
fit) of any degree? The point is to understand how to move in and out monomials 
for Borel set ^ for obtaining another Borel set SS, with the same Hilbert polynomial, 
that is by Corollary 2.36 I-^q^^)! = V/- 

The first idea is to exchange a minimal monomial x" G <^ with a maximal x^ G 

, but whenever minx* 7^ minx^ this exchange will not preserve the Hilbert 
polynomial (see Figure 3.2). 

A second idea could be to exchange a minimal monomial x"^ in .^(^fc) and a 
maximal monomial x^ in S^^-^^y In this way, the cardinality of the sets ^(^k) ^rid 
^(^k) is preserved, but whenever e,^ (x**) belongs to swapping x* and x^ we do 
not obtain a Borel set (see Figure 3.3). This fact suggests that the general case is 
more complicated and that we have to swap more monomials than a minimal and 
a maximal element. 
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3 2 2 3 



i i i I 

i i ^ 

4 



2 2 2 



i 



X2ar^ — ► xix^ 



i 



(a) The Borel set {14} defined by J = (X2, ^2^1/ 



o 

(^){h}\{x2X^xl}\j{x\xl} 



o 

(d) {74} \ {X2X1X2} U {X2X3} 



o o 



o 

2^21 



(c){l4}\{xfxo}U{xfx^} 



o 

(e) {^4} \ {^2^1x2} U {X2xl} 



Figure 3.1: The graphical description of Example 3.1.2. In Figure 3.1a there is the 
Borel set defined by the ideal initially considered. In the other figures, there are the 
sets that can be obtained swapping a pair of monomials composed by a minimal 
element of {74} and a maximal element of the complement. With □ and ■ we denote 
the monomials exchanged. The arrows correspond to the increasing elementary 
moves showing that the set of monomials obtained is not Borel. 
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□ 
o 

o o o 
o o 



(a) The Borel set defined by the ideal 

I = {x\,x\xi,X2x'^) C K[xo,xi,X2] with 
Hilbert polynomial p{t) = t + 4. 



□ o 
o o 



(b) The Borel set {h] \ {x2x\xq) U {x\] 
corresponding to the ideal 
{x\,x\x\,X2x\,x\) C K[xo,Xl,X2] 
with Hilbert polynomial = 8. 



Figure 3.2: An example of an exchange of monomials that does not preserves the 
Hilbert polynomial. 




(a) The Borel set {1^} defined by 7 = (b) Swapping xaxi^ and ^2^:^, we do not 

{x^,x^X2,X3Xi,j^ C K[a:o,Xi,X2/^3]- obtain a new Borel set, because xsXj^o 

belongs to {I4} \ {:>:3X^} U {x^x\} and 
Bq^xjiX^xq) does not. 



Figure 3.3: An example of an exchange of monomials that does not preserves the 
Borel property. 
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Definition 3.1. Let !^ (LV{n, r) be a Borel set and let x'^ be a minimal monomial of 
with minx** = k. The set of monomials in ^ smaller than x** 

{x^ x^ <B x^} (3.1) 

is uniquely associated to the composition of decreasing elementary moves 

J='a = {^fce^^ 0---0 fi-^ej^ I ji^er^ o ■ ■ ■ o ji-^ej^{x") e . (3.2) 

Note that being x"^ minimal in the restriction ^^^^^y the elementary moves appear- 
ing in the composed moves of J^^ have index smaller than or equal to k. We call 
decreasing set of and we denote with J-'fl,(x'*) the set of monomials in (3.1). 

Given a maximal element x^ of ^^^^y we will say that the set J-'a is Borel- 
admissible w.r.t. x^ if every f G J-^ is admissible also for x^ (note that min x^ = k) 
and if (F(x^)) S for each admissible elementary increasing move e^, / ^ k. 
We denote by Fa (^^) the set of monomials obtained from x^ applying the moves in 
•F %■ 

Remark 3.1.3. Note that, recalling Definition 2.31, the set J-'a (x^) contains /c-maximal 
elements (by construction) and J-'a(x'') /c-minimal monomials, indeed for each x"^ = 
F(x'*), F E Ta and any admissible ej, j > k, er(F(x'^)) = F(er(x'^)) G 
because ej [x"^) G Furthermore these two sets of monomials are always dis- 
joint. Indeed we can write x* = x'^x^ and x'^x^, so that minx** ^ k and minx'^ ^ k. 
The generic monomials in ^-^(x") and ^-'^(x^) are of the type x'^x'^ and x^x'^ where 
max x'^ ^ /c and max x^ ^ k, so since x"^ 7^ x^ we can not obtain the same monomial 
in the two sets. 

Lemma 3.2. Let C V{n,m) he a Borel set and let x°^ and x^ he a minimal monomial 
of ^(^k) ^"'^ ^ maximal monomial of ^^^^^ with minx* = minx^ = k. If there does 
not exist an elementary move ej, j > k such that e^{x'^) = x^ and if the decreasing set 
TcL of x'^ is Borel-admissihle w.r.t. x^, then = ^ \ Taix'^) U J-'a(x^) is a Borel set and 
, Vf. 



Proof. The set =^ = =^ \ ^-'^(x*) U ^-'^(x^) turns out to be Borel, mainly for Remark 
3.1.3 and because the monomials in the set J-'a(x'^) and J-a(x^) are not comparable 
w.r.t. the Borel order <b. 
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The condition |=^(>,)| = follows from the fact that for each F G J-'a, 

minf (x**) = minF(x^). □ 

Example 3.1.4. Let us see with some example in the poset 7^(3,4) the problems 
we can meet in choosing sets of monomials to exchange preserving both the Borel 
property and the Hilbert pol5momial. 

(Figure 3.4a) Let {I3} be the Borel set defined by the ideal I = (x3,X2). x^x^ is 
a minimal monomial in {h}(^i) and XjXi a maximal one in {/s}^^^^. The 
decreasing set of x^x^ is ^^sij — {^^' ^i' ^^1 } turns out to be not Borel- 

admissible w.rt. X2X1, because 2e^ is not admissible for XjXi. 

(Figure 3.4b) Let now consider the Borel set {74} defined by (x3,X3X2,X2,X3X2Xj). 
XjXi is a minimal monomial in {/4}(^i) and xax^ a maximal one in {74}^^^^. 
The decreasing set of XjXi is ^^^^^ ~ {id, e^^} and each move in it is also 
admissible w.r.t. xsx^. But e^(e^(x3X^)) = X3X2X1X0 ^ {74}, so exchanging 
•^x^xi i^i-"-'^) with J^^3^^ (^3^1) would not respect the Borel property. 

The same decreasing set arises in the Borel set defined by the ideal {x^, X3X2, x^, 
X3X2X1), but in this case (^e^ (x3X^)) = X3X2X1X0 would belong to the ideal, 
so the decreasing set would be Borel-admissible w.r.t. X3X^. 

After having understood how to move monomials out of and in to a Borel set 
preserving the Borel property and the Hilbert polynomial associated, we carry on 
trying to determine a flat deformation having among the fibers the Borel-fixed ideals 
associated to the Borel sets. We will use the following property. 

Proposition 3.3 ([3, Chapter 1 Section 3]). Let A be a local K-algebra and let us consider 
M = K[x]/(/i,...,/s) and Ma = A[x] / {f{, . . . J^) , where f- is a lifting of fi in A[x\, 
i.e. tensoring the ideal {f[, . . . , f!.) by the residue field of A, leads to the ideal (/i, . . . ,fs). 
Then, Ma is flat over A if and only if any relation among {fx,. .. ,fs) lifts to a relation 
among {f[,...,fs). 
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(a) An example of decreasing set not Borel-admissible, because not well defined. 





(b) An example of decreasing set not Borel-admissible, because exchanging 
the sets of monomials we do not preserve the Borel property. 



Figure 3.4: The graphical description of the further problems on choosing correctly 
the monomials to move described in Example 3.1.4. 
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Theorem 3.4. Let {I,-} C 'P{n, r) be a Borel set defined by a Borel-fixed ideal I. Moreover 
let us suppose that there exist two monomials: x** minimal element of {Ir}{^k) '^^^ 
maximal element of {Ir}^y]^y such that minx'^ = minx^ = k, there does not exist a 
decreasing move ej , j > k with ef (x*) = x^ and such that the decreasing set Fa of x'^ is 
Borel-admissible w.r.t. x^. Then, the family ofsubschemes o/P" parametrized by the ideal 



I = (^{Ir} \ Ta{x-) U {yo + yi Fixt") I F G J-J) (3.3) 

is flat over P^. 

Proof. First of all let ^ = {/, } and let us call p{t) the Hilbert polynomial of I. By 
Lemma 3.2, also the ideal X| [0:1] = {{h-} U J-'a(x^)) has Hilbert polynomial 

p{t). 

Let us suppose i/o 7^ arid set z = ^ let us denote by Iz the ideal I| [i-^j C 
K[z][x]. By [43, Chapter III Theorem 9.9] we know that to prove the flatness it 
suffices to check that for each point p S SpecK[z] the Hilbert pol5momial of (72)p is 
p{t). Let us start considering the presentation map of I = I^r 

^p, : {K[x]{-r)f^\ ^ K[x] ^^^^ 
67 I — ^ xT, V xT G ^ 

and the set of Eliahou-Kervaire syzygies generating ker xpo 

SyZgj^(J) = |x;e-y — minx'^e^ | V x"^ S V x, >b minx'^ s.t. XjX^ = (x''|minx'^)^| . 
Now we will show that the kernel of the presentation map of Iz 

ip: (K[z][x](-r))''^' K[z][x] 



xT VxT e ^\7'4x'^) (3.5) 

f(x'*) +zF(x^^), VxT = F(x'*),F G 



has a set of generators of syzygies lifted directly from Syz^^{I). For any x"^ G ^ \ 
J^u{x'^), since x"^ = ip{f-y) = tpo{ey), we consider the same syzygies of I 

Xjf — min x^fs in place of x,e-y — min x'^e^. 
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indeed = ^^^x^ = e+ ^ o • • • o e+j^^^^, (x'^) belongs to =^ \ as well. 

Let us now look at the generators x'^ + zx^ = F(x'*) + zF(x^). For each x, >b 
x^ = minx'* = minx^ >b minx** = minx^, both x^x* and x,x^ belong to =^ \ 
J^ciix'^) because the identity = ef o ■ ■ ■ o . ^ and from the fact that x^ is 

"^^ ' J minx* !— 1 minx" 

/c-maximal element and that in order for moving x** to any other monomial of J^a we 
should only use moves ej' with index ^ j < k. Thus we consider the following 
syzygies 

Xjf a — min x'^f-y — z min x^f ^ (in place of X/Ca — min x'^e-y) 

where Xj-x** = (x'^|minx'^)^'', x,x^ = (x'^jminx^)^'' and x'^,x'^ S ^\J^a- The last 
possibility to consider is when multiplying x** + zx^ by a variable minx** <b X; <b 
Xfc. In this case ^^J^^w = ^iii o ■ ■ ■ o e^^^j^ involves only elementary decreasing 
moves with index included in and k — 1, that is 



e+iO---oe+. Jx"=) = e+ o---oe+. JF(x''))=x''eTJx^) 



and 



e+i0...oe+. ,(xO = e+i0...oe+. (x/^)) = x^ e J-^x^). 

' mm xP ^ ' mm xP ^ ^ ' ^ ' 

In this case the sygygies are equal to the corresponding syzygies of I: 
Xifci — min x^fg in place of x,ea — min x^^e^. 

For all the closed point p of SpecK[z], having lifted the syzygies, we have that 
dim ((Jz)(p))^ = dimir and dim (^{Iz) i^p)) ^^-^ = dim J,.+i, hence by Gotzmann's Per- 
sistence Theorem (Theorem 1.22) the Hilbert polynomial of the fiber of the point p is 
equal to the Hilbert polynomial of Proj K[x] / 1, i.e. p{t). For the generic point, after 
having localized in (/2)(o)/ the flatness is ensured by Proposition 3.3. 

The same reasoning works under the hypothesis i/i 7^ 0, considering as Borel set 
^ = ^ \ Fci{x'^) U J-"a(x^). x^ will be a minimal monomial of ■'^{^k)' a maximal 
monomial of ^(;>k) and the decreasing set J-'^ will coincide with Ta- □ 

Example 3.1.5. Let us consider the ideal/ = (xg, X3X2,X3Xi,X2)^4 C K[xo,Xi,X2,X3]. 
Its Hilbert polynomial is p{t) = 3t + 1 with Gotzmann number equal to 4. x^x^ is 
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a minimal monomial of {h}{^i) with decreasing set ^^^31^ ~ {id, ej|^,2e^} Borel- 
admissible w.r.t. XjX^ maximal element of {I^y^^-^y Let us consider the monomial 
x^x^Xq G I. The Eliahou-Kervaire syzygies of I involving it are 

X3 ■ X3XIXQ = {xlxl\xoy => X3e^,xlxo " ^06^2^2, 

X2 ■ Xsxlxo = {x3X2xl\xQy =^ ^l^x^xlx^ " ^Q^x^x^xl' 

Xi ■ X^xlxo = {X3xl\Xoy => ^36^3^2^^ - XQe^^^s. 

Set / = {{h} \ {x^X^, X3xlxo, X^XiXq} U {x^X^ + Z X^X^, X^X^Xq + Z X^XiXq, X^XiXq + 

z xIxq}), the lifted syzygies involving x^xIxq + z x^xiXq are 

X3 - {X3xlxo + Z xjxiXo) = (XgX? |Xo) ^ + z(^3^2^1 l^o) ^ ^ 

^Sfxgxfxo ~ ^O^xlxl - ^^O^x^x^xi' 
X2 - (Xsxfxo +ZX2X1X0) = {x2X3xl\xo)' +z{x2Xi\xq)' =^ 

X'^^xzx\xo ~~ Xoix2X3xj ~ ^^oix^xi' 
Xi ■ {x3xIxq + Z xIxiXq) = Xq ■ {X3x\ + Zxlxl) ^ X3i^^^2^^ - X^i^^^^. 

Theorem 3.5. Let Hilbp^f) he the Hilbert scheme parametrizing subschemes of P" with 
Hilbert polynomial p{t), whose Gotzmann number is r. Consider two Borel-fixed ideals I 
and J such that 

(a) land J define two K-rational points of the Hilbert functor, i.e. Proj K [x] / 1, Proj K [x] / / 
in Hilb;(t)(K); 

(b) there exist a minimal monomial of{Ir}(^^k) ^^'^ ^ maximal monomial x^ o/{J^}^>^^ 
such that min = min x^ = k, there does not exist any ej for which ej (x*) = x^, 
the decreasing set Ta ofx'^ is Borel-admissible w.r.t. x^ and 

{Jr} = {Ir}\Mx'')UMxf). 

Then, there is a rational curve C : — Hilb^^f^ having two fibers corresponding to the 
K-rational points defined by I and }. 

Moreover, if we consider the construction of the Hilbert scheme Hilbp^j^ as subscheme 
of the Grassmannian Gt^{q(r),N), where N = {"^^) and q{r) = N — p{r), described in 
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Chapter 1, the degree of the curve C via the Pliicker embedding (1.2) ^ : GrTj<^{q{r), N) — > 
P[ A'?^''^ K[x]r] is and C is isomorphic to the rational normal curve in a convenient 
subspaceofF[A'^^'^K[x]r]. 

Proof. The Borel sets {Ir} and {}r} realize the hypothesis of Theorem 3.4, hence the 
ideal 



parametrizes a flat family with Hilbert polynomial p{t). By the universal property 
of the Hilbert scheme (Proposition 1.18, see also [43, Chapter III Remark 9.8.1]) the 
flat family Pro] K[i/0/i/i] i^]/^ ~^ determines uniquely a map C : ^ Hilbp(() 
and by construction the fibers over the points [0 : 1] and [1 : 0] correspond to the 
points defined by I and /. 

For the second part of the theorem, let us think to the submodule defined by I,- 
in (K[i/0/i/i]) As usual we can represent it by a matrix with q{r) rows and N 
columns with maximal rank; assuming to order the columns with the monomials of 
{Ir} \ the monomials of then the monomials J-'a(x^) and finally the 

remaining ones, the subspace Z,- is represented by the matrix 



v 



{Ir}\M^n 






1 ... 






: 1 : 


... ... 


... ... 


... 1 








yo 


yi 











yo 


yi 



The Pliicker coordinates via ^ are the q (r) -minors of this matrix. The non- vanishing 
coordinates correspond to the submatrices obtained by all columns associated to the 
monomials of {/,■} \ Tit{x'^) plus \J^a \ columns chosen among those associated to 
the monomials in J^^ (^'^) U i^^), with the constraint of picking a monomial from 
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each pair {F{x'^),F{x^)). Called H the set of indices corresponding to the columns 
labeled with the monomials in {Ir} \ Toc{x'^), to any subset J of columns in 
the subset J of columns of Ta{x^) giving a nonzero minor is uniquely associated 
and the Pliicker coordinate Aj^^j^j is equal to yU'i/i^'. Hence there are 2l-^«l nonzero 
coordinates, and for any pair ],]' of set of columns of such that |J| = |J'|, the 

Pliicker coordinates ^^luM ^huJ'uj' coincide, so that cutting with a suitable sets 
of hyperplanes we can obtain the curve 



[yo ■■ yi] 



3/0 -yo yi yoyi ■ 3/1 



□ 



Example 3.1.6. Let us consider again the ideal I = {x'^, X3X2, X3X1, X2);>4, introduced 
in Example 3.1.5 and the rational deformation defined by the ideal 

X = ({74} \ {x3xl,X3xlxo,X3Xixl} 

U {yo X3XI + 1/1 xlxl, yo x^xlxo + yi xiXq, yo x^xixl + 1/1 xlxl}). 

I defines a point of the Hilbert scheme Hilb3f^i that we embed in a projective 
space by means of the Pliicker embedding of the Grassmannian ^ : Grjc (22, 35) — > 
p(22)^i. Considered the correspondence (1.24) between indices from 1 up to 35 and 
multiindices defining monomials in K[xo, Xi, X2, X3]4, we call H the set containing 
the indices associated to the monomials in {74} \ {x^x^, x^x'^xq, x^XiXq} and more- 
over we have 

13 X3XI, 12 XjXp 

23 o X3x\xo, 22 o x^xixo, 

2 

0- 



29 o X3X1X0, 28 o xlxf 



In order for obtaining a nonzero Pliicker coordinate, we have to pick a monomial 
from each binomial, so there are 2^ non-vanishing Pliicker coordinates: 

^HU(13,23,29) = I/O' ^HU(12,23,29) = ^HU(13,22,29) = ^HU(13,23,28) = 3/o3/l' 

Ahu(12,22,29) = Ahu{12,23,28) = Ahu(13,22,28) = 3/0l/l/ Ahu(12,22,28) = 3/l- 
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Finally in the projective space P"' obtained by 1 cutting with the hyperplanes 

^HU (13,22,29) ~ ^HU (12,23,29) = 0/ 
^HU (13,23,28) ~ ^HU (12,23,29) = 0/ 
' ^HU (12,23,28) ~ ^HU (12,22,29) = 0/ 
^HU (13,22,28) ~ ^HU (12,22,29) = 0/ 

Ai = 0, I not appearing in the 8 coordinates listed above 
the curve is exactly the rational normal curves of degree 3. 

Definition 3.6. Given two Borel-fixed ideals I and / that verify the hypothesis of 
Theorem 3.4 and Theorem 3.5, we call Bore/ rational deformation the deformation 
defined by the ideal (3.3) and Borzl rational curve the corresponding curve on the 
Hilbert scheme. Moreover we will call / a Bore/ degeneration of J (and viceversa). 

Remark 3.1.7. A Borel rational deformation between two Borel-fixed ideals J and T 
corresponds also to an edge connecting the vertices J and I in the graph of monomial 
ideals introduced by Altmann and Sturmfels in [2]. The vertices of this graph are the 
monomial ideals in ]K[x] and two ideals 1, 1 are connected by an edge if there exists 
an ideal / such that the set of all its initial ideals (w.r.t. all term orderings) is {1,1}- 

Let } = I\ [1:1] be the ideal of the family described in (3.3) defining the deforma- 
tion from I to I. By construction x'^ and are not comparable w.r.t. the Borel partial 
order <b, so for any term orderings a, x'^ >cr x^ or x** <a x^. 

Let k = minx* = minx^ and let s = max{jij^ \ jiiB^ o ■ ■ ■ o ji^ej^ = f G J-'a}- 
xl I gcd(x^x^),thenx« = x-^x^, x^ = x^x^ andF(x*) = x'^F(x^), f (x^) = x^f(x^). 
Finally 

x^ = x^xl x^xl = X^ ^ X^ ^ F{x^) = x^f (x^) x^f (x^) = F(x^), 

for each F G J-'a. So the ideal / has {/,/} as set of possible initial ideals. 

An algorithm for computing all the possible Borel rational deformations (or de- 
generations) of a Borel-fixed ideal naturally arises from Theorem 3.4. In Algorithm 
3.1 and Algorithm 3.2 there are their pseudocode descriptions: the key point is to 
look in any restriction of the Borel set {Im} for minimal and maximal elements with 
the required property. 
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1: B0RELRATI0NALDEF0RMATI0NS(7, m) 
Input: I C K[x], Borel-fixed ideal. 
Input: m, positive integer. 

Output: the set of Borel rational deformations involving I, constructed considering 
theBorel set {/,„}. 
2: deformations ^ 0; 
3: f or A; = 0, . . . , n — 1 do 



4: minimalMonomials ^ MiNiMALELEMENTs({Jm}(j.jc)); 

5: maximalMonomials ^ MaximalElements({7,„}^-^^j); 

6: for all x'^ G minimalMonomials do 

7: for all G maximalMonomials do 

8: if $ ej , i > k s.t. ej^ (x**) = then 

9: ^ DECREASINGSET ({;„,}, X''); 

10: if J-'cc is Borel-admissible w.rt. x^ then 

11: 1 ^ {{I,n}\Ta{x^)U {yoF{x') +yiF{xf^) |f G J-,}); 

12: deformations <r- deformations U {I}; 

13: end if 

14: end if 

15: end for 

16: end for 



17: end for 

18: return deformations; 

DecreasingSet(.^, X**) 
Input: J^, a Borel set. 
Input: X*, a monomial of 

Output: the set of decreasing moves going from x" to any other monomial x'^ G 
i.e. such that x"^ >b x^. 

Algorithm 3.1: Pseudocode description of the algorithm computing all the possi- 
ble Borel rational deformations of a given Borel-fixed ideal I. For more details see 
Appendix B. 
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1: B0RELRATI0NALDEGENERATI0NS(7, m) 
Input: 7 C K[x], Borel-fixed ideal. 
Input: m, positive integer. 

Output: the set of Borel rational degenerations of I, constructed considering the 
Borel set {Im}- 

2: deformations ^ BORELRATIONALDEFORMATIONS(7,m); 

3: degenerations ^ 0; 

4: for all I G deformations do 

5: degenerations ^ degenerations U |x| [o:i] |; 

6: end for 

7: return deformations; 

Algorithm 3.2: Pseudocode description of the algorithm computing all the possi- 
ble Borel rational degeneration of a given Borel-fixed ideal I. For more details see 
Appendix B. 

Example 3.1.8. Let us simulate an execution of Algorithm 3.1 on the ideal I = 
(xg, X3X2, X3X2X1, x\, x\xi, x\x\) C K[xo, xi, X2, X3] (see Figure 3.5a for its Green's di- 
agram). The corresponding subscheme Proj K[xo, Xi, x^, X3] / J has Hilbert polyno- 
mial = 3i + 5, whose Gotzmarm number is 8, so we consider the Borel set {Js}- 

/c = 0. The minimal monomials of are {x\x^,x-iX2X\X^Q,x^x\x'Q\ and the max- 
imal elements of {Is}^ are [x^^xix^, y^y?^ . The pairs (xj,X2X\y?Q, x^^x^x^^ and 
(zgXg, X3X2XQ) are discarded because Q.\{xzXrX\X^^ = X3X2XQ and eg (xjXq) = 
X3X2XQ, so we have four possibilities. In the case k = 0, the Borel-admissibility 
derives directly from the fact that the decreasing set contains only the identity 
move, so we do not need to check further conditions. 

(Figure 3.5b) x^Xq and X2XQ define the Borel rational deformation 

{{h} \ {44} u {yo44 + y^44}) ^ ^[yo,yi][xo,xi,x2,x3] 

and the fiber over the point [0 : 1] is the ideal [x^, x^X2, x^^x^, x^, x\^xi, 

X3X2Xi,X^xf)^8- 
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(Figure 3.5c) xo,X2XiXq and XjXq define the deformation 

{{h} \ {X3X2X1XI} U {yo X3X2X1XI1 + yixlx^}) C K [1/0, 1/1] [^0,^1, ^2, ^3] 

with fiber over the point [0 : 1] equal to {xy X2,x\, x\, X2,X2x\, x\xl)^^. 
(Figure 3.5d) x\x\xq and X3X2XQ define the deformation 

({^8} \ {AAA} U {yoxlxlxl + yiXo,X2xl}^ C K.[yo,yi][xo,xi,X2,x^] 

and the fiber over the point [0 : 1] is the ideal {x\, x^X2, x\, A'^\i AA)^8- 
(Figure 3.5e) AAA AA define the deformation 

{{h} \ {AAA} ^ {yo AAA + yiAA}) ^ K[yo,yi][xo,xi,x2,x3] 

with the ideal {x^, x^x^, x^, X5X2X1, X2xl)^s as fiber over [0:1]. 

k = 1. {h}^^!) has only x|x^ as minimal element and x^x"^ is the only maximal ele- 
ment of {/s} The decreasing set of Xjxf is 

^xjxl = {id,e^,2e{,3e:i;Aei}, 

Borel-admissible w.r.t. xsx^. The Borel rational deformation defined by X2xf 
and X3X^ is 

{{Is} \ {xlx\,xlxlxQ,xlx\xl,xlxlxl,xlx{xl} U {yQxlx\ + yiX^x{, 
yox^x^xo + y 1X3x^x0, yoxlxfxl + yiX2,x\xl,yoxlx\xl + yix^xfx^, 
yoxjxlx^ + yix^x^x^}) C K[yo,yi][xo,Xi,X2,X3] 

and the fiber over [0 : 1] is the ideal (X3, X3X2, X3X2Xi,X2, X2Xi,X3xf)^8 (Figure 
3.5f). 
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(a) {xj, x^xl, X3X2X1, x^xi, x\x\) 



o 
o o 





(c) {xl,xo,x\,x\,xzX2x\,x\x\) 



o 
o o 




o 

o o 




(b) Xlx2, Xn,x\, x\, xjxi, Xn,X2Xi,x\x\). 

o 

o o 











(d) {xl,xo,X2,x\,x\xi,x\x\) 



o 

O 
O 







(e) {xl,x^x\,xl,xo,x2Xi,x\xl) 



(f) {xl, Xsxj, X3X2X1, x\, x\xi, Xr^xl) 



Figure 3.5: Green's diagrams of the Borel-fixed ideals introduced in Example 3.1. 
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Remark 3.1.9. We briefly discuss our method in relation with the Hilbert function 
and so with the results exposed by Mall in [61]. Since our interest is oriented toward 
Hilbert schemes, where the crucial aspect is the Hilbert polynomial, we usually 
prefer to consider as ideal I defining a subschemes with Hilbert polynomial p{t) as 
generated in degree r, i.e. / = I^,- = {h-) such that the Hilbert function of K[x] / J is 



where r is the Gotzmann number of the Hilbert polynomial p{t). However, it is 
possible to adapt the technique to work also on the Hilbert function of the quotient 
modules defined by the saturation of such Borel ideals. We highlight this point 
starting from Example 3.6 and Example 3.9 of [61]. Mall showed that the ideal 



ing the term ordering): I = (x^, X3X2, x:iXi, x^) and I = {x^, X3X2, x^) , so that these 
ideals are connected through two Grobner deformations and moreover the quo- 



in our perspective, since the Hilbert polynomial of K.[x]/ 1 is p{t) = 3t + 1 with 
Gotzmann number r = 4, we would consider the ideals 7^4 and 1^4. Applying 
Algorithm 3.1 on the Borel set {T4}, we obtain the deformation 

7 =({^4} \ {xlxl,xlxiXo,xlxl} 

U {yo x\x\ + 1/1 x-ix\,\jQ xlxixo + 1/1 ^3x^x2, 1/0 ^2^0 + 3/i ^s^i^}) 

with fibers 1^4 and 1^4. Keeping in mind that to compute the saturation of a Borel- 
fixed ideal it is sufficient to put the smallest variable xq equal to 1, 7 = (1^4)^^' and 
T = (1^4)^^* must have the same Hilbert function because we are swapping pairs 
of monomials with the same power of the variable xq. Furthermore we can deduce 
also the deformation between I and I: first of all we consider the saturation of the 
ideal {{Ii}^ \ {x^x^, x^xiXq, x^xl}) = {x^, X3X2, X2) (the common part of I and I) 
and then we add to the generators the binomial j/o ^2 + J/i ^s-'^i 




/ = (xg, X3X2, X3X1 — X2) C K[xo, xi, X2, X3] has only two possible initial ideals (vary- 





(X3, X3X2, X^, 1/0 ^2 + 1/1 ^3^1 ) • 
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Hence to have deformations preserving the Hilbert function of the saturation 
of the Borel-fixed ideals involved, the key point is to swap couples of monomials 
having the same power of the smallest variable (in our case xq). This happens by 
construction whenever the deformation is defined by monomials x*, such that 
min x"^ = min x^ > 0, whereas it happens rarely if the deformation is ruled by a 
single couple of monomials as the following example shows. Let us consider the 
ideal 7^4 and the ideal I = {x^, x\, x\xi ) ^4, fibers of the deformation 

({■^4} \ {^1^0} U {yoxlxo + yi x^xl}) . 

The monomials involved in the deformation have not the same power of Xq, indeed 

HFK[,]/z(f) = (l,4,7,10,3f + l,...), 
^fKM/T-'(0 = (1,3,6,10,3^ + 1,...). 

3.2 The connectedness of the Hilbert scheme 

In this section, we will study consecutive deformations of Borel-fixed ideals and we 
want to introduced a way to control the "direction" toward which we move, for 
obtaining a technique similar to the one introduced by Peeva and Stillman [83]. The 
deformations introduced in [83] are affine and based on Grobner basis tools, but 
anyhow the idea is to exchange monomials belonging to the ideal with monomials 
not belonging. The goal is to determine a sequence of deformations leading from 
any Borel-fixed ideal to the lexicographic ideal, so the choice of the monomials to 
exchange is governed by the DegLex term ordering. 

Therefore we start by slightly modifying the strategy of Algorithm 3.1 and Al- 
gorithm 3.2, adding a term ordering a, refinement of the Borel partial order <b, that 
we will use to choose in a unique way one of the possible Borel rational deforma- 
tions of an ideal. The point is to replace some monomials of the ideal with some 
others that are greater that them w.r.t. a. 
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1: 0RIENTEDB0RELRATI0NALDEGENERATI0N(J, cr) 

Input: I C K[x], Borel-fixed ideal. 

Input: cr, term ordering, refinement of the Borel partial order <b. 
Output: a saturated Borel-fixed ideal /, tr-Borel degeneration of I. 

If I has not a (7-Borel degeneration, the function returns the ideal itself. 

2: p{t) ^ HILBERTPOLYNOMIAL(K[x]/J); 
3: r ^ GOTZMANNNUMBER(p(f)); 
4: for A: = 0, . . . , n — 1 do 

5: X"" ^ mma{lr}(^k)) 

6: ^ max£^{J,.}^^^); 

7: if x'^ <a x^ then 

8: Tec ^ DECREASINGSET({7r},x'*); 

9: if J^n is Borel-admissible then 
10: return ({/,} \ J-^(x'^) U 

11: end if 
12: end if 
13: end for 
14: return I; 

Algorithm 3.3: How to find a Borel rational degeneration with special "direction" 
of a fixed term ordering. For details see Appendix B. 

We remark that x'^ and x^ are surely a minimal element of {Ir}(^k) ^ maximal 
element of {Ir}^yj^y by Remark 2.3.4. Moreover the condition x'^ <a- x^ guarantees 
that x^ can not be obtained from x** by an elementary move e^". In fact if such a 
move exists, x'^ >b x^ implies x"^ >a for any term ordering a. 

The uniqueness of the deformation is imposed by making the algorithm return- 
ing the first deformation with the property <cr x^. If Algorithm 3.3 does not 
find any deformation, it returns the same ideal I given as input; for instance this 
happens if we apply the algorithm to the lexicographic ideal with the DegLex term 
ordering. Indeed x^ >DegLex G {Im}, G {hn}'^, V m by definition, thus 

the condition x'^ <a x^ would always be false. 
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Definition 3.7. Given a Borel-fixed ideal I and a term ordering a, we say that 

• the ideal / ^ J returned by ORIENTEDBORELRATIONALDEGENERATION(/,cr) 
(Algorithm 3.3) is a a-Borel rational degeneration or simply a a-Borel degeneration 
of 1 and we call a-Borel rational deformation of 7 the Borel rational deformation 
having as fibers I and /; 

• J is a a-endpoint if ORIENTEDBORELRATIONALDEFORMATION(/,cr) returns 
the same ideal I. 

After having determined a method similar to the one proposed in [83], we want 
to compare these two approaches, so we recall briefly the strategy and some nota- 
tion of that paper. Given an ideal I = I^r C K[x], Peeva and Stillman compute the 
monomials = maxnegLexl^r}^ (they call it first gap) and = max^egLex 
{/,■} I x^ <DegLex x^} ■ If I is the lexicographic ideal, the set {x^ E {/, } | x^ <DegLex 
x^ } will be obviously empty. At this point they determine the set of monomials 

r = {x*xT e {;,} Ix" = x^- {mmx^y, x^x^ i {;,} and maxx^ <b min;c^} 

and they fix the monomial x"- of minimal degree and the corresponding of mini- 
mal degree. Let us denote them by and x^ . They finally form the ideal 

J= ^{7,}\{xV G {J,}} U{xV- A^' I e {Ir}]), maxx^ <Bminx^. 

The Borel ideal "DegLex-closer" to the lexicographic ideal is Qin^ggLex (inDegLex(J)) ■ 
The computation of a generic initial ideal reveals an important difference be- 
tween the two techniques: this choice of monomials involved in the substitution 
generally does not preserve the Borel condition, so that to restore it a computation 
of a gin could be needed, as the following example shows. 

Example 3.2.1. Let us consider the ideal I = {x\,y^x\,'^^,xix^^y7 C K[xo,Xi,X2]. 
The Hilbert polynomial is p(f) = f + 7 with Gotzmann number 7. The first gap is 

X2XQ and the DegL ex-greatest monomial in {ly}, DegLex-smaller than the gap, is 

2 5 

XjXj. 

T = < X2X^Xg, X^xf Xq, X2x|xo, X2X^ > 
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so that = XjX^ and = XjXq. We construct the ideal 



I={{l7}\{xlxlxl}u{xlxlxl-xlxl}), 



and inDegLex(J) = (^2, X2X^) ^7 is not Borel-fixed, because X2xfxQ G inDegLex(J) and 
el{x2xlxl) = xlxlxl i inDegLex(J)- Finally 



gin 



DegLex 



(inDegLex(J)) = {xl, xlx\, X2x\%7 



is again Borel-fixed. 

Using Algorithm 3.3 to compute the DegLex-Borel degeneration of I, we have 



degeneration of I is the ideal / = {{h} \ {x2x\xq} U {x2Xq}) = {x\, x\x\, X2x\)^7 . 

The choice of the first gap is very similar to the choice of the maximal mono- 
mial in {Jr}^/ because in both cases we look for a "greatest" element. But the two 
techniques differ in the choice of the monomial inside the ideal: we look for min- 
imal elements whereas Peeva and Stillman consider maximal elements lower than 
the gap. Hence we expect that in the cases in which the monomials chosen are the 
same, the deformation is almost equal, in the sense that the monomial ideal we 
reach is the same. 

Example 3.2.2. We consider the ideal 7 = {xy xo,X2, x^, x\xi)^s C K[xo,Xi,X2,X3]. 
The Hilbert polynomial is = ?>t + 2 with Gotzmann number 5. The first gap is 
X2,x\ and the greatest monomial of the ideal smaller than it is x\. Then 



DegLex 



min {J/} = X2xlxl <DegLex 



DegLex 



max {h}^, 



and since the decreasing set of X2x\x'q contains only the identity, the DegLex-Borel 



X2X1, X2X1XQ, X2X1XQ, X2X1, 



3 3 2 4 4 5 

■, X2X1XQ, X2XQ, X2X1, X2X0, X2 



x'^ = X2 and x^ = x^xi, so that 
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and inDegLex(J) ^ ginnggLex(inDegLex(J)) = {xj, X3X2, X^X^, X^^s. 

Applying Algorithm 3.3 on I with the DegLex term ordering, we have 

min {I5} = xlxixl >DegLex xlxl = max {h}'^, 

DegLex DegLex 

inin {^51(^1) = xjxl <DegLex Xjxf = max {J5}f>i)- 

DegLex ^ ' DegLex \^-^J 

Then the algorithm determines J^^j^s = {id, 6^^,26^} that is Borel-admissible w.r.t. 
X3Xp and swapping J'^2^3(x^x^) = {x|x^,x|x^xo,x|xiX^} with J'^2^3(x3X^) = {x3X^, 
X3X^xo, X3X^Xq} we obtain again the ideal 

/ = (X3,X3X2,X3Xi,X^)^5 = inDegLex(?)- 

Our next goal is to prove that also with our method it is possible to reach from 
any point defined by a Borel-fixed ideal on the Hilbert scheme Hilbp^f) some spe- 
cial point, by a sequence of consecutive Borel rational degenerations. Of course 
the lexicographic ideal defines a special point, but since we build the deformations 
working exclusively on the Borel sets defined by the piece of degree equal to r of the 
ideals (r is always the Gotzmann number of p(f)), we can generalize the property 
to the class of hilb-segment ideals (Definition 2.60). 

Chosen a Hilbert scheme Hilbp(t) and a term ordering c, we want to have an 
overview on all tr-Borel rational degenerations among Borel-fixed ideals defining 
K-rational points of Hilbp^j^. 

Definition 3.8. Let Hilbp^^-) be the Hilbert scheme parametrizing subschemes of the 
projective space P" with Hilbert polynomial p{t) and let ahe any term ordering, re- 
finement of the Borel partial order <b. We define the a-degenemtion graph of Hilbp^^^^ 
as the graph whose vertices correspond to all (saturated) Borel-fixed ideals defining 
points of Hilbp(t) and whose edges represent the (7"-Borel rational deformations, i.e. 
any edge goes from a Borel-fixed ideal to its t7-Borel degeneration. The algorithm 
computing the (/-degeneration graph is described in Algorithm 3.4. 

Theorem 3.9. Let Hilbp^fj be a Hilbert scheme and let a be a term ordering. If there exists 
a Borel-fixed ideal I defining a point ofHilb^^f^ which is a hilb-segment ideal w.r.t. a, then 
the cr-degeneration graph o/Hilbp^-j-) is a rooted tree, with the ideal I as root. 
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1: DEGENERATIONGRAPH(Hilbp(f), a) 

Input: Hilbp(t), Hilbert scheme. 

Input: cr, term ordering, refinement of the Borel partial order <b. 
Output: the cr-degeneration graph (vertices, edges) of Hilbp(f). 

2: vertices ^ BorelGeneratorDFS(]K[xo, . . .,x„],p(f)); 

3: edges ^ 0; 

4: for all I E vertices do 

5: J ^ ORIENTEDBORELRATIONALDEFORMATION(7,cr); 

6: if} then 

7: edges ^ edges u {(I,/)}; 

8: end if 

9: end for 

10: return (vertices, edges); 

Algorithm 3.4: How to compute the c-degeneration graph associated to a Hilbert 
scheme. For details see Appendix B. 

We recall briefly what we mean by rooted tree. A tree is a connected graph 
(y, £), such that |£| = |y| — 1. A rooted tree is a tree in which a fixed vertex (the 
root) determines a natural orientation of the edges, "toward to" and "away from" 
the root. 

Proof. By definition 7 is a (7-endpoint, because I could not have tr-Borel degenera- 
tion, so I is the natural root of the graph. To prove that the (7-degeneration graph is 
a rooted tree, it is sufficient to show that any other Borel ideal J I has a cr-Borel 
degeneration. 

Let r be the Gotzmann number of p(f). For any ideal } I, there exists a pair 
of monomials (x*,z^) such that {]r} 3 x"^ <a E {/r}^. So let ^ A; < n be the 
integer such that 

min{/,-}(>/) >a max{/,.}^^;), V z = 0, . . . - 1 

and 

mm{M(^^) = x" <a x^ = max{7jf-^^). 
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Let Tci be the decreasing set of x*. If is Borel-admissible w.r.t. , we finish 
because Algorithm 3.3 applied on / and a does not return ideal / itself. Then let us 
assume that Ta is not Borel-admissible w.r.t. x^: we want to show that there must 
exist a c^-Borel degeneration of / determined by a pair of monomials x'^ and x^ such 
that minx*^ = minx^ < k, i.e. a (7-Borel degeneration of / that Algorithm 3.3 should 
find before examining the restriction {]r\(^\^y 

The first reason for which J-^ could be not Borel-admissible w.r.t. x^ is the 
existence of some decreasing move in not admissible w.r.t. x^ . Let Q <Z J^a. 
be the set of the decreasing moves admissible on both monomials. Since x* G / 
could not belong to the hilb-segment ideal I, also every monomial in J-'a(x'*) does 
not belong to I. To go back to I, the monomials in Q{x'^) could be replaced by 
the monomials in Q{x^) and the others in J-'a(x'^) \ G{x'^) should to be replaced 
by monomials not obtained by decreasing moves from monomials in {}r}k> that is 
maxa{jr}f^i) >a mintr{/, } (^,), for some i < s. 

The second reason for which J^^ could be not Borel-admissible is the existence 
of a move F ^ J^cc such that the monomial F(x^) is not a A;-maximal element, 
namely there exists e'^ , j ^ k, such that et(f (x'^)) ^ {/,}. Let i = minF(x'*) = 
minF(x^) < k. e^F{x^) can not be obtained by a monomial in {/r}('»t) ^Pply" 
ing a composition of decreasing elementary moves G, because G{x^) = e^F{x^) 
implies x^ >b x^ in contradiction with the hypothesis x^ = maxa{jr}[^k)- Since 
x« <^ x^ => F{x^) <a F{x^), 

max{M(^,) >.e+(f(x^)) >aFixf') F(x'^) min{7,}(^,). 

In both cases, there exist i < k and a pair of monomials x**, x^ 

x^ = max{/,}(^;) >a min{/,}(^,) = x". 

We compute again the decreasing set J-^ and we check if it is Borel-admissible w.r.t. 
x^: if not we repeat the reasoning and we look for monomials involving more vari- 
ables. Finally, we are sure to find a Borel-admissible set of decreasing moves because 
if we reach the smallest variable xq, the decreasing set only contains the identity 
move. Note that it is not possible to have cycles thanks total order on the monomi- 
als, because each (j-Borel degeneration approaches to the hilb-segment ideal. □ 
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Corollary 3.10. The Hilbert scheme Hilbp^f-, is connected. 

Proof. Let I be any ideal defining a point on Hilbp^^j^. As usual through an affine 
Grobner degeneration the point defined by / can be connected to the point defined 
by the Borel-fixed ideal gin (J). 

Of course on Hilbp^^jj, there is the lexicographic point corresponding to the lex- 
icographic ideal (Proposition 2.58), hilb-segment ideal w.r.t. DegLex. By Theorem 
3.9, the DegLex-degeneration graph is a connected rooted tree, so the point defined 
by any ideal I can be connected to the lexicographic point by an initial affine degen- 
eration and a sequence of DegLex-Borel rational degenerations. □ 

We underline that if Hilbp^f-j does not contain a point defined by a hilb-segment 
ideal w.r.t. a, the c^-degeneration graph could be not connected, as the following 
example shows. 

Example 3.2.3. Let us consider the Hilbert scheme Hilbgt_5. ^ lf^[^0/ ^i, ^i, ^3] there 
are 11 saturated Borel-fixed ideals with Hilbert pol5momial 6t — b (whose Gotzmann 
number is 10) and many of them are hilb-segment ideals. In the following list of the 
ideals, we specify the term ordering (computed with Algorithm 2.7) for which the 
corresponding ideal becomes (possibly) a hilb-segment ideal: 



h = 


(^3/^2' ^1^1)' 


DegLex; 


h = 




0)2 = 


(37,6,3,1); 


h = 


{xl,X3X2,X3Xi,xl, xfxf). 


0)3 = 


(21,4,2,1); 


k = 


(Xj, X3X2, X3X1, X2, ^2^^!, XjX-^', 






h = 


{xl,X3X2,X3xl,xl, x\xl), 


0>5 = 


(25,5,2,1); 


h = 


{xl,X3X2,X3xl,xl, x\xi), 


o)e = 


(29,6,2,1); 


h = 


X3XI, X3X2X1, X3X\, x\, x\xi)) 






h = 


{x\,X3X2,X3x\,X^^, 


o>s = 


(33,7,2,1); 


h = 


X3X^, X3X2XX, X3X\, xf ); 








= {x\, X\X2, X3X\, x\xx, X3X2X1, X3XI, ); 






hl = 


= (x|,X3X2,x|), 


wn = 


= (33,11,2,1 



The degeneration graphs of Hilb^jf) w.r.t. all the term ordering listed above turn 
out to be rooted trees as shown in Figures 3.6a-3.6g. 
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(e) The Wg-deformation graph of Hilbgt_5. W Wg-deformation graph of Hilbg, 




(g) The -deformation graph of Hilbgf_5. (h) The DegRevLex-deformation graph of Hilbgf_5. 

Figure 3.6: The graphical representation of the degeneration graphs of the Hilbert 
scheme Hilb6f_5 introduced in Example 3.2.3. The square vertices are endpoints. 
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The ideal generates by the greatest ( I3 ) — p(10) = 231 monomials in 
K[zo, Xi,X2, X3]io w.r.t. DegRevLex has constant Hilbert polynomial equal to 55, so 
Hilb6f_5 does not contain a point defined by a hilb-segment ideal w.rt. DegRevLex. 
Applying Algorithm 3.4 on Hilb5f_5 and DegRevLex, we find that both 7io and In 
are DegRevLex-endpoint, so that the DegRevLex-degeneration graph is not con- 
nected (Figure 3.6h). 

3.2.1 The special case of constant Hilbert polynomials 

Let us finally consider the special case of the DegLex-degeneration graph of Hilbert 
schemes of points. Given a Borel-fixed ideal I defining a point of Hilb", we high- 
light that among the minimal monomials of { Jg} there will be surely a monomial of 
the t5^e x^Xq"". In fact xl belongs to the ideal and applying the decreasing move 
repeatedly, we will find a monomial x^x^^" such that e^^ {xlx^^") ^ {/,-}. It is easy to 
deduce that the power a of the variable Xi is equal to the regularity of the saturated 
ideal P^^, because is one of the generators of the saturation (Proposition 2.9) and 
it is the one of highest degree (Proposition 2.12). 

Proposition 3.11. Let I C ¥.[x] be a Borel-fixed ideal defining a point o/Hilb" and let 
reg(7) he the regularity of its saturation J*^*. s — reg(J) consecutive DegLex-Borel ratio- 
nal degenerations lead from the point defined by I to the lexicographic point. 

Proof. For the lexicographic ideal L associated to the constant Hilbert polynomial 
p{t) = s, the order set contains the monomials 

For the Borel-fixed ideal I defining a point of Hilb", we can divide the order set as 
follows: 

{Isf = {4 xl'^^'^-\l-''^^'^^'} U {x^i x^^-,a,}, 

where maxx'^' > 1, V f = 1, . . . , s — reg(J). 

The DegLex-Borel degeneration of I, that we can obtain applying Algorithm 3.3, 
is determined by the monomials 

min {7s} = xf^^^'xp"'^'^^^^'' and max {/g}^ = max {x'^i, . . . , x'^'^-'^^sW } = x^. 
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so that the DegLex-Borel degeneration of I is the ideal 

;=((«\{.r^"'.r""}uu-''}r 

whose order set in degree s is 

{Js}' = {4 U ({x^^ X^^-^^Sin} \ {x^^}) 

and whose regularity is reg(/) = reg(7) + 1. Repeating s — reg(7) times this process, 
we will obtain an ideal with regularity equal to reg(7) + (s — reg(7)) = s, i.e. the 
lexicographic ideal L. □ 



□ 00 
o o 
o 

(a) I = ixl,xlxi,X2xl,xf),Yeg{I) = 3. 



• • • o 

• □ o 

o o 
o 

(b)I= (4x2x2,xf),reg(I) =4. 



• 


• 





• 


• 





• 


• 







□ 













(c) I = (x|,X2Xi,xf), reg(I) = 5. 



• • • • • o 
• • • • o 
• • • o 
• • o 

• o 

o 

(d)L = (x2,x6),reg(L)=6. 



Figure 3.7: An example of the sequence of DegLex-Borel degeneration leading from 
the point defined by a generic Borel-fixed ideal to the lexicographic point. 



138 



Chapter 3. Rational curves on the Hilbert scheme 



Corollary 3.12. Let Hilh" be a zero-dimensional Hilbert scheme. The DegLex-degeneration 
graph o/Hilbg has height equal to s — a, where a is the smallest positive integer such that 



We recall that the height of a rooted tree is the maximal distance between a 
vertex and the root, where the vertices connected to the root have distance 1, the 
vertices connected to vertices of distance 1 have distance 2 and so on. 



Proof. By Proposition 3.11, to determine the height of the DegLex-degeneration 
graph of Hilb" , we have to understand which is the lowest regularity of a Borel- 
fixed ideal with constant Hilbert polynomial p{t) = s. We saw that the regularity of 
such an ideal I coincides with the minimal power of the variable Xi in a monomial 
of the type x^;Cq^" belonging to {U}- So the question is how many monomials we 
can put in a order set not containing jc^jCq^" and the answer is that we can put all the 
monomials with a power of the variable xq greater than s — a, i.e. 

-l + fl-l\ /n-l + l\ l'n-l+0\ fn-l + i 

n-1 )^"'^\ n-1 )^[ n-1 ) ~ n-1 



!=0 



IK[xi x„]„_r4 K[x,,...,x„]i-xl- 



Finally, to obtain a Borel-fixed ideal I having x^ as minimal generator, namely reg( J) = 
fl, we need s^E«-i 

Note that the choosing monomials to put in the order set w.r.t. a decreasing 
order on the power of the smallest variable xq agrees with choosing the smallest 
monomial wrt. DegRevLex among those still belonging to the Borel set, hence the 
lowest regularity a of a Borel-fixed ideal with Hilbert polynomial p{t) = s is always 
realized by the hilb-segment ideal wrt. DegRevLex. □ 

Example 3.2.4. Let us consider the Hilbert scheme Hilbg. There are 12 Borel-fixed 
ideals, that we list again with the term ordering for which they (possibly) are hilb- 
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segment: 



h = 


(X3,X2,Xf), 


DegLex; 


T 

h = 




002 = 


( n 1 ^ . 


h = 




<^3 = 




Ji = 


(X^, X3X2, X^, X3X1, X2X1, x\), 


Ci^4 = 


Ml in^iV 

(^11, lU, 6, 1), 


J 5 = 


(X3,x|, X2X^, xf). 


(^5 = 


(11,6,3,1); 


h = 


(X3,X^, X^Xi,X2Xf, xj); 






h = 


{xl, X3X2, x|, X3X1, X2xf , x\), 


a;7 = 


(5,4,2,1); 


h = 


(^3/ ^2' ■'^i-^l' ■'^2^1/ ^1)1 


(^8 = 


(9,4,3,1); 


h = 


(x|, X3X2, xf , X3X1, X2X3, x\)- 






/io = 


-- {xl, X3X2, X3X1, xl, xjxi, X2X\, x\). 


Wio = 


-- (6,4,3,1); 


/ii = 


-- {xl,X3X2,x\,Xj,x\,X2x\,xX), 


a;ii = 


= (6,5,3,1); 


/l2 = 


/ 2 3 2 2 2 3\ 
= 1^3/ ^3^2/ ^2' '^l^'^i ^3^1/ ^2^1/ ^1 j/ 


DegRevLex. 



The DegL ex-degeneration graph of Hilbg (Figure 3.8a) has height 5, because 

-sfr)^(^(D^Q— >5Cr)-. 

and the DegRevLex-degeneration graph (Figure 3.8b) has the same height, being 
the hilb-segment ideal /12 w.r.t. DegRevLex the most distant vertix from the lexico- 
graphic ideal /i . 

Degeneration graphs with a lower height can be found considering hilb-segment 
ideals with an intermediate regularity (Figure 3.8c). 
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Figure 3.8: The graphical representation of some degeneration graphs discussed in 
Example 3.2.4. The graphs are drawn as trees to highlight their height. 
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3.3 Borel-fixed ideals defining points lying on a same 
component of the Hilbert scheme 

The last section of this chapter is devoted to the study of components of the Hilbert 
scheme, keeping in mind a question posed by Reeves in [86] "Is the subset of Borel- 
fixed ideals on a component enough to determine the component?". In fact the 
points corresponding to two ideals connected by any Borel rational deformation lie 
on the same component of the Hilbert scheme. We underline that the technique 
introduced by Peeva and Stillman in [83] is slightly different, because in order for 
passing from a Borel-fixed ideal to another one they use at least two affine deforma- 
tions (see Figure 3.9). 



Figure 3.9: A Borel rational deformation ensures that the two Borel ideals defin- 
ing it lie on a same component (drawn with the dashed line). With Peeva-Stillman 
method, in the best case (Fig. 3.9a), we can deduce that the components contain- 
ing two Borel-fixed ideals have non-empty intersection but in the general case (Fig. 
3.9b), we could get no information. 

We introduce a new graph related to Borel-fixed ideals and Hilbert scheme com- 
ponents, different from the incidence graph defined by Reeves in [86], but also use- 
ful to understand the intersections among components and we will call it Borel in- 




(a) Example 3.2.2. 



(b) Example 3.2.1. 
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cidence graph. 

Definition 3.13. Given the Hilbert scheme Hilbp(f), we define the Borel incidence 
graph of Hilbp^f J as the graph whose vertices correspond to the (saturated) Borel- 
fixed ideals of K[x] with Hilbert pol5momial p{t) and whose edges represents Borel 
rational deformations. 

To construct the graph we can use Algorithm 2.4 to determine the vertices and 
then we can apply Algorithm 3.1 on every Borel-fixed ideal to compute the edges 
(discarding repetitions). But we would like to add more edges to the graph, so we 
now discuss if it is possible to perform two Borel rational deformations of the same 
ideal simultaneously. Let us consider a Borel-fixed ideal I C K[x] with Hilbert 
polynomial p{t) having two Borel degenerations: /i = ({/,-} \ J-'ai (^"^^ ) U (x'^i ) ) 
arid }2 = {{1} \ -^azl^*^) UJ-'a2(^^^)). The point is to understand under which 
conditions swapping at the same time J-'aj(x'^i) with and J-'^jl^'*^) with 

J-'x^i^^^) preserves the Borel property. The first problems that can arise are: 

1. if the sets of monomials are not disjoint, there are some problems in the defini- 
tion of the deformation. For instance if (^*^ ) n {x'^^ ) = and J'aj {x^^ ) n 
7-^2 {x^^ ) 7^ 0, the number of monomials we remove from the Borel set would 
be different from the number of monomials we add (see Figure 3.10); 

2. if caj-i obtained by a decreasing move from x'^'^ (or viceversa x^^ from 
x'^^), performing both exchanges we would not obtain a Borel set I^, because 
^ 3 x^^ <B x''^ ^ ^ (see Figure 3.11); 

3. assuming min x**! > minx'^^ jf^j^gj-e exists an admissible move e^", 7 ^ minx**!, 
such that e^^ (x^z) <g x^i, it could happen that QJ {x'^^) G (^^^ ) and again 
swapping both sets of monomials we would not obtain a Borel set =^ because 
m 3 er(x''2) <B x"-^ i m (see Figure 3.11). 
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(b) / = {xlxlxi,x2xlxl), p,{t) = 8. 

Figure 3.10: Example of two Borel rational deformations that can not be performed 
simultaneously because involving not disjoint sets of monomials. Both deforma- 
tions involve the monomial X2x\xq, thus swapping the monomials x\x^, x^Xq with 
X2x'\xq preserves the Borel property but the Hilbert polynomial changes. 

Theorem 3.14. Let I C K[x] be a Borel-fixed ideal with Hilbert polynomial p{t) with 
Gotzmann number r. Let us assume that there are s Borel rational deformations: 

Ik = {{Ir} \ J^a.ix-') u {ykoFix^')+ykiFixf'') \ F G C K[yko,yki][x], 

k = 1, . . . ,s, such that 

(i) minx*i ^ . . . ^ min*%- 

(ii) V X*' can not be obtained from x^i by applying a decreasing move; 

(Hi) V i,j such that minx*' > minx'^i, e^(x'*/) cannot be obtained from x^' through a 
decreasing move, for all admissible , h ^ minx*'; 

(iv) V i,i, J-„,(x*') n Tcc^ix^i) = and J-«,(xft) n J-,,(xft') = 0. 
Then the family ofsubschemes ofV^ parametrized by the ideal 

^ = {{^} \ ([J^c.^^^')^ U ([j {ykoF{x^^)+ykiF{x^^) I f G ^ (3.6) 

is flat over (P^)^^'' and has 2^ fibers corresponding to Borel-fixed ideals. 




{ei)l={xl,X2x\,x\),pi{t)=7. 
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(a)I = {xl,X3X2,X3Xi,xl). (b)/= {xl,X3X2,xl,X3X^). 

Figure 3.11: First example of two Borel rational deformations that can not 
be performed simultaneously because not preserving the Borel property (not 
even the Hilbert polynomial). The deformations are defined by J-'^^^3(x3X^) = 
{x3xf,X3xfxo,X3XiX§}, j;^^3(x^xf) = {x^xf, x^XiZo, x^xg} and by 7^3^^ (x^xq) = 
{X2X0}, J-'^3^,jj(x3Xq) = {x3Xq}. The Borel property is not preserved because (2.) 
X3X^ < X3x3 = 4ej"(x3X^) and (3.) e^ixlxo) = x^xiXq <b e^{xlxiXo) = x^x^. 
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Proof. The key point is that the hypotheses ensure that there are not linear syzygies 
between two monomials belonging to two different groups, so assuming i/^g 7^ 
0, y k and = we can lift simultaneously the syzygies of Eliahou-Kervaire 
among the monomials of {/, } as done in the proof of Theorem 3.4 for each group 
of binomials F(x''*) + zj-f(x^'^), Vf G J-'a,,, V A; = l,...,s. For each localization 
we deduce the flatness by Proposition 3.3 and by the symmetry between the sets of 
monomials J^^^ix'^'') and the property holds for any other choice of non- 

vanishing variables yj^ij. 

The Borel-fixed ideals appearing the family correspond to the points of (P^) 
such that for each A; [i/;to • = [0 ■ 1] or [i/j-q : i/)ti] = [1:0], and so there are 2'' 
possibilities. □ 

Corollary 3.15. Let I C ¥.[x] be a Borel-fixed ideal and let X\, . . . ,Xs he s Borel rational 
deformations of I as in Theorem 3.14. For any Borel-fixed ideal J belonging to the family 
over (P^) there exists a rational deformation having both I and } as fibers. Called p{t) 
the Hilbert polynomial of I and r its Gotzmann number, the points defined by I and J on 
the Hilbert scheme Hilbp^f) are connected by a rational curve C : Pi ^ Hilbp(f). Con- 
sidering the construction of the Hilbert scheme Hilbp(-f) as subscheme of the Grassmannian 
GrK((j(r),N), where N = ("^'') and q{r) = N — p{r), the degree of the curve C via the 
Plucker embedding (1.2) ^ : GrK((?(r),N) P[ A'?('-) K[x]r] is cj{r) - \{I,} n {/,}|. 

Proof. Let I be the family defined in (3.6). To obtain a rational deformation having 
I and any other Borel-fixed ideal / of I, it suffices to specialize the variables yj^Q, yn 
as follows: 

• Vko = h yki = 0, ifJ^a.ix"') C and J'«,(x'^0 C {/.}; 

• Vko = yo, Vki = yi, if C [Ir] and J^i,,{xf^') C {/,-}. 

As usual, the ideal I corresponds to the fiber of the point [1 : 0] and the ideal / to 
the fiber of [0:1]. 

To determine the degree of the curve through the Plucker embedding, we can 
use again the matrix representation of the submodule X,- C (K[i/0/i/i])[x]i- used in 
the proof of Theorem 3.5. In this case the columns of the first block correspond to 
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the monomials belonging to both {Ir} and {}r}, the columns of the second block 
to the monomials in {J^} \ ({Jr} n {/r}) and the columns of the third block to the 
monomials in {/r} \ ({^! } ^ {/,-}). Thus the degree of the Pliicker coordinates in 
the variables yo and yi is equal to \ {{I,-} n {/,}) | = \{Ir}\ - |{J,-} n {/,-}| = 
q{r)-\{Ir}n{Jr}\. □ 

Definition 3.16. Let I C K[x] be a Borel-fixed ideal and let Ii, . . . ,Xs be s Borel 
rational deformations of I as in Theorem 3.14. We say that {Xi, . . . ,Xs} is a set of 
compatible Borel rational deformations. Given a second Borel-fixed ideal / belong- 
ing to the family of ideals X over (P^ ) but not to the set of Borel degenerations of 
I computed with Algorithm 3.2, we call composed Borel rational deformation the defor- 
mation defined in Corollary 3.15 having both I and / as fibers and (composed) Borel 
rational degeneration of I the ideal /. 

Example 3.3.1. The two Borel rational deformations 

Xi = {{Is} \ {xlxl} U {yoxlxl + y.xlx^}) 

Xr = {{h}\J',i4xlx\) U [yoF{xlx\)+y^F{x^x[) \ F E 

described in Example 3.1.8 are in the hypothesis of Theorem 3.14, so there is a flat 
family over x P^ defined by the ideal 

X = ({/g} \ {xlxl} U {yooxlxl + yoixjxl} 

Let us assume yoo 7^ 0, 1/10 7^ 0, Zq = zi = and let us see how the Eliahou- 
Kervaire syzygies of I^s lift to a set of syzygies for the family X\ [i:z(,]ji:zj]. The pre- 
sentation map is 

xp: (K[zo,zi][x](-8))'^'' K[zo,zi][x] 



X' V e {Is} \ {xlxl} \ ^,.,e{xl4) (3 7) 

xlx^ + zo xlx^ x^ = x^x^ 

Fixlxf) + z^F{x3xl), V xT = F{xlxf), F E T^^.. 
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For the monomials in {Jg} \ {^gXp} \ ^xlx\i^i^i) ^^^^ syzygies among the 
same monomials in Jg C K[x] . Let us look at the binomials. 

{■X2) X2i^2^6^ - XQi^i^^^s^ - zoxof^i^p 

{■Xi) Xii^i^s^^^ - Xofxlxe; 

{■X2) X2f^2^5^g - xof^3^5 - ziXof^3^2^6; 

(•X3) X3f^2^5^^ - Xof^3^2^5 - ZiXof;c|j:f • 
(■Xl) Xlf^2^4^2 -xof;,2^5^g; 

(•X2) :>^2f;,2^4^2 - xo£^3^i^^ - zixof^j^^^s^j^; 

(■X3) X3i^2^4^2 - Xof^^^2^i^^ - ZlXof;,2^5^g. 

• fx^,xixi^ 444+^1^^44 

(■Xl) Xlf^2^3^3 - ^of;c|;cfx2' 

(•X2) :t2f;,2^3^3 - S:of;,3^3^2 - ZlXofx^x2X*xl' 
(•X3) X3f^2^3^3 - :Cof;,3;,2^3^2 - ZlXof ;,2^4^2 . 

• ^xlxlx^,^ 444 + ^1^3x1x1 

(•Xl) Xlf ^2^2^,4 - s:of;,2^3^3; 
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(■X3) X3f^2^2^4 - Xof^^q^2^3 - ZlXof^2^3^3. 

Thus the Borel-fixed ideals belonging to this family are 4: 

I = {xl,x^x\,x^X2Xi,x\,xlxi,xlx\) 

{xl,xlx2,x:>,xl,xl,xlxi,X2,X2Xi,xlx\) 1 . 1 1 J 

> simple Borel degenerations 
{xi^,x^x{,x^X2Xi,x\,xpi,xo,x{) J 

{x\, xo,x\, x\, x^xi, X3X2X1, x^xl) composed Borel degeneration 

and for any pair among them, the points defined by the Borel-fixed ideals on the 
Hilbert scheme Hilb3f^5 are connected by a rational curve. 

1: BORELlNCIDENCEGRAPH(Hilbp(f)) 

Input: Hilbp(fy a Hilbert scheme. 

Output: the Borel incidence graph (vertices, edges) of Hilbp(t). 

2: r ^ GOTZMANNNUMBER(p(i)); 

3: vertices ^ BORELGENERATORDFS(K[jt:o, . . .,X„],p(i)); 

4: edges 0; 

5: for all I G vertices do 

6: SimpleDeformationS ^ BORELRATIONALDEFORMATIONS(J,r); 

7: for all {Xi, ...,1s} C SimpleDeformationS do 

8: if {Xi, . . . ,Is} compatible set of Borel deformations then 

9: / ^ {{Ir} \ (U,c-^..(^'^0) U (U-^«.(X^0)>"'; 

10: if (J, /) ^ edges and (/, I) ^ edges then 

11: edges edges U { (J, /) }; 

12: end if 

13: end if 

14: end for 

15: end for 

16: return (vertices, edges); 

Algorithm 3.5: The pseudocode description of the method computing the Borel in- 
cidence graph. For details see Appendix B. 
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Theorem 3.14 and Corollary 3.15 introduce other Borel rational deformations 
between pairs of Borel-fixed ideals. Hence in the algorithm computing the Borel in- 
cidence graph (Algorithm 3.5) we add these composed Borel rational deformations 
to those obtained applying Algorithm 3.1 on every ideal. 

Furthermore Theorem 3.14 gives us a new criterion to detect points lying on a 
common component of the Hilbert scheme, indeed the points defined by Borel-fixed 
ideals belonging to any family over (P^) are on the same component. With the 
following examples we show that this criterion is a sufficient condition that does 
not overlap Reeves criterion [86] based on the hyperplane section. 

Example 3.3.2. Let us consider the Hilbert scheme containing the rational normal 
curve of degree 4, that is Hilb4t^i. On it there are 12 points defined by Borel-fixed 
ideals: 



h = 


(X4, X3, X2, x|x^). 


h = 


/ 6 5 4 2\ 


h = 


( 2 5 4 2\ 
yX^, X'^, X^X'\^, X'2^, X2X-y 


h = 


/ 2 2 5 4 \ 
yX^^ X'^/ X^X^/ X^X-y/ X^/ X^Xy j , 


J5 = 


( 2 2 5 4 \ 
\^4/ ^4^3' X^X^f X^X^/ X^X'^f X^X'^f X^/ X^X'y J, 


h = 


(X4, X3, X3X2/ ^2' ^3^1 )/ 


h = 


/ 2 2 2 4\ 
yX^f X^f X3X2/ X3X2X2/ X3X2/ X2 j/ 


h = 


/ 2 2 2 4\ 
1^X4, X4X3/ X3, X4X2/ X3X2/ X^X\f X^X-^f '^2/' 


h = 


(X4, X3, X3X2, xl, XjX-y), 


ho = 


- (x4/ X3, X3X2/ X2/ X3X2X^ ), 


hi = 


= (X4, X4X3, x|, X4X2, X3X2, X4X1, X2), 


/l2 = 


= (X4, X4X3, x|, X4X2, X3X2, X2). 



The result by Reeves [86] says that there exists a component of the Hilbert scheme 
containing the points defined by Borel-fixed ideals with the same hyperplane sec- 
tion, i.e. in the case of Hilb|f^i there are components (even not different) containing: 

• h, hf hf }4, hf Je, h, h having hyperplane section (X4, X3, x\); 

• 79/ JiO/ Jii having hyperplane section (^4, X3, X3X2, X2); 

• /l2- 
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Computing with Algorithm 3.5 the Borel incidence graph of Hilb4f^^ (Figure 
3.12), we find one composed deformation over x P^, containing the ideals /y, /s, 
/lO/ /ii/ so that the corresponding points lie on a same component. 




Figure 3.12: The Borel incidence graph of Hilblf^^. The light red quadrangle cor- 
responds to the family over P^ x P^ and the dashed lines correspond to composed 
Borel rational deformations. The dotted lines divide the ideals w.r.t. the hyperplane 
section. 
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Example 3.3.3. On the Hilbert scheme Hilbgf_3 containing the complete intersec- 
tions [2, 3) in P'^, there are 31 points defined by Borel-fixed ideals, with three differ- 
ent admissible hyperplane sections (of 6 points in P^): 

(^3,^2) 



^1 — 




hi 


— It2 

- 1^3' 


^3^2/ ^3^1/ ^2' ^2'*^! )' 




h = 


{x'i,xl,x{xi,x\x\), 


h5 


= (4 


X3X2, X3X2XX, X3X^, Xj, x|x^). 




k = 


{xl,X3X2,X3Xi,xl, x\x\), 


he 


= (4 


x2x2, X3x2, X^Xj, X3X2X1, X3x2, 


X^ 1 ) / 


h = 




h? 


= (4 


X3X2,X3xf,X^, x|xi). 




h = 




hs 


= (4 


X3x2, X3X2X1, X3X|, xl, xf Xl), 




h = 


(Xg, X'^X'2^, X^X^, x'^/ X2^X^^, 


h9 


= (4 


X3X2, X3X2X2, X3X3, xl, xf Xl ), 




h = 


X^, X^X\, xJ^x^, X^X^^ , 


ho 


= (4 


X^X2, X3xf , X§Xl, X3X2X1, X3x3, 


4 ^2^1)' 


h = 


[xl, x^X2, xf , xlx\, x\x\), 


hi 


= (4 


X3X2,xf,X3xJ), 




k = 


(Xg, X'^X'2_, X'^X^f x'^X'Y, X2X'^^ , 


hi 


= (4 


X3X^,X3X2Xl,x|,X3X^), 




ho- 


= {xl,X'iX2,xj,x\,xl,x\x\), 


hs 


= (4 


X3X|,X3X2X2, X3xf,X^), 




hi = 


-- {xl, x^xj, xj,X2X\,xj,x\, x\, x\x\), 


hi 


= (4 


X\X2, Xj,x\, x\xx, X3X2X1, X3X^, 


A)' 


h2 = 


= {xl,X^X2,X3X^,X2,X2Xl,X2X^), 


h5 


= (4 


X3x3, X3xf Xl, X3X2X2, X3x3, x|; 


), 


h3- 


= {Xj, X3X2, X3X^, X2X1, Xj^j ), 


h6 


= (4 


X3X2, X3X2, X3X1, X3X2XJ, X3X^, 


4)' 



hi 
hs 



- {xl,X'iX2,x'^,x\x\), 

xl, X3x2,X3X2Xi,x|,xfxi) 



h9 
ho 



(x2,X3x2,X3X2xf, x\), 

{xl, xlx2, X^xj, X^Xi, X3X2X1, x5); 



(4' ^3'^2' ^2) 



hi = {xl'X3xi4) 
In this case. Algorithm 3.5 finds 5 families over pi X pi. 

• Starting from Ig and its Borel deformations 

Xl defined by x^x^Xq, Xjxfxg, •^x3x2.t9 = {i^}. 



I2 defined by x^xIxq, xIxq, T, 
X3 defined by xj,xxx^q , x^Xq, T. 



2 9 



X3X2xl° 



{id}, 

= {id}, 
{id}. 



X4 defined by X3X2xJ°, x\x\xq, T^, 
we can determine 2 families over pi X pi, because both {Xi,X3} and {X2,X^\ 
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Figure 3.13: The two family over P x that give rise to two composed Borel 
rational deformations containing the same pairs of Borel-fixed ideals, even if they 
do not coincide. 



are sets of compatible deformations: 

2^1,3 = ( {(^9)12} \ {x3xlxl} U {yooX3xlxl + yoix^xlx^} 

\ {^3^24°} U {yioX3X2xl^ + yuxlx^j^ 
2^2,4 = ( {(^9)12} \ {X3xlxl} U {yooX3xlxl + yoixlx^} 

\ {X3X2XI^} U {l/ioX3X2xJ° 

The Borel-fixed ideals belonging to Xi 3 are I9, In, lu and J15 and the ideals be- 
longing to X24 are J9, Jio, Iia and J15. Note that J15 turns out to be in both cases 
a composed Borel degeneration of I9 but the rational deformations having I9 
and 7i5 as fibers that we can construct applying Corollary 3.15 on Xi 3 and I2A 
are different (see Figure 3.13). 

• Considered the ideal Jig = {x^, X3x\, X3X2X1, X3x\, x'^^r ^2^1) and its Borel ratio- 
nal deformations 

Xi defined by X3X2X1X0, xf^, J^^^^^^^g = {id}, 

X2 defined by X3X2X1X0, xsxf x^, J^^^x.x.xl = {id}/ 
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X3 defined by xIxq^, XsZ^Xq, J^x^xl^ — i^*^}' 
defined by xlx^^ , x\x%, T ^i^i^ = {xd.} , 
we obtain again 2 families over x by the compatibility of \X\,Xr^ and 

^1,3 = ({(^18)12} \ {^3^2^i^o} U {ymXzx^xxxl^yQxx\x%} 
\ {xlxf} U {yio^34° +yii^3^?^o})' 

2^2,4 = ( {(^18)12} \ {xzX'2XxX%} U {yQQX^XiXxxl^\jQiXzx\x%\ 

\ {xlx^^} U {yioxi^o 

Xi^3 contains ho, h^, he, 2^2,4 contains hs, h9, h^, he, and as before he 
is a composed Borel degeneration of Jig that can be obtained by means of 2 
different composed Borel rational deformations. 

• Consider the ideal hs = {xl, X3X2, x^xzx^, x^xf, X2) and the Borel rational de- 
formations 

Xi defined by xlxl°, X3X2X1XI, ^xlxf — {^^}> 

T2 defined by X2,x^ , x\x{, = {\d,e^ ,le^ , . . . ,7e^}. 

They are compatible and give rise to the family over pi X pi 

2^1 = ( {(^23)12} \ {xlx^o} U {yoo^3^o° + yoi^3^2:*:i^o} 

\ ^,3,n(x3xii) U [yioF{x^xf)+yiiF{xlxl) \ F G J'.^.n} ) 

containing 4 Borel-fixed ideal I23, h^, h9 and I3Q. Since one of the simple Borel 
deformations is defined by monomials in {(J23)i2}(^i)/ the hyperplane section 
of the 4 ideals could not be the same, so we deduce that the corresponding 
four points, that we can not discuss with Reeves criterion, lie on a common 
component of Hilb^f.s. 



Chapter 4 

Borel open covering of Hilbert 
schemes 

In Chapter 1, we showed that describing explicitly a Hilbert scheme is a very hard 
task, even in the easiest (from a geometric point of view) cases, because the costruc- 
tion of Hilbpj^jj as subscheme of a Grassmannian requires a huge number of vari- 
ables. The first idea to reduce the complexity is to study the Hilbert scheme locally, 
i.e. to consider the affine open covering of the Grassmannian and to look at the 
intersection between the Hilbert scheme and each open subset. Indeed to study 
the Grassmannian GrK{q,N) globally, we have to use the Pliicker embedding (1.2) 
that requires (^) (projective) variables, whereas if we want to study Gr]K(^?, N) lo- 
cally, we can consider its open covering having open subsets described hy q{N — cj) 
(affine) variables. 

Since the Grassmannians considered in the study of Hilbert schemes actually 
parametrize ideals in a polynomial ring, the second idea is to exploit the algorithmic 
tools developed by the computational algebra, particularly the theory of Grobner 
basis. The application of Grobner bases to the study of Hilbert schemes was already 
introduced by Carra Ferro in [19] and but our interest originates mainly in the ideas 
exposed in the paper [82] by Notari and Spreafico. 

The results I will expose in this chapter belong to several joint papers [12, 13, 22, 
58] with M. Roggero, F. Cioffi and C. Bertone. 
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4.1 Grobner strata 

Definition 4.1. Let us consider any term ordering cr and a monomial ideal / C IK [x] 
(not even Borel-fixed). We define the homogeneous tail (in the following tail for short) 
of x*^ G / as the set of monomials: 

rj{x^) = {x^ ^ / s.t. |/6| = \a\ and x^ <^ x'*} (4.1) 

Every ideal I C K[x], having / = (x^V- ■ ■/X'^') as initial ideal w.r.t. a, has a 
reduced Grobner basis of {/i, . . . ,/s} where: 

fi = x''+ ^ Q,^x^ c«,^eK. (4.2) 

Thus it is very natural to parameterize the family of all the ideals I such that in^j (7) = 
/ by the coefficients Ca,^; in this way the fanily corresponds to a subset of kI^(^)I, 
where TM) = TJ{x^') x ■ ■ ■ x TJix"^). 

Definition 4.2. Given a monomial ideal / = (x*i,. ..,x'^^) C K[x] and a term or- 
dering a, let us fix a subset for each tail TJ{x'^'). Set T = {Ti, . . .,Ts}, we will 
denote by Sto-{J, T) the family of all ideals I in K[x] such that = J and whose 

reduced Grobner basis /i, ... ,/s is of the type: 

/, = x-^ + X] c,,^x^ (4.3) 

and we will call it T-Grobner stratum of /. Moreover we will use Sta{}), and we 
will call it Grobner stratum of /, whenever we consider the complete tail of every 
generator of /, i.e. T, = TJ{x^'), V i. 

Remark 4.1.1. It will be clearer later that the term ordering affects the construction 
of a Grobner stratum only because it determines which monomials can belong to 
the tails; indeed two different term orderings giving the same tails will lead to the 
same Grobner stratum. 

Every ideal I in the family Sto-{], T) is uniquely determined by a point in the 
affine space (N = |T,|) where we fix coordinates 0^,^ corresponding to the 



4.1. Grobner strata 



157 



coefficients c^,^ that appear in (4.3). The subset of A'^ corresponding to Sta{],T) 
turns out to be a closed algebraic set. More precisely, we will see how it can be 
endowed in a very natural way with a structure of affine subscheme, possibly re- 
ducible or non reduced, that is we will see that it can be obtained as the subscheme 
of defined by an ideal f) (/, T) in K[C], where C is the set of variables Ca.^. 

Definition 4.3. We will denote by fi(/, T) and £(/, T) the ideals in ]K[C] generated 
by the following procedure. 

Step 1 Consider the set of polynomials 5 = {fi, . . . , fs} such that 

= ^ e]K[C]H. (4.4) 

Step 2 Consider a set Syz(/) = {x'^e,- — x'^ey | x'^x"' — x'^x'^i) that generates the syzy- 
gies of /. 

Step 3a For every x'^e, — x^ej G Syz(/), compute a complete reduction w.r.t. B of 
the S-polynomial S{Fj,Fj) = x^Fj — x^Ff. S(F,, F,) R/y. 

Step 3b For every x'^e, — x'^ey G Syz(/), compute a complete reduction w.r.t. / of 
the S-polynomial S(f,-,fy) = x^F,- - x^Ff. S(F;,Fy) -U Mij. 

Step 4a Call f)(/, T) the ideal of K[C] generated by the coefficients (polynomials in 
K[C]) of the reduced polynomials Rjj computed at Step 3a. 

Step 4b Call £(/, T) the ideal of ]K[C] generated by the coefficients of the reduced 
polynomials Mjj computed at Step 3b. Note that by construction the coeffi- 
cients in Mjj are linear, so actually £(/, T) turns out to be a vector subspace of 
the vector space (C) spanned by the variables C. 

It is almost evident, that the definition of f}(/, F) is nothing else than Buch- 
berger's characterization of Grobner basis if we think to the C^-.^'s as constant in 
K instead of variables. In fact the variables C^,^ do not appear in the leading terms 
w.r.t. cr of F, and so their specialization in K commutes with reduction with re- 
spect to B. Thus (. . . ,Ca^, . . .) is a closed point in the support of Z(f)(/, T)) in A^ 
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if and only if it corresponds to polynomials fi,...,fs in K[x] that form a Grobner 
basis. Then the support of Z(f)(/, T)) is uniquely defined; however a priori the 
ideal i}{},T) could depend on the choices we perform computing it, that is (1) on 
the choice of the set Syz(/) of generators of the syzygies and (2) on the choices did 
during the reduction of any S-polynomial S [Fi, Fj) (which in general is not uniquely 
determined). 

Thanks again to Buchberger's criterion, we can prove that indeed [){}, T) only 
depends on /, T and of course on a, because it can be defined in an equivalent 
intrinsic way. 

Proposition 4.4. Let J ClK.[x] be a monomial ideal and let cr he any term ordering. Con- 
sider the set B = {Fi,. . ■ ,Fs}, Fi G K[C][x] as in (4.4) and an ideal a in K[C] with 
Grobner basis A. The following conditions are equivalent: 

(i) BU Ais a Grobner basis in K[C, x]; 

(ii) a contains the coefficients (polynomials in K[C]) of all the polynomials in the ideal 
(Fi, . . . , Fs) that are reduced modulo J; 

(Hi) a contains all the coefficients of every complete reduction ofS{Fi, Fj) with respect to B 
for every i, j; 

(iv) a contains all the coefficients of some (even partial) reduction with respect to B of 
S{Fi,Fj) for every 

(v) contains all the coefficients of some (even partial) reduction with respect to B of 
S{Fi,Fj),for every (z,;) corresponding to a set Syz(/) of generators of the syzygies of 

J- 

Proof, (i) => (ii). Let G be a polynomial in (Fi, . . . , Fg) which is reduced modulo /. 
By hypothesis, G must be reducible to through ,B U ^, so that the further steps 
of reduction have to be performed just using A. Any step of reduction through 
A does not change the monomials in K.[x] but only modifies their coefficients (in 
]K[C]),thenG ^ 0,that is every coefficient in K[C] of G can be reduced to using 
A: this shows that all the coefficients in K[x] of G belong to a. 
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(ii) => (Hi), (in) => (iv) and (iv) => (v) are obvious. 

(v) (0. We can check that jB U ^ is a Grobner basis using the refined Buch- 
berger criterion (see for instance [24, Theorem 9, p. 104]). If ^ = {ai, . . . ,ar}, a set 
of generators for the syzygies of the ideal {x'^'^, . . \x\(y(ax), . . . , \x\a{a.r)) can be 
obtained as the union of a set of generators of the syzygies of (x^^, . . . , x"^"), a set of 
generators of the syzygies of in£^(a) = {\x\(j{a.\), . . . , \Uo-{ay)) and the trivial syzygies 
{x^'/maiaj)). Then: 

• S(fl„ Uj) 0, since ^ is a Grobner basis and A dBVJ A; 

• S{Fj,aj) 0, since the leading terms of F,- and aj are coprime and F,,fl; £ 
BUA; 

• S{Fi, Fj) in at least one way, by hypothesis. □ 

There are many ideals o fulfilling the equivalent conditions of Proposition 4.4: 
for instance we can consider the irrelevant maximal ideal in K[C] or any ideal ob- 
tained accordingly with condition (iv). Moreover, if o satisfies those conditions and 
a' D a, then also a' does, and if several ideals o/ satisfy the conditions, then also 
their intersection H/ 0/ does. As a consequence of these remarks we obtain the proof 
of the uniqueness of the ideal t){}, T) given by Definition 4.3. 

Theorem 4.5. Let J be a monomial ideal and T be the list of subsets of the tails of J as above. 
Then: 

(i) f)(/, r) zs uniquely defined; indeed f)(/, T) = H/ ci;, a; satisfying the equivalent con- 
ditions of Proposition 4.4; 

(ii) £(/, r) zs uniquely defined. 

Proof, (i) f) (/, T) is one of the ideals a/, because it satisfies condition (v) of Proposition 
4.4; on the other hand, if a/ satisfies condition (z'zzj of Proposition 4.4, then clearly 

(z'z) It suffices to observe that the generators for £(/, T) are the degree 1 homoge- 
neous components of the generators of T) given in its construction (Definition 
4.3). □ 
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By abuse of notation we will denote by the same symbol Sto-{J, T) the family of 
ideals and the subscheme in A'^ given by the ideal [}{}, T). Note that T) is not 
always a prime ideal and so Sta{J, T) is not necessarily irreducible nor reduced, as 
the following trivial example shows. 

Example 4.1.2. Let / = (xj, X2X1) C K[xo, Xi, X2] and crhe any term ordering. Let 
us choose T = |t^2 = 0, T^^n = {^i^o}| and construct the ideal of the T-Grobner 
stratum Stg-Q, T) according to Definition 4.3: 

F^2 = xl, F^^xi = X2X1 + Cxixo, 
S{Fxl'Fx2Xi) = xiF^i - X2FX2X1 = 

= -CX2X1X0 — > -CX2X1XQ + Cxofxzxi = C^XiXq. 

Then \){], T) = (C^) that is Sta{], T) is a double point on the affine line A^. 
4.1.1 Grobner strata are homogeneous varieties 

Let us denote by the group of the monomials in the field of fraction K(x) of the 
ring K[x]. Any term ordering a makes T;^- a totally ordered group in the obvious 
way. 

Definition 4.6. Let us denote by £ the grading induced on K [C] by any term order- 
ing (7 on K [x] through the map 

£:K[C] — > T^, 

^a, (4.5) 

Q,/5 ^ 

As we will use also the usual grading over Z where all the variables have degree 
1, we will always write explicitly the symbol £ when the above defined grading is 
concerned (so, ^-degree 7 with 7 G ^-homogeneous of degree 7 etc.) and we 

will leave the simple terms when the usual grading is involved (so, degree r with 
r G Z, homogeneous of degree r etc.). 

Proposition 4.7 ([90, Lemma 2.8]). (i) The grading £ is positive. 
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(ii) T) is a £-homogeneous ideal. 

Proof, (i) Let us observe that all the variables have ^-degree higher than that of the 
constant 1. Indeed 

£(Q,^)>,£(1) ^ 5>-l ^ x^'>^x^. 

As well known, this condition is equivalent to the positivity of the grading (see [55, 
Chapter 4]). 

(ii) Let us consider the grading on K[C, x] induced by the map £ : K[C, — > 
sending i(xj) = Xj and = ^ and note that it coincides with the grading 

introduced in Definition 4.6 on the restriction to K[C]. Every monomial that ap- 
pears in Fi is of the type Cc^.^x^ and so its ^-degree is = ■ i{x^) = 
^x^ = x"'. Thus all the polynomials are ^-homogeneous and then also the S- 
polynomials S(F;, F,) and their reductions are ^-homogeneous. Finally, the coeffi- 
cients of any monomial x'^ (which are polynomials in K[C]) in such reductions are 
^-homogeneous. □ 

Proposition 4.8 ([32, Theorem 3.2]). The linear space Z[£,{J, T)) can be naturally iden- 
tified with the Zariski tangent space to Sto-{J, T) at the origin. 

IfC C C is any subset o/dimjc Z(£(/, T)) variables such that £(/, T) © (C) = (C), 
then f)(/, T) fi K[C'] defines a i-homogeneous subvariety in aI*-'! isomorphic to Sta{t), T). 

Proof. By definition there exist e = \C\C'\ ^-homogeneous linear form /i, . . . , in 
£(/, T) such that {/i, . . . , /g} U C is a basis for the K-vector space of linear forms in 
K[C]. Then f)(/, T) has a set of ^-homogeneous generators of the type 

h+qi,...,le + qe, qe+1, ^e+s (4.6) 

where qi,..., qe+s G K[C'] so that the inclusion 

K[C']/(^.+i,---,^.+.) -^K[C]/f)(/,T) (4.7) 

is indeed an isomorphism (see also [90, Proposition 2.4]). The hypothesis |C'| = 
dimjK £(/, T) ensures that /i, . . . , generate £(/, T) so that qe+i, ■ ■ ■ , qe+s belong to 
(C')^K[C'] and the tangent space at the origin of Z(((je_|_i, . . . , qe+s)) is a linear space 
of dimension IC'I, i.e. aI*-'! itself. □ 
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We may summarize the previous result saying that Stcr{}, T) can he embedded in 
its Zariski tangent space at the origin. This explains the following terminology. 

Definition 4.9. We call embedding dimension of Sto-{J, T) the dimension of the affine 
space aI*--'! defined in Proposition 4.8 and we will denote it by edSta{},T), i.e. 
edSto-{J,T) = \C'\. The complement C" = C \ C is a maximal set of eliminable 
variables for f)(/, T). 

Corollary 4.10. In the above notation, the following statements are equivalent: 

(i) St^{},T) ~ A^'^'5f-(/'^); 

(ii) Stcr{J,T) is smooth; 

(Hi) the origin is a smooth point for Stg-Q, T); 
(iv) edSt4J,T) ^ dim^ Sta{J,T). 

Note that in general a maximal set of eliminable variables (and so its comple- 
mentary) is not uniquely determined. However, if C^.^ G £(/, T), then C^^^ belongs 
to any set of eliminable variables; on the other hand, if Ca,^ does not appear in any 
element of £(/, T), then C^,^ does not belong to any set of eliminable variables. 

There is an easy criterion that allows us to decide if a variable is eliminable or 
not. 

Criterion 4.11. Let us consider two polynomials F, and Fj among those defined in 
(4.4) such that \na{Fi) = x"-', \na{Fj) = x"i and let Cn,;^ be a variable appearing in 
the tail of F,. Using the reduction with respect to / of a ^-homogeneous polynomial 
x'^Fj — x^Fj we can see that: 

(a) if x^^^ i. J and x"'^^^^ is not a monomial that appears in Fj, then Q,^ G £(/, T); 

(b) if ^ / and x^' = x^^^^^ is a monomial that appears in Fj, then — Q ^' G 

Moreover if Ca.^ — C^.^/ G £(/, T), then every maximal set of eliminable variables 
must contain at least either one of them. 
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In most cases the number N = |C| is very big and i){},T) needs a lot of gen- 
erators so that finding it expHcitly is a very heavy computation. On the contrary 
£(/, T) is very fast to compute and so we can easily obtain a set of eliminable vari- 
ables C"; a forgoing knowledge of C allows a simpler computation of the ideal 
f)(/, T) n K[C \ C"] that gives Sta{}, T) embedded in the affine space of minimal 
dimension Ae<i -5*^ (/'^). 

Furthermore, in many interesting cases we can greatly bring down the number 
of involved variables thanks to another kind of argument. 

Theorem 4.12. Let J C ¥.[x] be a Borel-fixed saturated monomial ideal with basis G, m 
any integer and f)(/^m) the ideal ofSta-{J^m) as in Definition 4.3. 

(i) There is a set of eliminable variables for \:){J^m) that contains all variables except at 
most those appearing in polynomials Fi whose leading term is either x'^ G G>,„ or 

iii) Sta{J^m-i) is a closed subscheme of StaiJ^m)- More precisely Sto-{J^m-i) is iso- 
morphic to Sto-{]^m, T), where T contains the complete tail of a monomial in the basis 
of J^m if it is not divided by xq, and a tail containing only monomials divided by xq 
otherwise. 

(iii) Ifxi does not appear in any monomial of degree m + lin the monomial basis of J, then 

Sta{J^m-l) - Sto-iJ^^m)- 

(iv) If x\ appears in N monomials of degree m + 1 in the monomial basis G of J, then 
edStcr{J;>m) ^ ed5i(j(/^m_i) + NM, where M is the number of monomials of the 
basis of J of degree smaller than m. 

(v) Sta{J^m-i) 1^ StaiJ^m) if and only if xi appears in monomials of degree m + lin 
the monomial basis of J and J^m-i 7^ />m- 

(vi) Ifs is the maximal degree of a monomial divided by x\ in the monomial basis of J, then 
Sta{J^s-i) - Staihm) for every m^s. 

Proof, (i) Let us consider any monomial x^ in the monomial basis of J^m which does 
not belong to G^m and such it that could be written as x'^ = x'^x^ where x'^ G G<ot 
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and is a monomial of degree m — \a\, X' ^x'^-'^'. Then among the polynomials 
F; there are: 

P = x-+' + Y.C',x'. 

We have to prove that all the variables C that appear in f ' can be eliminated. The 
S-poIynomial of F and F' is: 

S(F,F') = xlF' - x^'F = Y^C'sx'xl - EC^^^+'- 

No monomial x^Xq in the first summand belongs to because x^ ^ J and / is 
saturated and Borel-fixed. Thus, the linear part of the coefficient of x^x^ in the 
reduction of this S-polynomial will be either C^- or — C^. Then C' is a set of 
eliminable variables for /^„;. 

(ii) The first part of this statement is a special case of general facts proved in [41, 
Section 3]. We directly prove the second part (which implies the first one). Here we 
denote by x'^ and x^ the monomials in the basis of J^m-i of degree m — 1 and > tn 
respectively, and we set: 

Fcc = x" + Y,Ci,fixl^, |a|=m-l 
Fj = x^ + Y^Cy,jx'^ , \^\ ^ m 

where x^ varies among all monomials of degree m — 1 in the tail of x'^ and x'? among 
those of the same degree of x^ in its tail. Applying the procedure described in 
Definition 4.3 on such set of polynomials we define Sto-{}^m-i) by means of an 
ideal f,(/^„,_i) CK[C]. 

The basis of J^m is made by monomials of the following three tj^es: 

• monomials x"^ of degree ^ m, that also belong to the basis of /^m-i; 

• monomials x'^xq such that x" is any monomial of degree m — 1 in the basis of 

• monomials x'^Xi of degree m such that is as above and min(x'*) > x, ^ xq. 
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We set: 

T,i = x'xi + Y,C',i,x^ \T\=m x" <x^xu (4.8) 
f 7 — ^ ~l~ ^7'; ■'^'^ ■ 

Note that we use the same names for some of the coefficients that appears in poly- 
nomials F and f , so that F^o = ^oFa and Fy = Fy. 

Applying the procedure described in Definition 4.3 on the set of polynomials F 
we obtain an ideal t)' C K[C, C] defining Sto-{}^„,, T). 

Thanks to (/) we know that C is a set of eliminable variables for f}' and so 
Sta{]^m, T) is also defined by f) = f)' n K[C]. The statement follows once we show 
that I) = f)(/^m-i)- 

In order to eliminate the variables C we consider every monomial x'^Xi = in (Fa, ) 
and reduce it using the polynomials F. In this way we obtain a polynomial H^, G 
(F)K[X, C] such that x'^xi + H^i is completely reduced w.r.t. /. Then also x*x,xo + 
HcciXo + E C'l^iT-^-^^o (i-e. Ffl.;Xo + H^/Xo) is reduced modulo / and moreover it belongs 
to {F)K[X,C,C'] because xqF C {F)K[X,C,C']. The coefficients of the monomials 
in the variables x belong to i}', because the ideal f)' is generated by the coefficient 
of monomials in x in the polynomials in (F)K[X, C, C] that are reduced modulo 
Jm-i or modulo /, which is the same (Proposition AA(ii) and Theorem 4.5). The 
coefficients of the monomials in x of F^jXQ + H^iXo are also the coefficients of the 
monomials in x of F^i + Hcd, and are precisely the set of polynomials of the type 
^'air ~ 'PdiriC) that allow US to eliminate the variables C. So the elimination of C is 
obtained simply putting C^-^ = ^^/^(C). In this way F^, becomes — H^^, that belongs 
to (G)]K[X,C]. 

The ideal f), obtained from \)' eliminating C' , can also be obtained first eliminat- 
ing C and after taking the coefficients of the monomials in x, because the procedure 
of eliminating C' and that of taking coefficients. So \) is generated by the coefficients 
of monomials in x of polynomials in (xoGa, —H^i, G-y)K[X, C] that are reduced mod- 
ulo /. Hence!) C f,(/^„,_i) because (xoG„,-H^,vG^)]K[X,C] C (G)K[X,C]. 

On the other hand, xo(G)K[X,C] = (xoG«,xoG-y)]K[X,C] C (xoG<,,Gt,)K[X,C]. 
Moreover two polynomials Q and XqQ have the same coefficients of the monomials 



166 



Chapter 4. Borel open covering of Hilbert schemes 



in X and either one is reduced modulo / if and only the other is. Hence we obtain 
the opposite inclusion f)(/^„,_i) C f). 

(in) We use (ii) and prove that in the present hypothesis, Sto-{}^m) — Sto-{]^m, T), 
where T is defined as in (ii). Following Definition 4.3, we obtain the ideal t)(/>m) of 
Staihm) using: 

Note that Fa.; and F-y are as in (//), but all the degree m monomials of the tail of Xqx'^ 
appear in F^q, and not only those divided by xq. 

For every monomial x'^ of degree m — 1 in the basis of ]m-i, let us consider the 
S-polynomial: 

By hypothesis no monomial appearing in it belongs to In fact x^^Xi G / if and 
only if it is a minimal generator of /, which is excluded by hypothesis because 
its degree is m + 1, or it is of the type x'^Xa with x** minimal generator of /,„ and 
Xa = min(xf'xi) = xi, while x'' ^ /,„. Then S(F"q, F^i) is already reduced with 
respect to ]m and so the coefficients of the monomials in x belong to i}{J^m)- Espe- 
cially, as both x^xiXq and x^xq are multiple of xq, while x^xi is not, the coefficient 
of xf'xi is simply C"^ so that each C'^^ belongs to i}{J^m)- Hence we can eliminate 
all the variables C", just putting them equal to 0. In this way F"q becomes F^o as in 
(4.8) and Stg-Q^m) — Sto-{}^m,T), where T is as in (ii), and we conclude because 

(iv) By (//), we know that edSt(j{]^m) ^ edStcr{]^m,T) = Sta{}^m-i), where 
the tails defined in T contain only monomials divided by xq. Let us now consider 
a monomial x"^ among the generators of / of degree smaller than m and a generator 
x'^ of degree m + 1 divided by Xi. Computing the stratum Sto-{}^„,), in the tail of 
x'^x^ there is the monomial x^ = x'^/xi not belonging to T. Let us call D the 
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coefficient of x^, that is 

F = x''x^-^''^+... + Dxf' + .... 

Thinking about the Eliahou-Kervaire syzygies of the ideal /, it is easy to see that in 
any S-polynomial, f is surely multiplied by a monomial minx^ > minx^Xg' = 
0. Therefore in every S-polynomial the monomial x^x^ = {x^Xi)x^' belongs to / be- 
cause of the Borel-fixed hypothesis, so that it can be reduced. Finally there is no 
equation involving the variable D, so it is free and it cannot be eliminated. Repeat- 
ing the reasoning for the M minimal generators of degree smaller than m + 1 and 
for the N generators divided by Xi of degree m + 1, we obtain the thesis. 

(v) and (vi) straightforward applying (iv) and (Hi). □ 

With the following examples, we want to underline again the not so crucial role 
played by term ordering in this construction (Example 4.1.3) and we want to show 
(Example 4.1.4 and Example 4.1.5) that the estimate of growth of the embedding 
dimension of the stratum introduced in Theorem A.12(iv) is a lower bound. 

Example 4.1.3. Let us consider the ideals 7 = (X3, X2X1) and 1^2 = (^3/^3^2/^3^!/ 
X3X0, X2, X2X1) in the ring K[xo, xi, X2, X3] and the Grobner strata of the ideal 1^2 ac- 
cording to two different term orderings: 5fDegLex(J^2) and StDegRevLexihi)- In 
the first case there are 24 monomials in the complete tails, i.e. 24 new variables C, 
whereas in the second case they are 23, so we may guess that the family of the ideals 
with initial ideal 1^2 w.r.t. DegLex could be different from the family of the ideals 
with initial ideal 1^2 w.r.t. DegRevLex. 

However applying Theorem 4.12, we can see that >StDegLex(J^2) — '?fDegLex(J) 
and 5iDegRevLex(J^2) — ^^DegRevLex (J) • Now the tails of the 3 monomials that gen- 
erate I are the same w.r.t. both term orders and then (see Remark 4.1.1) 

>5iDegLex(J^2) — '5fDegLex(J) = t^fDegRevLex (J) — t^fDegRevLex (^^2) • 

Example 4.1.4. Let us consider the pol}momial ring K[xo, Xi,X2, X3], the ideal / = 
(xj, X3X2, X3x|, X2, X2X^) and the term ordering co given by the matrix (2.41) with 
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second row equal to (23, 5, 2, 1). By the previous theorem we know that 

StM - St^ih^), 

St^iJ^^) ~ St^{};,5) ^ StUhe), 

Sta,{J^7) -St^{]^,n),ym^8 

and 

edSt^{}^4)^edSt^{})+2 edSt^iJ^y) ^ edSt^{}^4) +3 

By an explicit computation, ed5fa;(/) = 46, edStco{}^4) = 50 and ed5fa;(/>7) = 
56. 

Example 4.1.5. For any term ordering a, there are at most two possible classes of 
isomorphism for the strata Sto-{L^m), where L C K[:t] is a saturated lexicographic 
ideal: Sta{L) and Sta{L^r-i), where r is the maximal degree of a minimal generator, 
in fact the variable Xi appears (if it does) only in the generator of degree r. Called b 
the number of generators of degree r, applying Theorem A.12(iv), we have 

edSta{L^r-i) ^edStaiL)+n-b. 

If the monomial of maximal degree in the basis does not contain the variable xi, 
we have Sto-{L^m) — Stij{L), V m. 

We conclude this section with a result similar to the one stated in Theorem 4.12 
that concerns only the case of Grobner strata w.r.t. DegRevLex. 

Proposition 4.13. Let J he a Borel-fixed saturated ideal and let us consider the DegRevLex 
term ordering. Then 

St^ 

egRevLex(/) — ^fDegRevLex 

Proof. The arguments to achieve the proof are very similar to the arguments used in 
the proof of Theorem 4.12. First of all let us consider the monomials 

corresponding to the monomial basis G of / and the ideal tj (/) C IK[C] of the stratum 

Stu egRevLex 

(/)• 
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In order to compute 5^DegRevLex(/>m)/ we have to consider again polynomials 
Fa as before if x'^ S G^,„ and new polynomials such that in(fae) = V x"^ S 
G<m and V of degree m — \oi\, especially x'^x'^ '"^L Then by the definition itself 
of DegRevLex, the tail of x'^x'^ contains exactly the monomials in the tail of x'^ 
multiplied by x^ . So we can write 

_ _ ix'^+' + ZElsxt VxV<"''l 
(x%"-^'\ +j:C,f,xf^x'^-\'^ = x^l'^lf,, if = x^l^l 

hence f)(/>m) C K[C, £] (note that in the present case variables D do not appear by 
construction). 

By Theorem 4.12(0, we know that all the variables £ can be eliminated. By the 
same reasoning used in the proof of Theorem 4.12(ii), the ideal f) = i){}^m) n IK[C] 
contains the coefficients of the monomials in z of a set of S-polynomials correspond- 
ing to a set of the S-pol}momials of the monomial basis of /: so 5iDegRevLex(/) — 

egRevLex 



4.2 Open subsets of the Hilbert scheme I 

We now discuss the relation between Grobner strata and Hilbert schemes, so in this 
section we will use again the main related notation. Given a Hilbert polynomial 
p{t), r will denote its Gotzmann number, N(i) = ("+') and q{t) = N(i) - p(i). 

Lemma 4.14. Let J C ]K[x] be any monomial ideal defining a subscheme Proj ]K[x]// C 
P" with Hilbert polynomial p{t) and let a be any term ordering. Then (at least set- 
theoretically) StaiJ) C Hilb|5(f). 

Proof. Let I be any ideal in St^i]). By hypothesis \ncr{I) = J and then I and / share 
the same Hilbert function. Therefore I defines a subscheme with Hilbert polynomial 
p{t), i.e. a point of Hilbp^j^. □ 

Now we will see that with some restriction the set-theoretic inclusions are in 
fact algebraic maps and that for some special ideals they are indeed open injec- 
tions. The crucial point is that the stratum structure (and so its injection in the 
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Hilbert scheme) depends on the ideal / and not on the the corresponding subscheme 
Z = Pro] K [x] I }. For instance the stratum of the saturated lexicographic ideal L 
associated to the Hilbert polynomial p{t) is not in general isomorphic to an open 
subset of Hilbpj^f-) (see [90] and Example 4.1.5), whereas, as we will see, the stratum 
of its truncation L^r is an open subset of the Reeves-Stillman component of Hilbp^f^ . 

Let / = J^r be a monomial ideal with Hilbert polynomial p{t) (and Gotzmann 
number r) and let a be any term ordering. As seen in the previous section, every 
ideal I such that \r\o-{I) = J has a (unique) reduced Grobner basis {/i,. . 
where /, is as in Definition 4.2. Not every ideal generated by q{r) polynomials of 
such a type has / as initial ideal. In order to obtain equations for Sto-{]) we consider 
again the coefficients c^.^ appearing in the /, as new variables; more precisely let 
C = {Cfl.,^, z = 1, . . ■ ,cj{r), ^ /,• and x'^' >a x^} be new variables and consider 
q{r) polynomials in K[C] [x] of the following type: 

Fi = x--+ Q,^x^. (4.9) 

We obtain the ideal {)(/) of Sta{J) collecting the coefficients (polynomials in K[C]) 
of the monomials in x of some complete reduction with respect to Fi, . . . , F^(r) of 
all the S-polynomials S(f,-,f,), corresponding to a set of generators for Syz(/) (see 
Theorem 4.5 and Proposition 4.4(f)). 

Proposition 4.15. In the above notation, let J = J^r be a monomial ideal with Hilbert 
polynomial p{t) and let A be theq{r) (n + 1) x N{r + 1) matrix whose columns correspond 
to the monomials in ]K[x]r+i and whose rows correspond to the polynomials XjFi, for all 
i = 0, . . . ,n and i = 1, . . . ,q{r) (and the entries are polynomials in K[C] corresponding to 
the coefficients of the monomials in x). Then the ideal [){]) of the Grobner stratum Sto-{J) 
is generated by the minors of A of dimension q{r + 1) + 1. 

Proof. By abuse of notation we write in the same way a polynomial and the corre- 
sponding row in the matrix A. It is quite evident by elementary arguments of linear 
algebra, that the ideal o C K[C], generated by all minors of dimension q{r + 1) + 1 
does not change if we perform some row reduction on A. Let G he a set of q{r + 1) 
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rows whose leading terms are a basis of If x;,f, ^ Q, then it has the same lead- 
ing term than one in Q, say Xj^Fj; we can substitute x/,f,- with x^F; — x^F,-. In this way 
the rows not in Q become precisely all the S-polynomials S{Fi,Fj) that have r + 1 
w.r.t. the variables x. 

At the end of this sequence of row reductions, we can write the matrix as follows: 



where D is a q{r + 1) x q[r + 1) upper triangular matrix with I's along the main di- 
agonal, whose rows correspond to G and whose columns correspond to monomials 
in Jr+i- 

Using rows in Q, we now perform a sequence of rows reductions on the follow- 
ing ones, in order to annihilate all the coefficients of monomials in /r+i, that is the 
entries of the submatrix S: if fl(C) is the first non-zero entry in a row not in Q and 
its column corresponds to the monomial x'^ S J^+i, we add to this row —a{C)xk_Fj, 
where x^^Fj G Q and ^(^{x^Fj) = x^ . This is nothing else than a step of reduction 
with respect to {Fi, . . . , F^(,,) }. At the end of this second turn of rows reductions, we 
can write the matrix as follows: 



where the rows in (D | £) are unchanged whereas the rows in (0 | R) are the coeffi- 
cients of the monomials in x of the complete reductions of S-polynomials of degree 
r + 1 w.r.t. variables x. Then a is generated by the entries of R and so a C f}(/). 

We can see that this inclusion is in fact an equality taking in mind Theorem 2.20 
and Proposition 4.4(i?): the first one says that Syz(/) is generated in degree r + 1 and 
the second one that in this case t} (/) is generated by the coefficients of the monomials 
in X of complete reductions of the S-polynomials S(F/, F,) of degree r + 1 w.r.t. the 
variables x. □ 

The following corollary just express in an explicit way two properties contained 
in the proof of Proposition 4.15. 




(4.10) 




(4.11) 
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Corollary 4.16. In the above notation: 

• the ideal is generated by the entries of the submatrix R in (4.11); 

• the vector space £(/) is generated by the entries of the submatrix L in (4.10). 

Let us now look briefly at the construction of the Hilbert scheme from a local 
perspective, that is finding equations of the open subset U^^ n Hilbp(f^ for any open 
affine subset of the Grassmannian GrK{q{r), N{r)) given by the non-vanishing 
of a Pliicker coordinate Aj. Since the base vector space is that one spanned by the 
monomials of degree r in ]K[x], we can associate to any Pliicker coordinate a mono- 
mial ideal / generated by q{r) monomials of degree r. Therefore we will denote by 
Uj and T-Lj respectively the open subsets of GrK{c] {r) , N {r)) and of Hilbp^^j-) corre- 
sponding to the the Pliicker coordinate associated to the ideal /. 

In a natural way Uj is isomorphic to the affine space A."^^^^ (^('')^'?(')) indeed, if 
7 = . . . , x*''") ), every point in Uj is uniquely identified by the reduced, ordered 
set of generators (^i, . . . , ) of the type gj = x'^' + c^^^x^, where c^.^ G K and x^ 

is any monomial in K[z]^ \ /. Then we consider on A"^*^' ' ('^('')^'?('')) the coordinates 
Ca;/3. Note that each Ca,^ naturally corresponds to the Pliicker coordinate associated 
to the ideal /' = (x'^i, . . . , x'^'-\ x^, x'^'+\. . . , x'^i^'i ) (but of course not all the Pliicker 
coordinates are of this type). 

Now we can mimic the construction of Grobner strata and obtain the defining 
ideal of Hj as a subscheme of p^i^'''>{^^''>^'^^'^) . Let us consider the set of variables 
C = = l,...,^?(r), G K[x],. \/} and q{r) polynomials Fi, ... ,F^(,) in 

K[C][x] of the type: 

Fi = X-' + £ Cccfixf" (4.12) 

|/S|=r 

and let A be the (n + l)q{r) x N{r + 1) matrix representing the polynomials XjFi 
(as the matrix A represents the polynomials XjFi in the proof of Proposition 4.15). 
Then consider the ideal o(/) C IK[C] generated by the minors of A of dimension 
^?(r + l) + 1. 

Proposition 4.17. a(/) is the ideal ofJij as a closed subscheme of A'^^''^P^''\ 
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Proof. Every ideal I ^ Uj can be obtained from (fi, . . .,fg(,.)) speciaHzing (in a 
unique way) the variables Ca^^ to c^i^ S K. Obviously not all the specializations 
give ideals I S T-Lj, that is with Hilbert polynomial p{t), because we have to ask 
both dim]K I,- = q{r) and dimjc Ir+i = c]{r + 1): thanks to Gotzmann's Persistence 
Theorem we know that these two necessary conditions are also sufficient. 

In the open subset Uj the first condition always holds and the rank of every 
specialization of ^ is ^ q{r + 1) hy Macaulay's Estimate on the Growth of Ideals. 
Therefore is given by the condition rank A ^ q{r + 1). □ 

Let us know consider a special ordering of Pliicker coordinates. We write the 
q{r) monomials generating the ideal associated to the Pliicker coordinate in decreas- 
ing order with respect to a; then given Ji = (x**! >a ■ ■ ■ >a x'^f<')) and J2 = (x'^i >a 
■ ■ ■ >a )/ then Ji > J2 if x'^' = x'^' for every i = 1, . . . , s — 1 and x'^' >o- x"^^ (i.e. 
a lexicographic order on the "alphabef'of the monomials of degree r ordered w.r.t. 

(7). 

It is now easy to compare, for the same monomial ideal / = /^^ with Hilbert 
polynomial p{t), the Grobner stratum Sta{}) and the open subset Tij. We underline 
that for our purpose it will be sufficient to consider the open subsets Tij correspond- 
ing to monomial ideals / defining points of Hilbp^^y because (scheme-theoretically) 
they cover Hilb^^fj. Indeed, if / has Hilbert polynomial p{t), also \r\a{I) does and so 
^ e Hin,,(7)- 

Theorem 4.18. Let p{t) he any admissible Hilbert polynomial in P" with Gotzmann num- 
ber r and let a be any term ordering. 

(i) IfJ = J^r is a monomial ideal with Hilbert polynomial p{t), then Sta{J) is naturally 
isomorphic to the locally closed subscheme o/Hilbp^j^ given by the conditions that the 
Pliicker coordinate corresponding to J does not vanish and the preceding ones vanish. 

(ii) For every isolated, irreducible component H o/Hilbp^f^ there is a monomial ideal J = 
J^r '(vith Hilbert polynomial p{t) such that an irreducible component o/Supp Stg-{]) 
is an open subset of Supp H. Then Supp H has an open subset which is a homoge- 
neous affine variety with respect to a non-standard positive grading. 
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(in) Every smooth irreducible component H of Hilbp^f-j is rational. The same holds for 
every smooth, irreducible component o/Supp Hilbp^^f-j. 

Proof, (i) We obtain the two affine varieties St a (/) and j in a quite similar way. The 
only difference comes from the definition of the set of polynomials Fi, . . . , F^(^) given 
in (4.9), leading to equations for Sto-{J), and the set of polynomials Fi, . . ■ ,Pq{r) 
given in (4.12), leading to equations for Hy. in F, the sum is over all the degree r 
monomials ^ } whereas in F,- we also assume that <a irio-(F,) = x"^'. Therefore 
we can think of St a {}) as the affine subscheme defined by the ideal f)(/) in the ring 
]K[C][X], where C = {C^.fi \ i = 0,...,q{r), xf^ G K[x]r \ J} generated by i}{J) and 
by {C^.fi I >a in^(F,)), namely !)(/) = f)(/)K[C] + (C\C). Now we can conclude 
because the Pliicker coordinates before that associated to / vanish if and only if all 
the Cfl.;^ such that x^ >cr ino-(F,) vanish. 

(ii) As J varies among the finite set of the monomial ideals in Hilbpj-fy the 
Grobner strata Sto-{}) give a set theoretical covering of Hilbp^^j by locally closed 
subschemes. Then there is a suitable ideal / such that an irreducible component of 
Supp Stcr{J) is an open subset of H. The support and the irreducible components of 
the support of Sto-{J) are homogeneous (see [16, Section IV.3.3] and [32, Corollary 
2.7]), having Sto-{}) a structure of homogeneous affine scheme with respect to a 
non-standard positive grading £. 

(Hi) If H is a smooth, irreducible component of either Hilbp^^^ or Supp Hilb^^fj, 
then it is also reduced. Thanks to the previous item we know that an open subset 
of H is an affine homogeneous variety with respect to a positive grading. More- 
over this open subset is also smooth and so it is isomorphic to an affine space, by 
Corollary 4.10. □ 

Remark 4.2.1. Let / be a monomial ideal in Hilbp^^) and let a(/) C K[C] the ideal 
of T-Lj. It is possible to define a grading £' on K[C] such that a(/) becomes homo- 
geneous, by the analogous definition: i'{Ca,.^) = ^ if Ca^^ appears in F, (4.12). 
However this grading i' is not necessarily positive and so it gives less interesting 
consequences. 

If an irreducible component H of Hilb^j^j^ is also reduced. Theorem 4.18 insures 
that there is an open subset of H which has the structure of homogeneous variety 
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with respect to a positive grading induced from that of a suitable Grobner stratum 
Stcr{}). On the other hand, in the case of a non-reduced component we only know 
that the support of a suitable open subset is homogeneous with respect to a positive 
grading, but this does not imply that the open subset itself is homogeneous. 

The proof of Theorem 4.18 suggests that whenever there do not exist monomi- 
als >a iri(j(f,) not belonging to the ideal /, the constructions of Stg-Q) and T-Lj 
are substantially equal, hence the hilb-segment ideals introduced in Definition 2.60 
assume a great importance. 

Corollary 4.19. Let p{t) be a Hilbert polynomial with Gotzmann number r and let J = J^r 
be a hilb-segment ideal (and so Borel-fixed) such that Jr defines a point in the Grassmannian 
GrK((|(r),N"(r)). IfK.[x]/J has Hilbert polynomial different firom p{t), then the open 
subset H] o/Hilbp(() is empty. 

Proof. Called a the term ordering realizing / as hilb-segment ideal, any point I G Tij 
should belong to the Grobner stratum Sto-{J), that is it should share the same Hilbert 
polynomial of /, which is not p{t). □ 

The first of the following examples highlights both that Theorem 4.18 does not 
hold for a monomial ideal / defining a point of GrK(i?()'), N(r)) but not of Hilbp^j^ 
and that Corollary 4.19 does not hold for a monomial ideal / in GrK{q {r) , N {r)) 
which is not a hilb-segment ideal. Moreover Example 4.2.3 presents a concrete case 
of empty T-Lj as discussed in the previous corollary. 

Example 4.2.2. Let us consider the constant Hilbert polynomial p{t) = 2 in P^. 
Hilb2 is irreducible of dimension 4 (see [50]). The monomial ideal / = (xj, ^2X1, x^, 
Xq) is generated by 4 monomials of degree 2, but does not belong to Hilb2 because 
its radical is the irrelevant maximal ideal. However, Tij is non-empty because it 
contains for instance all the reduced subschemes given by couples of points [1 : a : 
b], [1 : a' : b'] G P'^ such that ab' 7^ a'b. By the way, Sto-{J) cannot have any common 
point with Hilb2. 

Example 4.2.3. Let us consider the Hilbert polynomial p{t) = At and the projective 
space P'^. The Gotzmann number is 6, so that the Hilbert scheme Hilb^j is em- 
bedded in the Grassmannian GrK(60,84). The ideal / generated by the greatest 60 
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monomials in K[xo, Xi, X2, x^](, w.r.t. DegRevLex defines by construction a segment 
{Jr} C V{3,6) and has constant Hilbert polynomial p{t) = 24. Thus / defines a 
point of Gr]K(60, 84) not belonging to Hilb|(, therefore 7ij is empty. 

Corollary 4.20. Let p{t) he an admissible Hilbert polynomial in P" and let H be an isolated 
and irreducible component o/Hilbpj-f). If H contains a point defined by a hilb-segment 
ideal J w.r.t. some term ordering a, then Sta{J) is an open subset of H, so that H has an 
open subset which is an homogeneous affine variety with respect to a non-standard positive 
grading. 

Proof. If / is a hilb-segment ideal, then there are no Pliicker coordinates preceding 
that one associated to /. Thus Sto-{]) — Tij (see Theorem 4.18) and so Tij is an affine 
homogeneous scheme with respect to a positive grading. □ 

Corollary 4.21. Let J C K[x] be a hilb-segment ideal w.r.t. some term ordering a defining 
a point of the Hilbert scheme Hilb^^jj and let H be an irreducible component o/Hilbp^j^ 
containing the point defined by J. If either of the following condition holds: 

1. Sta{J) is an affine space, 

2. J is a smooth point of StaiJ), 

3. JisasmoothpointofHilbljf^fy 
then H is rational. 

Proof. Straightforward consequence of the previous result and of Corollary 4.10. □ 

4.2.1 The Reeves and Stillman component of Hilbp^^^ 

A nice application of the results just proved concerns the component of the Hilbert 
scheme Hilbp(f-) containing the point defined by the lexicographic ideal L C K[x] 
associated to the Hilbert polynomial p{t). This component is unique and it is usu- 
ally denoted by Hrs and called Reeves ans Stillman component of Hilbp(f) because 
in [87] they prove that the point of Hilbp^^fj corresponding to Proj K[x] /L (the lexi- 
cographic point) is smooth. 
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Putting together the smoothness of the lexicographic point and Corollary 4.21, 
we obtain the following property. 

Corollary 4.22. The Reeves and Stillman component Hrs '^/Hilbp^f-j is rational. 

Reeves and Stillman get the proof by a computation of the Zariski tangent space 
dimension; however we are able to prove the same result applying our technique as 
a theoretical tool. Mimicking the notation used in [87], we denote by L(&0/ • • • / bn-i) 
the truncation of the lexicographic ideal (2.40) in degree r = Yli ^i, i-e. the hilb- 
segment ideal w.r.t. DegLex 

L(&0/ • • • / bn-l) = ^^"^ I ^DegLex ^ ■ ■ ■ ^j^"^ • 

Theorem 4.23. The Grobner stratum 5fDegLex {l-{bo, ■ ■ ■ , bn-i)) of the lexicographic ideal 
associated to the Hilbert polynomial p{t) is isomorphic to an ajfine space. Therefore the 
component Hrs o/Hilb^^fj is rational. 

Proof. Thanks to Corollary 4.21 we can obtain the complete statement proving that 
the Grobner stratum ^^oegLexli-C^O/ • • -/^n-i)) is an affine space, that is showing 
that a same number is both a lower-bound for its dimension and an upper-bound 
for its embedding dimension; the first part corresponds to Theorem 4.1 (here in 
terms of initial ideals) and the second one corresponds to Theorem 3.3 of [87]. 

We proceed by induction on the number n of variables and on the Gotzmann 
number r. In order to obtain an upper-bound for the embedding dimension we 
look for a maximal set of eliminable variables C" C C, using Criterion 4.11. If 
{x*^!, . . . , x'^" } is the monomial basis of the saturation L of L{bQ, . . . , bn-\), then we 
can assume to order the polynomials Fi, . . . , Fg(r) G K [C] \x\ (that we use to construct 
St^ 

egLex {Li^Q,... ,bn-\))) so that 

iriDegLex(fl) — X'^^Xq >DegLex " " " ^DegLex 

inDegLex(fn) = x'^"Xq So by Theorem 4.12 we can initially consider a set of 
eliminable variables C", containing all the variables C^./s appearing in Fj for every 
; > n. 

Step 1 The zero-dimensional case: iS^DegLex (^-(^0/ • • • / 0)) ~ A"^°. 
Claim li. dim5tDegLex (£-(^'0/ • • • /O)) ^ nbo. 

The zero-dimensional scheme Z of bo general points in P" has Gotzmann number bo 
and Hilbert polynomial p(i) = bo. Moreover inoegLex (J(Z)^bJ ^ L{bo, . . . ,bn-i), 



178 



Chapter 4. Borel open covering of Hilbert schemes 



because for every monomial >DegLex x\° we can find some homogeneous poly- 
nomial of the type x'^ — I^yl^ '^7^1" ^^0 vanishing in the bo points of Z: we can find 
the Cj's solving a &o x &o linear system with a Vandermonde associated matrix. As 
both inDegLex(J(Z)^i,(,) and L(&0/0, ... ,0) are generated in degree bo, they coincide; 
so I{Z)^r S 5tDegLex(i'(^0/0/- • -/O)) and we conclude since we can choose Z in a 
family of dimension nbo- 
Claim lii. edStoegLeK{l{bo, ■ ■ ■ ,0)) ^ nbo- 

The saturation of L{bo, 0, . . . , 0) is the ideal {xn, Xn-i, ■ ■ ■ ,X2, x'^^), which is generated 
by n monomials; moreover there are only bo monomials of degree bo not contained 
in L{bo, 0, . . . , 0): Theorem 4.12 leads to the conclusion. 

Step 2 If 5iDegLex(£'(0,&l,. . .,&„_l)) ~ A'^ then 5fDegLex(£'(&0,&l/- • w&n-l)) - 
pK+nbo^ 

Claim 2i. dim^^DegLex (i'(&0/ ^1/ • • • / ^ dim^^DegLex (£-(0, . . . , &„_l)) + 

nbo = + nbo- 

Let y be any closed subscheme in P" such that l{Y)^r S tSioegLex (£-(0/ bi,..., b„-i)) 
and consider the set Z of bo points in P". If we choose the bo points in Z gen- 
eral enough, then I{Z U Y) = I{Z) ■ I{Y). Then we conclude thanks to the previ- 
ous step, as inDegLex(J(Z)) = L(bo,0,. . .,0) and L{bo, . . . ,bn-i) = L{bi, . . . ,bn-i) ■ 
L{bo,...,0). 

Claim 2ii. ed ^ioegLex (£-(^'0/ bi, . . . , bn-i)) ^ ed ^foegLex (£-(0, . . . , b„_i)) + nbo = 
K + nbo. 

First of all, let us consider all the polynomials F, such that ^g^" | inDegLex(f!) 
and the set of variables C^,^ appearing in them such that = x^'^x'q'^^ for some 
monomial x^^ ^ L(0, bi, . . . , b„_i): a multiple of x^ belongs to L{bo, . . . , f'n-i) if arid 
only if the corresponding multiple of belongs to L(0, bi, . . . , bn-i)- Then f, = 
x'q'^°F^^^ + . . . , where the f .^^^'s are the polynomials that appear in the definition of 
^foegLex (£-(0/ bi, . . . , • Using the S-polynomials involving pairs of such poly- 

nomials we see that £(L(0, bi, . . . ,b„-i)) C £(L(&o,- • .,&,3-i)); thus all the variables 
Q;/3 of this type are eliminable, except at most K = ed ^^DegLex (£-(0/ bi,..., 
of them. 

Moreover, for every i ^ n there are bo variables Ca.^ such that x^ ^ L{bo, ■ ■ ■ , bn-i), 
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e L(0, . . . , bn-i): there are x^"^^ ■ ■ ■ x^^x^ 'x'^, j = l,...,bo. If we specialize to 
all the variables of the two above considered types, the embedding dimension drops 
atmostby ed5iDegLex(£'(0,&i,. . .,&„_i)) +nbo = K + nbo- 

Now it will be sufficient to verify that all the remaining variables C^^^ are elim- 
inable, using Criterion 4.11. Assume that x^ <DegLex 

• If z > n, all the variables are eliminable using those appearing in Fi, . . . , F„, 
thanks to Corollary 4.12. 

• If z < n, using S{Fi,Fj), where inDegLex(f;) = x'^'x'^ we see that Ca^^ G 
£{L{bo,...,bn-i)). 

• If z = n, using S{F„,F„_i) = X2XQ°'^Fn - x\°F„_i, we see that C^,,^ G S.{L{bo, 

(note that by the previous item Ca„_i/3' G £(L(&o, • • • , &n-i)))- 

Step 3: If L(0,fli,. . .,fl„_i) ~ A*^i then L(0,fli, . . . ,flrf) ~ A^2 where d is the 
maximal index < n such that ^ (the degree of the Hilbert polynomial) and 

K2 = Ki + {n- d){d + 1) + - 1 (or K2 = Ki + (''"-;+") -Hid does not 

exist). 

Here we compare the ideal L(0, ai, . . . , fln-i) ^ K[x] and the ideal L(0, a^,. . . , a^^) in 
K[xq, ...,Xii]. Observe that both L(0, fli, . . . , fln-i)*"^' and L(0, fli, . . . , fl^)^^* fulfill the 
hypothesis of Theorem 4.12(f f) (see also Example 4.1.5); then it holds 

egLex 

{L{bo,...,b„_i)) ~ ^^DegLex {F{0, a^, . . . , Un^iY^^) , 

egLex 

(L(0,fli, . . . ,fl(j)) — 5iDegLex (^-(0,01, . . ■ • 

The statement for the saturated ideals L(0,fli, . . . arid L(0,ai, . . . ,fl^)^^' is 

proved using the same technique as above in [90, Corollary 5.5]. □ 
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I think that the main advantageous aspects of this approach for a local study of 
the Hilbert schemes are: 

(+1) the possibility of exploiting Grobner bases tools. Through both theoretical 
improvements of algorithms and the constant development of computers, this 
theory provides very efficient methods to study many non-trivial cases; 

(+2) Theorem 4.12 allows to reduce the number of parameters required for the de- 
scription of open subsets of Hilbp(f), that in general is very large, being the 
Hilbert scheme embedded in a suitable Grassmannian. 

On the other hand, there are also some critical aspects: 

(— 1) the ideals for which the Grobner stratum is an open subset of Hilb^^f^ are 
hilb-segment, i.e. Borel-fixed, but as seen in Section 2.7 not every Borel-fixed 
ideal is a hilb-segment ideal, hence there could be components of Hilb^j^f^ not 
containing hilb-segment ideals, i.e. components that can not be studied by 
means of Grobner strata; 

(—2) by Lemma 4.14 we know that considering "all" the monomial ideals with a 
fixed Hilbert polynomial p(t) and the associated Grobner strata we can cover 
set-theoretically the Hilbert scheme Hilb^^jj. Two questions that arise imme- 
diately are 1. what about the scheme structure? 2. is there a smaller set of 
monomial ideals sufficient to cover all the Hilbert scheme? 

(—3) Theorem 4.12 says also that many of the parameters considered in the costruc- 
tion of the Grobner stratum are eliminable, so from an algorithmic point of 
view it would be preferable to avoid to introduce them. 

Thus the first goal has been to generalize the construction of Grobner strata to 
a generic Borel-fixed ideal. The main problem is that avoiding the use of a term 
ordering we give up some of the basic tools we used, primarily the Buchberger's 
algorithm and the associated noetherian reduction of polynomials. In next section 
we introduce a new noetherian reduction procedure which does not use any term 
ordering. 
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4.3 Cioffi and Roggero's results 

In this section we recall the main results exposed in the paper by F. Cioffi and M. 
Roggero "Flat families by Borel-fixed ideals and a generalization of Grobner bases" 
[22] adapting the notation to that used so far. 

From now on, for any monomial ideal / C K[x] we will denote by Gj the set of 
minimal generators of / and by A/'(/) its sous-escalier, that it the set of monomials 
not belonging to /. 

Lemma 4.24. Let ] bea Borel-fixed ideal in K[x]. Then: 

(i) x-e]\Gj => -^e}; 

mm x'^ 

(ii) x^ ^ J and XiX^ G / => either XiX^ G Gj or x, > minxl^. 

Proof. Both properties follow from the combinatorial characterization of Borel-fixed 
ideals. □ 

For any monomial G K[x], we will denote by x- the monomial obtained 
from x"' with the substitution xq = 1, i.e. a = [oco, ■ ■ ■ ,(X-n) — > ^ = (0, ai, . . . , 
Analogously for any monomial ideal / C K[x], / will be the ideal generated by 
{x- I X* G Gj}. Note that if / is a Borel-fixed ideal / coincides with 

Definition 4.25. For any non-zero homogeneous polynomial / G K[x], the support 
of / is the set Supp / of monomials that appear in / with a non-zero coefficient. 

Definition 4.26 ([88]). A marked polynomial is a polynomial / G K[x] together with 
a specified monomial of its support Supp / that will be called head term of / and 
denoted by Ht(/). 

Remark 4.3.1. Although we mainly use the word "monomial", we say "head term" 
for coherency with the notation introduced in [88]. Anyway, there will be no pos- 
sible ambiguity on the meaning of "head term of /", because we will always use 
marked polynomials / such that the coefficient of Ht(/) in / is 1. 
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Definition 4.27 ([22]). Given a monomial ideal / and an ideal I, a } -reduced form 
modulo J of a polynomial h is a polynomial ho such that h — Hq ^ I and Supp Hq C 
N'{J)- A polynomial is }-reduced if its support is contained in A/'(/). If there is a 
unique /-reduced form modulo I of h, we call it } -normal form modulo I and denote 
it by Nfj{h). 

Note that every polynomial h has a unique /-reduced form modulo an ideal I 
if and only if A/'(/) is a K-basis for the quotient K[x]/J or, equivalently, K[x] = 
I © (A/^(/)) as a K-vector space. If moreover I is homogeneous, the /-reduced form 
modulo J of a homogeneous polynomial is supposed to be homogeneous too. These 
facts motivate the following definitions. 

Definition 4.28. A finite set G of homogeneous marked polynomials fa = x'^ — 
Cu^x^, with Ht {fct ) = x**, is called ] -marked set if the head terms Ht ) are pairwise 
different, form the monomial basis Gj of a monomial ideal / and every x^ belongs 
to Af{]), i.e. |Supp/ n /I = 1. We call the polynomial Ht(/a) — fa tail of fa and we 
denote it by T{fa), so that Supp T{fa) ^ A/'(/). A /-marked set G is a J-marked basis 
if A/'(/) is a basis of K[x] / (G) as a K-vector space. 

Definition 4.29. The family of all homogeneous ideals I such that A/'(/) is a basis 
of the quotient K[x]/J as a K-vector space will be denoted by Mf{J) and called /- 
marked family . If / is a Borel-fixed ideal, then Mf{J) can be endowed with a natural 
structure of scheme (see [22, Section 4]) that we call }-marked scheme. 

Remark 4.3.2. (i) The ideal (G) generated by a /-marked basis G has the same 
Hilbert function of /, hence dimjc ]t = dimK(G)f, by the definition of /-marked 
basis itself. Moreover, note that a /-marked basis is unique for the ideal that it 
generates, by the uniqueness of the /-normal forms modulo J of the monomials 
in Gj. 

(ii) Mf{J) contains every homogeneous ideal having / as initial ideal w.r.t. some 
term order, but it can also contain other ideals (see [22, Example 3.18]). 

(iii) When / is a Borel-fixed ideal, every homogeneous pol}momial has a /-reduced 
form modulo any ideal generated by a /-marked set G ([22, Theorem 2.2]). 
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Proposition 4.30. Let J he a Borel-fixed ideal, 1 he a homogeneous ideal generated hy a 
J-marked set G. The following facts are equivalent: 

(i) I G MfU) 

(ii) G is a J-marked hasis; 

(Hi) dimK h = dimjc Jtrfor every integer t; 
(iv) ifhEl and h is J -reduced, then h = 0. 

Proof. For the equivalence among the first three statements, see [22, Corollaries 2.3, 
2.4, 2.5]. For the equivalence among (/) and (iv), observe that if 7 S A4f{J), then 
every polynomial has a unique /-reduced form; so, the /-reduced form of a polyno- 
mial of I must to be null. Vice versa, it is enough to show that every polynomial / 
has a unique /-reduced form. Let / and / be two /-reduced form of /. Then, / — / 
is a /-reduced polynomial of I because / — / and / — / belong to I by definition. We 
have done, because / — / is null by the hypothesis. □ 

Thinking for a moment about Hilbert schemes, we want to observe that two 
different ideals Ji and b of the same /-marked scheme M.f{]) give rise to different 
projective schemes of the same Hilbert scheme Hilb^^fj. Indeed, by the uniqueness 
of the reduced form, there is a monomial x"^ G Gj such that the corresponding 
polynomials f}, and of the /-marked bases of h and I2, respectively, are different 
and moreover such that ^ I2, f^ ^ h- If h and h defined the same projective 
scheme, we would have (7i)r = {l2)r for some r ^ 0. Hence ^q '"/! ^ ^2 with 
normal form modulo I2 given by Xg^'"/^ — Xq^"'/^, that is impossible because of 
Proposition 4.30(ro). 

Now we come back to deal with Borel-fixed ideals, exposing special properties 
of /-marked families in this case. So from now on / will be always considered Borel- 
fixed and G will be a /-marked set. 

Definition 4.31. If mj is the initial degree of /, we set v/i^ = Gm^; so, for every term 
x'^ S Gj of degree mj, there is a unique polynomial ga G vl,^ such that Ht{gx) = x*. 
For every m > mj and for every x'^ G /,„ \ Gj, we set g^ = ^ige, where x,- = min x"^ 
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J OL 

and ge is the unique polynomial of V^_.y with head term = 5^5^, and we let 
Vj = G„U {g^ s.t. x^ej„\ Gj}. 

In the following we let = UgV/. Moreover, {V^) denotes the vector space 

generated by the polynomials in and ^ is the reduction relation defined in the 
usual sense of Grobner basis theory. 

Remark 4.3.3. An ideal I belongs to M.f{J) if and only if J = (y^) as a vector space. 
Indeed, for every integer m, the number of elements in Vm is equal to the niunber of 
monomials in Jm- 

Example 4.3.4. Let us consider the Borel-fixed ideal / = {x\,X2Xi,x\) C K[xo/^i/^2] 
and the /-marked set 

fxl =4 + - ^XiXQ, 

fx2X\ = X2X1 — Xq, 

fxl =4 + ^4x0 - xixl - 3x1- 
The initial degree of / is 2, so we have: 
(m = 2) h = {xl,X2Xi) 

^2 = {Sxj = fxj'SxiXi = fx2Xi } ; 

(m = 3) J3 = {x\,x\xx,X2x\,x\,x\xq,X2XxXq) 

^3 = {^x\ = X2gxl'gxlxr = ^\Zx\'Zxrx\ = ^iZxtxv 

gxjxo = ^0gxl'gx2XlX0 = X0gx2Xl}^ {gx3 = /x? } ^ 

(m =4) /4 = X^Xi, x\x\, X2X\, x\, x\xq, xIxiXq, X2x\xq, x\xq, x\x\, X2XxX^ 

^4 = {gx\ = ^y?^ = 4fxl'S4x, = ^Ig^ = ^l^lfxl'gxlxl = ^rSxlx, = Afxl' 

gx2xl = Xlgx2xl = 4fx2Xugx^^ = ^ig^^ = ^l/x?' 

gx^xo = ^0gx3 = ^l^ofxl'gxlx^xo = ^0^x2x1 = ^1^0 fxl' 
gx2x\xo = ^0gx2xl = XlXofx2Xugxlxo = ^Ogxf = ^0fx\' 

gxlxl = ^Ogxlxo = ^0/x2/^X2Xlx2 = XQgx2XlXo = 4lfx2Xl} ■ 
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Keeping in mind the canonical decomposition and the decomposition map of a 
Borel-fixed ideal introduced in Definition 2.18, we prove the following lemma. 

Lemma 4.32. Let J be a Borel-fixed ideal. Ifx^ belongs to A/'(/) and ■ = belongs 
to ] for some x^ , then x^^^ = {x'^\x'J)^ with x^ <Lex Furthermore: 

(i) if\S\ = \t]\, then x^ <b x^;and 

(ii) Xl <Lex X^-. 

Proof. We can assume that x^ and x^^ are coprime; indeed, if this is not the case, we 
can divide the involved equalities of monomials by gcd(x^, x*?). If x^ = 1, all the 
statements are obvious. If x^ ^ 1, then min x^ \ because x^ and x^ are coprime, 
hence minx*^ > minx** > maxx^ and so minx*^ > maxx"? because they cannot 
coincide. This inequality implies both x'? <Lex x^ arid xi <Lex x-. Moreover, if 
1^1 = \r]\, this is also sufficient to conclude that x^ <b x^ . □ 

Remark 4.3.5. Observe that if = x^ f^ belongs to vj , then x^ = (x"|x'')^. 

We have already recalled that, when / is a Borel-fixed ideal, every homogeneous 
polynomial has a /-reduced form modulo an ideal generated by a /-marked set G 
(Remark 4.3.2iii). Further, a /-reduced form of a homogeneous polynomial can be 
constructed by a suitable reduction relation, as it is recalled by next Proposition. 

Proposition 4.33 ([22, Proposition 3.6]). With the above notation, every monomial x^ S 
]m can be reduced to a ] -reduced form modulo (G) in a finite number of reduction steps, 

using only polynomials of Vi . Hence, the reduction relation is Noetherian. 

The Noetherianity of the reduction relation provides an algorithm that re- 
duces every homogeneous polynomial of degree m to a /-reduced form modulo (G) 
in a finite number of steps. We note that on one hand it is convenient to substitute 
the polynomials in Vj by their /-reduced normal forms for an efficient implemen- 
tation of a reduction algorithm, but on the other hand it is convenient to use in the 
proofs the polynomials of v/ as constructed in Definition 4.31. 

Using the Noetherianity of the reduction relation we can recognize when a 
/-marked set is a /-marked basis by a Buchberger-like criterion [22, Theorem 3.12]. 
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To this aim we need to pose an order on the set wl^ = {x^fa s.t. /a G G and |t5 + a | = 
m} that becomes a set of marked polynomials by letting iit{x^ fa) = Note that 
Im is generated by wl, as a vector space. We set = W^. 

Remark 4.3.6. We point out that Definition 3.9 of [22] does not work well for our 
purpose. Hence, we introduce the following Definition 4.34 and provide a new 
proof of [22, Lemma 3.10] by the following Lemma 4.35. 

Definition 4.34. Let < be any order on G and x^f^, x^' f^' be two elements of W^. 
We set 

X^fa >m X^'fa' ^ X^ >Lex X^' OT X^ = X^' and fa > fee'. (4.13) 

Lemma 4.35. (/) For every two elements x^ fa, x^' fa' ofW}„ we get 

X fa X fa' =^ Vx ' : X ^ fa ^m' X fa', 

where m' = \d + r] + a|. 

(ii) Every polynomial G v/ is the minimum w.r.t. <m of the subset ofwl, contain- 
ing all polynomials ofWj„ with x^ as head term. 

(Hi) If x^ fa belongs to wl, \ Cm and x^ belongs to Supp x^fa \ {x^x'^} with g^ G v/, 
then x^fa gfi- 

Proof, (i) This follows by the analogous property of the term order >Lex- 

(ii) Let g^ = x^' fa' be the polynomial of such that x^ = {x'^' \x^')J and x^fa be 
another polynomial of W^. We can assume that x^ and x^' are coprime; otherwise, 
we can divide the involved inequalities of monomials by gcd{x^,x^'). By Remark 
4.3.5, we have that maxx^' < minx*' and maxx^ > minx**. Then, we get maxx"^ > 
maxx^' because x**' \ x* and x** f x**'. Thus, x^ >hex x^' . 

(Hi) If x^ belongs to Gj we are done. Otherwise, let x^ = (x^ jx*^ )^ and note 
that every term of Supp x^fa is a multiple of x^, in particular x^ = x^^'^ for some 
xT G By Lemma 4.32, we get x^' <Lex x^. □ 

Definition 4.36. The S-polynomial of two elements fa, fa' of a /-marked set G is the 
polynomial S{fia, fa') = x'^fa — xi''/fl.', where x'^+'^ = xi''+'*' = lcm(x'^,x'*'). 
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Theorem 4.37 (Buchberger-like criterion). Let } be a Borel-fixed ideal and I the homoge- 
neous ideal generated by a J -marked set G. With the above notation, the following statements 
are equivalent: 

(i) I G MfU); 

(ii) yfcc,fa'(^G, S{f„f,,)^0; 

(Hi) yfaja' G G, S{fc„foc') = x^fa-x^'foc' = EajX^^ fc,., witk x'^i <Lex max-^ex{x'^ , x^' } 
and fee j G G. 

Proof (i) => (//) Recall that I G ■M.f{J) if and only if G is a /-marked basis, so that 
every polynomial has a unique /-normal form modulo J. Since S{fa,fa') belongs to 
I by construction, its /-normal form modulo I is null. 

(//') => (Hi) Straightforward by the definition of the reduction relation — ^ and by 
Lemma A.35(iii). 

(Hi) => (/) We want to prove that I = {V^) or, equivalently that {V^) = (W^). 
It is sufficient to prove that x'? ■ C (y/), for every monomial x'^ . We proceed by 
induction on the monomials x*^ , ordered according to Lex. The thesis is obviously 
true for x'? = 1. We then assume that the thesis holds for any monomial x'i' such 

thatx"?' <Lex 

If I?/ 1 > 1, we can consider any product x'? = x'J^ ■ x^^, x^^ and x^'^ non-constant. 
Since x^' <Lex x^ , i = 1, 2, we immediately obtain by induction 

xv .yJ = x"?! ■ (x'?2 . y/) c x''i(W) c (W). 

If I //I = 1, then we need to prove that X/ ■ C (y/). Since xoy^ c y/, it is 
then sufficient to prove the thesis for x'? = x,, assuming that the thesis holds for 
every x"?' <Lex We consider = x^f^ G y^, where max x'^ < minx**. If X;g^ 
does not belong to V^, then max(x, • x*^) > minx*, so x, > minx*. In particular, 
X; > minx*^ > maxx*^, so x, >Lex x^: by induction, it is now sufficient to prove the 
thesis for Xif^,. 

WeconsideranS-polynomialS(/a,/£t/) = Xjfa — x^fc^i suchthatx'i' <Lex ^i- Such 
S-polynomial always exists: for instance, we can consider x/x** = (x*'|x'?')^. By the 
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hypothesis Xifa — x^' f^i = l^ajx'' if a. where x'^'/aV^'' 'focj G (^0 induction since 
x^ , x^ i are lower than X[ w.r.t. Lex and then Xif^ belongs to (V^) . □ 

Remark 4.3.7. In [22, Section 3] some results about syzygies of the ideal / generated 
by a /-marked basis are proposed, by using the order on W,{, defined in Definition 
3.9 of [22] that does not work well. Anyway, the order defined in Definition 4.34 
works well also in that context of syzygies. 

Definition 4.38. We call Eliahou-Kervaire couple of the /-marked set G any couple of 
polynomials /a,/^, Ht(/a) = x'^, Ht(/^) = x^, such that 

Xjx'^ = {x^\x^)^ for some Xj > minx"^. 

We call Eliahou-Kervaire S-polynomial (EK-polynomial, for short) of G an S-polynomial 
among an Eliahou-Kervaire couple of polynomials fa and We denote such S- 
polynomialby S^^{fa,fii). Observe that, thanks to the definition, an EK-polynomial 
is of kind 

S^^ifa,f^) = Xjfa - x''fji, for some Xj > minx"*, with Xyx* = {x^\x^)K 

Remark 4.3.8. We underline that in the proof of Theorem 4.37 the crucial point is 

the existence of an S-polynomial of kind Xj/^ — x'^/^ with x'^ <Lex ^i, arid we use an 
EK-polynomial. An analogous argument will be used in the proof of Theorem 4.47 
and of Theorem 4.49. 

As pointed out in Remark 4.3.8, in the proof of Theorem 4.37 we just need to 
assume that (///) holds for EK-polynomials. Hence, we have the following result. 

Corollary 4.39. With the same notation of Theorem 4.37, 

I e Mf{}) <^ for every EK-polynomial, S^^{fa,f^) ^ 0. 

4.4 Superminimal generators and a new Noetherian 
reduction 

Form this section onwards, we consider a Borel-fixed ideal / obtained as truncation 
in degree m of a saturated ideal, that is / = /^ for some integer m. In this case we 
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have (Gj)>,„ C Gj. 

Definition 4.40. The set of superminimal generators of / is 

sGj = {x^ e Gj I G Gj}. 

Hence, for every G sGj, we have an integer t^ = ccq such that = Xq"x-; more 
precisely, 

{0, if \a\ >m 

■ 
m — |a|, otherwise 

Given a /-marked set G, the set sG of superminimal generators of G is 
sG = {/, = x^- Tifcc) eG\x^e sGj} . 

Definition 4.41. Given a /-marked set G and two polynomials h and we say that 

/z is in sG-relation with ?2i if there is a monomial x'^ G Supp ?z H /, Coeff (x'^) = c, such 
that x'^ is divisible by a superminimal generator x** of / with x^ = x* ■ x*^ = (x-|x'?)i 
and = h — c ■ x^fa, that is /zi is obtained by replacing in h the monomial x'^ by 
x^ ■T{fct)- We call superminimal reduction the transitive closure of the above relation 

sG 

and denote it by — >. Moreover, we say that: 

sG sG 

• h can he reduced to hi by — > if ?2 — > hi; 

• ?2 is reduced w.r.t. sG if no monomial in Supp h is divisible by a monomial of 

sGj; 

• h is strongly reduced if no monomial in Supp h is divisible by a monomial of Gj, 
that is h is /-reduced. In other words, h is strongly reduced if for every t, Xq- h 
is reduced w.r.t. sG. 

Remark 4.4.1. Given a polynomial of a /-marked set G and any positive integer t, 
then Supp (^q ■ T(/a)) ^ A/'(/). Furthermore, if G is a /-marked basis, then we also 
have Xq ■ T(/a) = Nf(xQ ■ x*) since in this case the tail of fa is indeed the /-normal 
form modulo (G) of x'^ (see Remark 4.3.2i). More generally, if ?2 is a homogeneous 
polynomial of degree deg{h) ^ m, then Nf(xQ -h) = Xq- Nf{h). 
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It is interesting to notice that the subset sG of Definition 4.40 is a subset of V, but 

sG v! 

not every step of reduction by — > is also a step of reduction by as shown in the 
following example. 

Example 4.4.2. Consider the Borel-fixed ideal 

and let G be a /-marked set. Consider the monomial x^xq. The only way to reduce 

X2X0 via — ^ leads to xq ■ Tig^i), where g^-i = f^i S vl. Moreover, xq ■ Tig^i) is 
not further reducible, because all the monomials of its support belong to 
On the other hand, according to Definition 4.41, a first step of reduction of the 
monomial X2X0 via is x^Xq ^ X2 ■ T{fx2Xo), where / is the polynomial in sG 
with Ht(/) = X2X0. Since X2 is a monomial of Gj, every monomial appearing in 
Supp (x2 • T{f X2X0)) belongs to / = }^^, and so we will need further steps of reduc- 

sG 

tion via — > to compute a polynomial reduced w.r.t. sG. 
Theorem 4.42. With the above notation: 

sG 

(i) — > is Noetherian; 

(ii) for every homogeneous polynomial h there exist t = t{h) and a polynomial h strongly 
reduced such that Xq • h — > h; 

(Hi) If moreover G is a J-marked basis and degh ^ m, then h = Nf(xQ -h) = Xq- Ni{h) 
where Nf(/2) is the unique J-normalform modulo (G) ofh. 

sG 

Proof, (i) If — > was not Noetherian, by Lemma 4.32 and Lemma 4.35, we would be 
able to find infinite descending chains of monomials w.r.t. <Lex- 

It is sufficient to prove the thesis for monomials x^ in /. Let x'^ = (x-|x'?)7. If 
x'J = 1, then x** = Xq" • x- is in sGj, fa belongs to sG and Xq* • x- ^ T{fa), where 
Supp T{fa) In this case h = T{fci) and t = t^. 

If x'' ^ 1, we can assume that the thesis holds for any monomial x^' = (x^|x'?')i, 
such that x^' <Lex x'K We perform a first reduction Xg" ■ x^ ^ x'? • T{fa)- If x'? ■ 
T{fa) is strongly reduced, we are done. Otherwise, we have x'^ 7^ Xq"^'. For every 
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monomial x'^' G Supp [x'^ ■ T{fu)) n / we have x'^' = {x^ \x^')-, with x^' <Lex 
by Lemma 4.32. So, we have also Xq ■ x'^ <Lex ^'^ for every t. By the inductive 
hypothesis we can find a suitable power t of Xq such that every monomial in Xq ■ 

sG 

x^i ■ T{fci) can be reduced by — > to a strongly reduced polynomial. Thus Xq ■ x'' ■ 
T{fa) ^ ?2 with ?2 strongly reduced. In this case f (XT') = ta + t = tu + t{x'J ■7'(/a))- 
(ii) Since degh ^ m, we observe that Xq-U — h e (G) and Supp/z C Af{]) C 
A/'(/), hence is a /-reduced form modulo (G) of Xq • Therefore, if G is a /-marked 
basis, h is the unique /-normal form of Xq ■ h. Moreover, h = Nf(xQ ■ h) = Xq- Nf{h) 
because deg h ^ m (see Remark 4.4.1). □ 

If we consider the more general setting used in Section 4.3, we are not able to 

v! sG 

generalize the properties of the reduction ^ to — >. Indeed, in our proofs we will 
often need that polynomials fa^G have the following property: 

V x^ G Supp r (/«), x^ G A/'(/o). (4.14) 

Assume that / is Borel-fixed, with initial degree nij, that / is its saturation and m is 
such that J^m = />„^- Condition (4.14) is necessary for the properties we will prove 
(see Example 4.4.3) and it obviously holds for / = /^^^ , that is when nij = m. If 
we work in a more general setting, in which ?« > nij, then we need to assume that 
(4.14) holds for the /-marked set we consider; however, in this way, we are able to 
characterize only a subset of the /-marked scheme. 
Theorem 4.42 has some interesting consequences. 

Corollary 4.43. Let I be an ideal generated by a J-marked set G. Then: 

I G MfO) ^yhel,3t s.t. x*Q-h^O. 

Proof. Let h ^ I. If I belongs to A4f{}), then G is a /-marked basis and the equiv- 
alent condition of Proposition 4.30(ro) holds. Especially Nf{h) = 0. Moreover, by 
Theorem 4.42(ffz), we have Xq • h ^ Xq • Nf{h) for a suitable t, and we conclude. 

Vice versa, we use again Proposition 4.30. For every h ^ I such that h is /- 
reduced modulo I, then h is also strongly reduced w.r.t. sG, that is Xq ■ h is not 
further reducible through for every t and by the hypothesis Xq ■ h = 0. Thus 
h = and we conclude. □ 
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Corollary 4.44. Given a set of marked polynomials F = {/^ | Ht(/^) = E sGj, 
Supp [x^ — f^) C A/'(/)}, there is at most one ideal I of M-f{J) such that T is the set of 
superminimals of I. 

Proof. Suppose that 7 is an ideal in Mf{}) such that F is its set of superminimals and 
let G be its /-marked basis. If fa is a polynomial of G, then fa = x'^ — Nf(x'^), where 
Nf(x") is uniquely determined by F in the following way: for every G Gj \ sGj, 
we consider an integer t such that Xq ■ x"^ —> h with h strongly reduced, that exists 
by Theorem 4.42, and set Nf(x'*) = p-. Note that if Xq does not divide h, then such 
an ideal I does not exist. □ 

v/ 

Now we will prove that the Buchberger-like criterion introduced for can be 

sG 

rephrased in terms of the — > reduction, showing an analogous of Theorem 4.37 for 

sG^ 

Lemma 4.45. Let hbea homogeneous polynomial of degree s ^ m. 

he{vI)^xo-he{vJ^,). 

Proof Ifh E (Vj), then XQ-h e (Vs+i) by definition of V. 

Vice versa, assume that xq - h E (^s+i)- This is equivalent to xq -h 0. Every 
monomial in Supp {xq ■ h) can be written as xq ■ x^; observe that xq-x^ ^ sGj, because 
degxo ■ x^ > m. Then, if xq • x^ belongs to /, we can decompose it as xq ■ x^ = 
(x*|x'?)^, X* G G] and x^ ^ 1. Since minx** > maxx*?, we have that x^ is divisible 
by xq. So x'^ = xq • x'?'. 

Summing up, in order to reduce the monomial Xq ■ x^ oi x^-h using V\ we use 
the polynomial xq • x^' ■ fa G V^, lit{fa) = x*. If the coefficient of xq ■ x^ in xq ■ h is a, 
we obtain 

xo • h Xq - {h-a- x"^' foe). 

At every step of reduction, we obtain a polynomial which is divisible by xq. In 
particular, 

XQ-he ^ Xo ■ /2 = Xo • ^fl/x'?'/fl.„ where xq ■ x'"fai G V^/^i- 

Then we have that h = Efl,x'?'/fl., and x'?'/^, G v/, that ish e (v/). □ 
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Consider /a, /a' € G, the S-polynomial S = ^'^/a — x^'fa' ^rid assume that 

xT' <Lex xT. By Lemma 4.35(m), if S(/«,/^) ^ h, then S(/«,/;) - = E«;^'''//5, 
with x^if^. G v/, x'^/ <Lex Now we show that a similar result holds for the 
superminimal reduction 

Lemma 4.46. Consider fa, fa' € G, f/ze S-polynomial S{fa,fa') = ^^/a — ^'^'/a' '^'^^^ 
assume that x^' <Lex ' — > ^, ^^en Xq ■ S{fa,fa) —h = Y^ajX^if^. with 

f^. G SG, X"?/ <Lex X"l and x'H <Lex xX 

Proof. Consider a monomial Xq ■ x'^ • x^ in Supp (xq • x'^ ■ T(/a)) H /. Such a mono- 
mial decomposes as Xq ■ x"^ • x*^ = (x^|x'?)i, x'J <Lex x^x^ and xl- <Lex x^by Lemma 
4.32, because x^ G A/'(/). The same holds for any further reduction and the same 
argument applies to monomials appearing in Supp (xq ■ x^' ■ T{fa'))- □ 

If we just consider / Borel-fixed, with initial degree mj, J its saturation and m 
such that J^m = />,„/ then Lemma 4.46 is no longer true when m > my. as we 
already pointed out we need to have mj = m. 

Example 4.4.3. In K[xo,xi,X2,X3], consider / = (x3,X2X3,xiX3, Xj) and 

/ = (x|) • (Xo,Xi,X2,X3);^2 + (^3^2) " (^0/^1/^2/^3)^2 + 
+ (X3X1) ■ (Xo,Xi,X2,X3);j2 + {xl) ■ (xo,Xi,X2,X3)^4. 

The ideal / is the saturation of /, but / 7^ /^^^ for any integer m. Consider a /-marked 
set G and fa,f^ S G such that ¥i\.{fa) = X3X2XQ and Ht(/^) = X3X1XQ and consider 
x| G SuppT(/^). Then S{fa,f^) = xifa — X2f^. If we apply Definition 4.41 and 
Theorem 4.42, we reduce x^ G Supp S{fa,f^) by pre-multip lying by Xg. We get 
that x|xq belongs to SuppXgS(/ft:,/^) and Xgx| = (xllxgXj)^. But X2XQ >Lex ^2- 

Theorem 4.47. With the fixed notation, let I be the homogeneous ideal generated by a 
J-marked set G. The following statements are equivalent: 



(i) I G MfU); 

(ii) V fa, fa' eG,3t s.t. x^ ■ S if a, fa') ^ 0; 
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(in) V eG,3t s.t. -Sifcfcc') = " ^'^'h') = L^jx'^' fixj, with x'Ji <Lex 

maxLex{^'^/^'^ } and fa- G sG. 

Proof, (i) => (//) If 7 G Mf{J), we can apply Corollary 4.43 because any S-polynomial 
among elements in G belongs to /. 

(/) (ii) Straightforward by Lemma 4.46. 

(i) => (ii) Assuming we prove that {V^) = (W^) by an argument anal- 
ogous to that applied in the proof of Theorem 4.37. It is sufficient to prove that 
xl ■ C {V^), for every monomial . We proceed by induction on the monomi- 
als x^, ordered according to Lex. The thesis is obviously true for x'? = 1. We then 
assume that the thesis holds for any monomial x'^' such that x*?' <Lex 

If I?/ 1 > 1, we can consider any product x'? = x^^^ • x*^^, x^^ and x'^^ non-constant. 
Since x''' <Lex x'^, i = 1/ 2, we immediately obtain by induction 

xV .yJ = x'?i • (x'?2 • c x'?i(y^) c (y/). 

If I?/ 1 = 1, then we need to prove that x, ■ C {V^). Since xoV^ Q VJ, it is 
then sufficient to prove the thesis for x'^ = x„ i ^ 1, assuming that the thesis holds 
for every x*?' <Lex x,. We consider = x^f^ G V^, where max x*^ < minx**. If 
Xjg^ does not belong to V^, then max(x, • x^) > minx**, so x, > minx** because 
maxx'^ < min x'' by construction. In particular, x, > minx* > maxx*^, sox, >Lex x^ 
and it is sufficient to prove the thesis for Xjfa. 

We consider an S-polynomial S (/a, /a') = x,/a — x^f^' suchthatx'^ <Lex Xi. Such 
S-polynomial always exists: for instance, we can consider x^x** = (x*' \x^')K 

By hypothesis there is t such that XQS{fc(,fa') = XQ{xifa — x'^' f^') = Yl^^jX^ 'fccj 
where XqX''',x'' / are lower than x,- w.r.t. Lex. Then x'^' f^'f x^ ifa^ belong to {V^) by 
induction and by Lemma 4.45, and we conclude that Xif^ G {V^),hy Lemma 4.45 
again. □ 

As pointed out in Remark 4.3.8 concerning the proof of Theorem 4.37, also in 
the proof of Theorem 4.47 it would be sufficient to assume statement (Hi) only for 
EK-polynomials. We then have the following result. 

Corollary 4.48. ]Nith the same notations of Theorem 4.47, 

I G Mf{]) O V EK-polynomial 3 t s.t. x(,S^^(/„,/aO ^ 0- 
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We have just showed that it is sufficient to work with superminimal reduction 
for testing if an ideal I = (G) is in M.f{]). Then, one may think that it is enough 

to reduce S-polynomials among elements in sG (either with or with — >). The 
following example clearly shows that this is not true. 

Example 4.4.4. We consider the Borel-fixed ideal 

/ = 7^2 = (^3,^2)^2 = (x3,X3X2,X2,X3Xi,X3Xo) C K[xo, ^Ci, X2, X3]. 

In this case, sGj contains only two monomials, x^xq and Xj- 

If G is any /-marked set, then sG = {fx3xo,fxl}- The unique S-polynomial among 
superminimal elements is 

S{fx3XoJxl) = 4fx3Xo - XsXof^i = X3X0 ■ M{xl) - x\ ■ Nf(X3Xo). 

Any monomial appearing in SuppNf(x3Xo) is in A/'(/)2 = K[s:o,xi, X2]2\{^2}- Then 
any monomial appearing in Supp (x^ • Nf (X3X0)) is further reduced by /^2, obtain- 

mg by — > or — > 

Sifx.xoJx^) = X3X0 ■ Nf{xl) - Nf(xi) • m(x3Xo) = Nfixl) ■ fx,xo ^ 0. 

Nevertheless, even if the only S-polynomial among superminimal generators re- 
duces to 0, we need to impose also other conditions in order to get a /-marked basis 
G. 

If we consider sG = {fxsxo^fxl } with fx^xo = xjXq + x^ and f^i = x\, then for any 
choice of fx^'fx3X2,fx3Xif the S-polynomial among fx2,xi and fx^xo does not reduce to 
0: 

^{fx3X\/fx'iX(j) = ^0/^:3x1 ~ ^l/xa^o — ^ fljX^'Xo — x\. 

x^ieMiDi 

v' 

The monomials x'^'Xq are mJ\f{J)3 and are not further reducible (neither by nor 
by — Furthermore, x'^ does not appear among monomials niiXo, so it is not can- 
celed. So, for any choice of coefficients in the tail of fx^xu we have an S-polynomial 
which is not reducible to 0, and so any /-marked set containing fx^xo = ^3^0 + ^1 is 
not a /-marked basis. 
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The previous example shows that it is not enough to impose condition (ii) of 
Theorem 4.47 to S-polynomials among elements of sG. We need to consider some 
other S-polynomial in order to get a /-marked basis. 

Theorem 4.49. With the fixed notations, consider the following sets of S-polynomials: 

U = [x-'fcc - x^'f^, I x\x^' e sGj} , (4.15) 
L2 = — ^o/a I Xi = rnin{xy s.t. Xj I x'^}, \ol\ = \cc'\ = m| . (4.16) 

Then: 

I e MfU) ^ V S(^/,0 G Li U L2, 3 i s.t. x'o ■ S{f^J^,) ^ 0. 

Proof. (=>) If J belongs to M.f{]), then it is enough to apply Theorem 4.37. 

{■i=) Vice versa, we want to prove that {V^) = (W^), that is ■ C (y/) for 
every i = 0, . . . ,n. We proceed by induction on the variables. By construction we 
have xq ■ C {V^). We now assume that {xq, . . . ,Xi_i)V^ C (V^) and we prove 
that Xi-V^ C (y^). Consider x^ f^ G VL The thesis is that Xi ■ x^f^ is contained in 
(V^). If XiX^f^ does not belong to , then max(x/ • x^) > minx^, so > minx^ 
because max x^ < min x^ by construction. In particular, x, > min x^ > max x^ , so 
that it is sufficient to prove the thesis for X;/^, because by induction then we have 

x^xif^ G (y/)- 

Consider x^ = {x-\x^)L We have a first case when x'' = 1. Then x^ = x- and fp 
belongs to sG. We consider x-x, = (x- \x'^')L Observe that since x, > minx- then x; 
does not divide x'^' and maxx*? < x,-. Consider x'^' = x- ■ Xq*', so that we can take 
the polynomial fg^i G sG. We construct the S-polynomial between and f^^i 

S(//5,/«') = XQ^'Xiffi - x'^'/a' 

that belongs to Li. Thus, by the hypothesis and by Lemma 4.46, there is k such that 

with x^i <Lex Xi and fa^ G sG. Hence we obtain that both x'Vf^j and x'?'/^/ belong to 
(y^) by induction on the variables, and so x,/^ belongs to {V^) (by Lemma 4.45). 
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We have a second case when x'^ = XQ,t > 0. Then, \^\ = m and belongs to sG. 
Let XjX^ = (x-'|x'?')i. If Xi > minx-', then x'>' is not divisible by Xj and we repeat 
the argument above. Otherwise, x, < minx- ) and x, does not divide x*?', so that 
Xi = minx- and x'?' <Lex Then, we take x^' = ^ ■ that belongs to Gj because 
it has degree m. So, x,/^ — xq/^' belongs to L2 and we repeat the same reasoning 
above. 

We now assume the thesis holds for every such that x^' = {x^\x'l')l with 
<Lex x^- By the base of the induction, we can suppose that x^ >Lex ^i, so, 
does not belong to sG and hence it has degree m. Let xy = min/>o{^; s.t. x/ | x^}. 
Observe that if xq does not divide x^, then Xj = min x^; in this case, we have x, > xy 
because x, > minx^. Anyway, first we suppose that x, < xy; so, xy > minx^ and xq 
divides x^. We consider = |^ • ^! and the following S-polynomial 

SiffiJii') = Xiffi- xoffi,, 

that belongs to L2 and we repeat the argument of the previous case. 

We now assume that x,- > Xy and consider x^' = ' ^0 = (x-'|x'?')i. Observe 
that x"?' <Lex x'^ because x''' = |^ ■ xq. We consider the S-polynomial: 

S(//3'///3) = ^;//S' - ^o//3 

that belongs to L2; so, by the hypothesis and by Lemma 4.46, there is an integer t 
such that 

ASifpJfi) = 4i^ifp - V/i) = L^i^^U (4.17) 
with x^i <Lex Xj, e sG. We now multiply (4.17) by x,. We observe that x,/a, 
belongs to (V^), because fa, G sG and by the first two cases. Also x,/^/ belongs to 
(V^) because x*?' <Lex Moreover, XjXif^r belongs to (V^) by induction on the 
variables. So, x;/^ belongs to {V^) thanks to Lemma 4.45. □ 

Remark 4.4.5. Theorem 4.49 is an improvement, from the computational point of 
view, of Theorem 4.47. Indeed, it gives a criterion to establish if I belongs to ■M.f{]) 

sG 

in which we compute the reduction by — > of a subset of the whole set of 
S-polynomials among elements in G. Actually, in the proof of Theorem 4.49 we do 
not need all the S-polynomials of the set Li, but only those of type Xq Xif^ — x'^' fa'. 
This fact can lead us to a further improvement of the efficiency of our algorithms. 



198 



Chapter 4. Borel open covering of Hilbert schemes 



4.5 Explicit construction of marked families 

In this section, we define an affine scheme whose points correspond to the all the 
ideals belonging to the /-marked family M-f{J), being / = /^^^ a truncated Borel- 
fixed ideal as before, as done in Section 4.1 for families sharing the same initial ideal. 

Definition 4.50 (Cf. with Definition 4.3). Let / = /^^^ C K[x] be a Borel-fixed ideal. 

Step 1 Consider the set of polynomials Q = {fa}x«eGj 

Fa=x^+ E C^^xf^ eK[C][x] (4.18) 

where C denotes the whole set of variables Q/j, V G Gj, V G 
Moreover we look at f^'s as marked polynomial with Ht(F'^) = x'^. 

Step 2 Consider the analogous of vj and wl denoting them by V/ and W/. 

Step 3a For any pairs F^, F'^, compute the /-reduced forms by -% of the S-polynomial 

Step 3b For any EK-pairs F^/ F'^, compute the /-reduced forms by -% of the EK- 
polynomial SEK(F„f;): S^'^iF^F^) ^ H^^. 

Step 4a Call 2tj the ideal in K[C] generated by the coefficients (polynomials of 
]K[C]) of the monomials in the variables x appearing in H^a'- 

Step 4b Call 2lj the ideal in IfC[C] generated by the coefficients (polynomials of 
]K[C]) of the monomials in the variables x appearing in H^^. 

Cioffi and Roggero in [22, Section 4] prove that the ideal 2lj does not depend on 

v/ 

the reduction — ^ and defines the subscheme structure of M.f{]) in the affine space 
AI*-!. By definition 21 j C 21 j. Anyway, we will prove that 2tj and 2tj are the same 
ideal, although 21/ is defined by a set of generators bigger than the set of generators 
of 2lj. More precisely, we prove that the ideal 2lj contains the coefficients of every 
/-reduced polynomial in {Q) C ]K[C] [x\. 
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Lemma 4.51. (i) For every monomial xt^ = {x'^\x^)f G J , we have a formula of type 

xf^ = Y,aiX^'F^^+Hf,, 

with ai e K[C], x^'F^. G VK x^' <Lex and Supp C 

(ii) For every polynomial XiF^. G \ VK we have a formula of type 

XiF^ = J^bjx'JiF^^ + Hi^^, 

with bj G K[C], x^iFdj G VK x''^' <Lex Xj, SuppH,;a C A/'(/) and the coefficients 
appearing in Hi^a belong to 21 j. 

v/ 

Proof. Statement (/) follows from the existence of /-reduced forms obtained by — >. 
Statement (ii) follows also from the definition of 21 j. □ 

Proposition 4.52. For every polynomial x^F^ G \ VK we have 

x^F^ = Y2bjx'yF,. + Hs^, (4.19) 

with bj G K[C], x^iFa- G VK x'^' <Lex x^, Supp Hsa C A/'(/) and the coefficients appear- 
ing in Hsa belong to 2lj. 

Proof. For |^| = 1 it is enough to use Lemma 4.51(n). Assume that \5\ > 1 and that 
the thesis holds for every x^' <Lex x^. Let Xi = minx'' and x^' = j:, so that x^'F^ 
belongs to \ Vl 

By the inductive hypothesis, we have x'^' fa = l^b'jX^'Fa. + H^/^, with x'^' <Lex x^' . 
So, multiplying by x„ we obtain x^F^ = J^b'^Xix'^'F^j + XiHs'x and the thesis holds 
for every polynomial Xjx'^iFaj that belongs to \ because x,x'^i <Lex XiX^' = x^. 
Then, we substitute such polynomials by formulas of type (4.19) and obtain 

x^F^ = Y,bsx'J^F^^ + H' + XiHs>^ 

where the first sum satisfies the conditions of (4.19) and H' is /-reduced with Supp H' 
contained inAfQ) and the coefficients of H' are in 21 j. 

Note that x/H^-/^ and H^/^ have the same coefficients belonging to 2lj, but we 
do not know if Supp (x/H^'^;) C A/"(/). If x^' G SuppH^'^ has coefficient b in 
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Hs'a and xl^ = XiX^' belongs to /, then we can use Lemma 4.51(zj obtaining bxl^ = 
Y^bai^x'^'Faf. + bH^. Moreover, if = {x''' \x^)J , then x'^' <Lex <Lex <Lex 
and all coefficients of belong to 2lj because they are divisible by b. Substituting 
all such monomials x^, we obtain the thesis and Hs^ is /-reduced with coefficients 
in 2lj, because it is the sum of /-reduced polynomials with coefficients in 2tj. □ 

Corollary 4.53. Every polynomial of {G ) can be written in a unique way as bjX^iFaj + H, 
with bj G K[C], x''>iFaj G and H J-reduced. Moreover, we obtain also that the coefficients 
ofH belongs to 21 j. 

Proof. By definition, every polynomial of (^) is a linear combination of polynomi- 
als of n (W \ V) with coefficients in K[C] and, by Proposition 4.52, every such 
polynomial can be written has described in the statement. Hence, we have only to 
prove the uniqueness of this writing. 

Let bjx'^'Focj + H = be the difference between two writings of the same poly- 
nomial of {Q), with bj 7^ 0, x'^'Fccj G V pairwise different and H /-reduced. Let 
xlix"'^ the maximum of the monomials w.r.t. the order for which x'^'x"^' is lower 
than x'^ix'^i if x^' <Lex x*^' or x'?' = x^^ and x*' < x"^!, where < is any order fixed 
on Gj. By definition of V^, the unique polynomial of with head term x'^'^x'^'^ is 
z'^i Faj . Moreover, the monomial x'^'^ x'^^ does not appear with a non-null coefficient 
in any polynomial of the sum because every other monomial belongs to A/^(/) or is 
lower than it, by construction and by Lemma 4.32. Further, x^'^x'^'^ does not belong 
to Supp H because Supp H C A/'(/) and x^^x'^^ G /. Thus, we obtain a contradiction 
to the fact that bj 7^ 0. □ 

Corollary 4.54. The ideal 2lj contains the coeff dents of every J-reduced polynomial of{Q). 
In particular, 2tj = 2tj. 

Proof. Let F be a /-reduced polynomial of {Q) and let F = J^bjx'^iFaj + H as in 
Corollary 4.53. Since F itself is /-reduced, also F = + F is a formula as described 
in Corollary 4.53 and we obtain that F = H, by the uniqueness of this formula. 
Hence, we have that the coefficients of F and H are the same and are in 21 j. The last 
assertion is due to the definition of 2tj. □ 
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Remark 4.5.1. Actually, for every ideal Sij C 2tj C K[C] such that condition (//) 
of Lemma 4.51 holds, also Corollary 4.54 holds. We are then allowed to choose 
different sets of S-pol3momials of Q in order to obtain generators of the ideal 21/. 

We know recall the construction of the /-marked schemes using matrices to un- 
derline the close relation between them and the open affine subsets of the Grasm- 
mannians. By Gotzmann's Persistence Theorem, a specialization C — > c G K'*-! 
transforms the /-marked set ^ in a /-marked basis G if and only if dim]K(G)s = 
dimjK Js, for every degree s. Thus, for each s, consider the matrix As whose columns 
correspond to the terms of degree s in K [x] and whose rows contain the coefficients 
of the terms in every polynomial of degree s of type x^F^. Hence, every entry of the 
matrix As is 1, or one of the variables C. Let o be the ideal of K[C] generated by 
the minors of order dim^ }s + I of As, for every s. 

Proposition 4.55 ([22, Lemma 4.2]). The ideal a is equal to the ideal 21. 

Proof. Let fls = dimjc ]s- We consider in the fls x fls submatrix whose columns 
corresponds to the terms in /s and whose rows are given by the polynomials x^F^ 
in Vs. Up to a permutation of rows and columns, this submatrix is upper-triangular 
with 1 on the main diagonal. We may also assume that it corresponds to the first 
flm rows and columns in Then the ideal a is generated by the determinants 
of (fls + 1) X (fls + 1) submatrices containing that above considered. Moreover the 
Gaussian row-reduction of with respect to the first fl^ rows is nothing else than 
the Vs-reduction of the S-polynomials of the special type considered defining 21. □ 

As the superminimal reduction uses less polynomials than —4, we now exploit 
it to embed Mf{}) in an affine subspace of A'*-! of lower dimension. 

Definition 4.56. If Q is the set of marked polynomials given in (4.18), we will call 
set of superminimal generators, and denote it by sQ, the subset of Q 

sg = {F^Eg\ Ht(f«) =x^ e sGj} . (4.20) 

We will denote by C C C the set of variables appearing in the tails of the polynomi- 
als in sQ. 
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Note that the /-marked basis G of every I G -MfiJ) is obtained by specializing 
in a suitable way the variables C in ^ and that the set of superminimal generators 
sG of 7 is obtained in the same way by sQ through the same specialization of the 
variables C. 

Definition 4.57. Let G Gj and t be an integer such that Xq-x'^ H^, with 
Ha strongly reduced (the integer f exists by Theorem 4.42). We can write Ha = 
+ Xq • H'^, where no monomial appearing in is divisible by Xq. We will denote 

by: 

• 5S = {Cay — (pay s.t. x'^ E Gj\ sGj, x^ G J^{])\a\ } the Set of the coefficients of 
r{Fa) - H'; for every x^ G Gj; 

• Di C K[C] the set of the coefficients of H'^ for every x* G Gj \ sGj; 

• 2)2 the set of the coefficients of the strongly reduced polynomials in 
(sg)K[C][x]. 

Theorem 4.58. The ] -marked scheme M.f{J) is defined by the ideal 2lj = 2lj n IK[C] 
fls subscheme of the a/fine space AI'-L Moreover 2lj = (!B U Di U D2)IK[C] and 2lj = 
(DiUD2)K[C]. 

Proof. For the first part it suffices to prove that 2lj contains *B and so it contains an 
element of the type Cay — (pa-f, for every Cay G C \ C, where (pay G K[C], that allows 
the elimination of the variables Cay G C \ C. 

It is clear by the construction in Definition 4.57 that Ha belongs to K[C] [x] and 
that both Xq ■T{Fa) and Ha are strongly reduced. Thus their difference Xq • T(Fa) — 
Ha is strongly reduced and moreover it belongs to {Q), because Xq ■ T {Fa) — Ha = 
— Xq ■ Fa + {xq ■ x"^ — Ha). Hence, by Corollary 4.54, its coefficients belong to 2lj and 
in particular the coefficient of Xq ■ x'^ is of the type Cay — (pay, with (pay G K[C]. Then 
2lj ^ <B and 2tj is generated by <B U S;. 

To prove the second part, it is sufficient to show that 2ljnK[C] = (Di UD2)K[C]. 

(5) Taking the coefficients in Xq • T(Fa) — of monomials that are not divisible 
by Xq, we see that 2tj contains the coefficients of H^. Then 2lj R K[C] ^ Di, because 



4.5. Explicit construction of marked families 



203 



G IK [C] [x] . Moreover we recall that 2lj is made by all the coefficients in the poly- 
nomials of (Q) that are strongly reduced. Indeed, 2lj is made by all the coefficients 
of the polynomials of (^) that are /-reduced. But the degree of the monomials in 
the variables x of every polynomial in (Q) is ^ m and then "/-reduced" is equiv- 
alent to "/-reduced", that it is strongly reduced. Then 21; n K[C] D D2, because 

{sg)K[c][x] c (g). 

(C) For every polynomial F G K[C, x], let us denote by F'^ the polynomial in 
K[C,x] obtained substituting every C^^ € C \ C by (pay Observe that for ever 

e Gj we have x*q-F^ = x*q{x^ - K) + K and moreover - H") + H'^ e 
{sQ)K[C,x]. It remains to prove that every element w e 21/ fl K[C] can be ob- 
tained modulo S)i as a coefficient in some strongly reduced polynomial of the ideal 
(sQ) C K[C]. We know that w is a coefficient in a strongly reduced polynomial 
D e (g). 

If D = EDccFa e (g), then for a suitable t, 

4 • = J^Dt ■ (4 • {x" - K) + K) G (s^)K[C][x] 

and w is still one of the coefficients of because it does not contain any variable 
in C \ C and so it remains unchanged. Moreover if D is strongly reduced, also is 
strongly reduced and so zi; G (S)i U 2)2)K[C]. □ 

Proposition 4.59. Let il C 21/ be any ideal in K[C] such that: 

(i) for every monomial x^ = {x-\x^)L G /, there exists t such that we have a formula of 
type 

x'o-x^ = Y^bixi-Fa,+Hfi, 

with ai G K[C], F^, G sg, x^' <Lex x^, x^i^-' = {x'^i \x'^i)Land Hp = x[, ■ H|j + H'^, 
with Supp Hp C J\f{J), Xq does not divide H'^ and the coefficients ofH'^ belong to it; 

(ii) for every polynomial F^ G sg and for every X; > minx- there exists t such that we 
have a formula of type 

XqXiFcc = ^^i^jX^'Fccj -\- Hj^a 

where bj G K[C], F^. G sg, x^i <Lex Xi, x-i~^-' = {x-i\x-i)L, SuppH;,« C J\f{J) 
and the coefficients ofHi^a belongs to 11. 
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Thenil= (DiUD2). 

Proof. Thanks to (/), we immediately have that T)i Q il. 

For the inclusion CI U, observe that if (i) and (ii) hold for il, then we can use 
the same arguments of Proposition 4.52 and obtain that for every € sQ, for every 
x^, there exists t such that 

4x'F, = J2bjx'^iF,. + H (4.21) 

with bj G K[C], f„. G sG, xH <Lex x\ x'^i'^-' = {x^i\x'^i)l, Supp H^,„ C M{]) and the 
coefficients of H^j „ belong to 11. 

We can also prove the uniqueness of such a rewriting: thanks to the uniqueness 
of the /-canonical decomposition (Lemma 2.17), the pol}momials x^iF^. that can ap- 
pear in (4.21) have pairwise different head terms. So an analogous of Corollary 4.53 
holds for this setting. Thanks to this uniqueness, as in Corollary 4.54, we get the 
non trivial inclusion of the thesis. □ 

Proposition 4.59 is very important from the computational point of view: in- 
deed, different choices of sets of S-polynomials to reduce give different sets of gen- 
erators for 21 J. For instance we can get a set of generators for 21/ starting from EK- 
polynomials among polynomials in ^ or starting from Ci and £2 ir^ K[C] \x], corre- 
sponding to Li and L2 as defined in Theorem 4.49. However, a good choice of the 
set of S-polynomials can strongly influence the efficiency of an algorithm comput- 
ing equations for M.f{J). 

As seen in Section 4.1, a Grobner stratum Sto-{J) can be isomorphically projected 
in its Zariski tangent space at the origin Tq [Sto-{})) and moreover if the origin is a 
smooth point, then the stratum is isomorphic to this tangent space. In general, if 
we do not consider a term ordering we cannot project isomorphically A4f{J) into 
To {■Mf{J)), but in any case, the dimension of this tangent space plays an interesting 
role in the following theorem. 

Remark 4.5.2. Let £(/) be the ideal generated in K[C] by the linear components of 
the generators of 21/. Then, the Zariski tangent space ro(A^/(/)) of the /-marked 
scheme at the origin can be naturally identified to the linear space of aI*-! defined 
as the set of zeros of £(/). 
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We now prove the analogous of Theorem 4.12 for Grobner strata in the case of 
marked families. Using at the same time several truncations of a saturated Borel- 
fixed ideal /, we introduce the following notation: 

• s^^"") will denote the superminimal generators associated to /^^^ and C*^*") the 
corresponding variables; 

• St*^™) will denote the ideal defining the affine subscheme A4f{}^^^) in the ring 
K[C('")] (as in Theorem 4.58). 

Theorem 4.60 (Cf. with Theorem 4.12). Let J be a saturated Borel-fixed ideal and let m 
be any integer. With the previous notations, the followings hold: 

(i) Mf{J^^^_^) is a closed subscheme ofMf{J^^^) cut out by a suitable linear space. 

(ii) Let N be the number of monomials x'^ G Gj of degree m + 1 divisible by x\ and 
M = |G/ n K[x]^,„_i|; then, 

dim^To{Mf{J_^J) ^ dimK To(A1/(4^_^)) +NM. 

(Hi) Mf{J^^_^) ~ -A^/(/>„,) if and only if either Jy.^^_^ = J ^^or no monomial of degree 
m + 1 in Gj is divisible by x\. 

In particular: 

^fiLp-l) ^ -^/(Zreg(/)-l) ^ -^/(Lgd)) ^ ^fOJ' (4-22) 

where p is the maximal degree of monomials divisible by x\ in Gj and r is the Gotzmann 
number of the Hilbert polynomial p{t) ofK.[x] / ]. 

Moreover, -Mf(/reg(/) ) ^'^^ embedded in an affine space of dimension \ Gj\-p (reg(/)) , 
and the same holds for M.f{J^^^,for every m ^ reg(/). 

Proof, (i) Thanks to Theorem 4.58, a marked scheme is defined by an ideal generated 
by polynomials of K[C] that are constructed using only the superminimals. So, now 
it is enough to prove that the set of superminimals sQ^'"^^^ corresponds to sQ^"'^ 
modulo a subset of the variables C^'"), in the following sense. 
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Consider x*^ S sGj . If lal ^ m, then belongs to sGj and we can identify 

FoT^ G s^^""' and fi'" G s^^*"^^) (and in particular the variables in their tails: 

pr(m) _ pr(m-i)^ 

If |ft;| = m — 1, then we can consider the corresponding superminimal element 
f^'"' G sQ^"^\ with = ;co • ^'^^ Then we identify the variable C^^y, which is the 
coefficient of a monomial in Supp F^"'"* of kind x^' = Xq ■ x^, with the variable cj^ 
which is the coefficient of the monomial x^ in Supp fi'" 

We repeat this identifications for all G sGj^ ^ and we denote by C the 
subset of C*-'"^ containing the variables non-identified with variables of C^'^^^\ that 
is the variables appearing as coefficients of monomials not divisible by xq in the tails 
of polynomials in s^^'") \ sC;("'-i). Now, every polynomial in sQ^'"^ mod (C ) 
either belongs to sQ^'"^^^ or is a polynomials of sQ^'"^^^ multiplied by Xq. Thanks to 
Theorem 4.58, we have that 



(ii) We now consider x^ G Gj, |7| = m + 1, x"^ divisible by Xi. We define x^ = 
x^ I x\) observe that x^ i J. Furthermore, x^ is not divisible by xq, otherwise x'^ 
would be too. 

Then, for every x- G Gj with |a| ^ m — 1, there is = x-Xg'^'-' — T{Fa) G sQ^"''> 
such that x^ G Supp T{Fa.). We focus on the coefficient C^^"* of x^. Since x^ is not 
divisible by xq, C^^'^ cannot be identified with a coefficient appearing in fi"' = 
^^^m-|«|-i _ 7-(f g sg(m-i)_ So belongs to the subset of variables C^'"^ 

defined in the proof of (i). 

We now use the construction of Tq (-^/(/>^)) of Remark 4.5.2. If we think about 
syzygies of the ideal /^^^, we can see that in any S-polynomial, fi'"^ is multiplied by 
a monomial x^ divisible by x„ i > 0. In particular, x'' • x^ G indeed, if x, = Xi 
we are done by construction, otherwise we apply the Borel-fixed property because 
^ • Xi ■ x^ belongs to /. This means that the coefficient C^'^'^ does not appear in any 
equation defining Tq {Mf{J_^^ ) ) . 

Applying this argument to the N monomials in Gj of degree m + 1 which are 
divisible by xi and to the N monomials in Gj of degree ^ m — 1, we obtain the 
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result. 

If Z>m = L^m-v obviously Mfil^J = Mf{J_^^_^). We now assume that 
^ , and no monomial of degree m + 1 in the monomial basis of J is divis- 
ible by xy, we prove that every polynomial in s^('") either belong to sQ^™~^^ or it is 
the product of the "corresponding" polynomial in sQ^"^~^^ by xq. 

If x^ G sGf and lal ^ m, then fi"'^ G sg('") and fi"'"^^ G s^f"'-!) have the 



same shape and we can identify them letting C^"''' = C^"^ as done in the proof of 
(i). If \oc\ = m — 1, then = xq • x** G sGj^ and all the monomials in the support of 
^0 ■ Fa" appear in the support of f^'"'' (and we identify their coefficients as above). 
In the support of pj^"^^ there are also some more monomials that are not divisible by 
Xq. We will prove now that the coefficients of these last monomials indeed belong 
to2t("^). 

Consider the monomial xq ■ xi • x"^. If we perform its reduction using sQ^'"\ the 
first step of reduction will lead to 

Xo-x.-x^^x^nF^-)). 

Let x^ be a monomial of Supp T(f^'"''). If xi ■ x'^ G J^^, then xi • x'^ = (x-'|x'?)i, 
with x- G Gj and x^ <Lex ^i- If x'^ = 1/ then \a.'\ = m + 1 and x- is divisible by Xi, 
against the hypothesis. Then x'' = Xq, with t > 0, and so the monomial Xi • x'^ G /^^ 
is actually divisible by xq. If Xi ■ x''' G A/'(/^^), then this monomial is not further 
reducible, so that its coefficient belongs to 21*^"^^. 

Vice versa, by absurd suppose now that 7^ and that there exists 

x** G Gj divisible by xi, |a| = m + 1. Using (ii), we have that To[Mf{]^^^_^)) ^ 
M^fiLj) because dimK To {Mf{J_^^_^)) < dim^To {Mf{J_^ J)/ and so 

For the last part of the statement, note that if p is the maximal degree of a mono- 
mial divisible by Xi in the monomial basis of /, for every p, applying iteratively 
(Hi) we obtain 

■^/(Z,p-i) - -^/(Z, J- 

If especially m ^ reg(/), the Hilbert function and the Hilbert polynomial p{t) of 
K[x]/ / surely coincide, hence Aif{}^^) can be embedded in an affine space of di- 
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mension 

x«GsG, 

and in this case every monomial in sGj^ has degree m. □ 

Remark 4.5.3. By Theorem 4.60, we can embed A4f{}^^J in an affine space of di- 
mension |C('"^|, for every m ^ P — 1- Anyway, we cannot always compute the 
dimension of this affine space using the Hilbert polynomial p{t), since m may be 
strictly lower than the regularity of the Hilbert function. For m < reg(X), we have 
that 

4.5.1 The pseudocode description of the algorithm 

We will now expose the pseudocode of the algorithm for computing the equations 
defining the affine scheme that describes a /-marked family A4f{}) for a truncated 
Borel-fixed ideal / = }^^^, mainly based on Theorem 4.49. 

MinimalGenerators(/) 
Input: /, a truncation of a saturated Borel-fixed ideal, i.e. / = /^^^^ for some m. 
Output: the set Gj of minimal generators of /. 

SuperminimalGenerators(/) 
Input: /, a truncation of a saturated Borel-fixed ideal, i.e. / = /^^^^ for some m. 
Output: the set sGj of superminimal generators of /. 

Reduce (H, nfs) 
Input: H, a polynomial in ]K[C] [x]; 

Input: nfs, a set of marked polynomials Ht(Fa) — T(fa) of K[C][x] such that 

Ht(f,) e KM and r{F^) = Nf(Ht(f„)). 
Output: the polynomial H computed by replacing each monomial G Supp H 

with x'?T (fa) with Ft, E nfs. 
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SuperminimalReduction(H,s^) 
Input: H, a polynomial in ]K[C] [x]; 

Input: sQ, the set of superminimal generators for some marked family. 
Output: H such that there exists t for which x^H H. 

SuperminimalSyzygies(/) 

Input: /, a truncation of a saturated Borel-fixed ideal, i.e. / = /^^^ for some m. 

Output: the set of syzygies between pairs of superminimal generators of / corre- 
sponding to the set Li of Theorem 4.49. 

Coeff(H, x^) 
Input: H, a pol}momial in K [C] [x] . 
Input: x^, a monomial in K [x] . 

Output: the coefficient of the monomial x^ in H (obviously Oii x^ ^ Supp H). 

Algorithm 4.1: Auxiliary methods for the algorithm computing the affine scheme 
that describes a marked family. 



1: MARKEDFAMILY(/) 

Input: /, a truncation of a saturated Borel-fixed ideal, i.e. / = /^^ for some m. 
Output: the ideal of the affine scheme describing M.f{]). 

2: sGj ^ SuperminimalGenerators(/); 

3: sg ^ 0; 

4: for all x'^ esGj do 

5: ^ x^; 

6: forallx/' G Ar(/)|^l do 

7: ^ F« + Q^x^; 

8: end for 

9: sG^sgyj {FJ; 

10: end for 

11: G ^ MinimalGenerators(/) \ sGj; 

12: knownNF ^ sQ; 
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13: equations ^ 0; 
14: while G 7^ do 

15: X'^ miriDegRevLex G; 

16: Xi miny>o{xy | x'^}; 

17: x'^ -(^ ^x"; II This is a sygygy of the set L2 of Theorem 4.49 

18: H ^ Reduce (x,Nf(xT'),knownNF); 

19: (Q, R) ^ pol}momials such that H = Q • xq + R; 

20: for all x^ G Supp R do 

21: equations ^ equations U {C0EFF(R,X'^)}; // WeareimposingR = 

22: end for 

23: knOWnNF ^ knOWnNF U {x"^ - Q}; // Because H = Nf(xo^'^) = XoNf(xT) 

24: G^G\{x'*}; 
25: end while 

26: syzygies ^ SuperminimalSyzygies(/); 
27: for all x'^ea - ^'^'e^' G syzygies do 

28: S{V^,V^)^X^V^-X'^'V^) 

29: H ^ SUPERMINIMALREDUCTION(S(Fa/fa')'S^); 

30: for all x^ G Supp H do 

31: equations ^ equations U {Coeff(H, x^) }; 

32: end for 

33: end for 

34: return (EQUATIONS); 

Algorithm 4.2: The algorithm for computing the affine scheme that describe a 
marked family. 

It is very useful also to have a method that computes the dimension of the tan- 
gent space at the origin of a marked family (i.e. the number of monomials in the tails 
of the superminimal generators) avoiding to generate the complete equations of the 
ideal of the family. For instance if we know a lower bound of the dimension of the 
tangent space (determined by geometric arguments or for any other reason) and the 
marked family realizes this bound, we can conclude directly that the marked family 
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is an affine space and that there are no relations among the variables C. 

1: TANGENTSPACEDIMENSI0N(/) 
Input: /, a truncation of a saturated Borel-fixed ideal, i.e. / = /^^ for some m. 
Output: the dimension of the tangent space at the origin of Aif{}). 

2: sGj SuperminimalGenerators(/); 

3: N ^ 0; 

4: for all X* S sGj do 
5: N^N+|A/'(/)|^||; 
6: end for 
7: return N; 

Algorithm 4.3: The algorithm computing the dimension of the tangent space at the 
origin of a marked family. 



1: GROBNERSTRATUM(/,cr) 

Input: /, a truncation of a saturated Borel-fixed ideal, i.e. / = /^^ for some m. 
Input: a, a term ordering such that / is a gen-segment ideal w.r.t. a. 
Output: the ideal of the affine scheme describing Sta-{}). 

2: ideal ^ MarkedFamily(/); 

3: equations generators of ideal; 

4: for all / G equations do 

5: if/^(C)2then 

6: Cccf>, = max^ Supp /; / / Us the positive grading induced on C by cr (Definition 4.6) 

^- "P^^ = Coeff{c„p,/) + 

8: ideal Substitute (Q^ ^ ^a/?/ ideal); 

9: ideal ^ Substitute (Q^ ^ equations); 
10: end if 
11: end for 
12: return ideal; 

Algorithm 4.4: The algorithm computing the Grobner stratum of a gen-segment 
ideal. 
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We can start from the same algorithm also for computing the Grobner stratum 
of a gen-segment ideal, indeed by Theorem 4.12(0 we know that also for Grobner 
strata the relevant variables C are those in the tails of superminimal generators and 
in the case of a segment ideal / the tail of a monomial G / contains all the mono- 
mials of M{})\a\- After having computed the equations of the marked family, we 
can exploit the term ordering for further eliminated other variables C^p appearing 
in degree 1 in any of the equation of the ideal of the scheme defining the marked 
family (Algorithm 4.4). 

Always starting from Algorithm 4.2, we can determine the procedure comput- 
ing the tangent space dimension at the origin of a Grobner stratum, i.e. the its 
embedding dimension (Algorithm 4.5). 



1: EMBEDDINGDlMENSION(/,cr) 
Input: /, a truncation of a saturated Borel-fixed ideal, i.e. / = /^^^^ for some m. 
Input: a, a term ordering such that / is a gen-segment ideal w.r.t. a. 
Output: the embedding dimension of Sto-{}). 

2: sGj ^ SuperminimalGenerators(/); 

3: sG ^ 0; 

4: N ^ 0; 

5: for all e sGj do 

6: N^N+|Ar(/)|,||; 
7: ^ X''; 

8: forallx/^ G Ar(/)|„[ do 

9: F^^F^ + Cc^fixt^; 
10: end for 
11: s^^s^U{f4; 
12: end for 

13: G ^ MinimalGenerators(/) \ sGj} 
14: linearEquations ^ 0; 
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15: while G 7^ do 

16: X'^ ^ niinoegRevLex G; 

17: Xi ^ miny>o{xy | x"-}; 
18: xT ^ l^x''; 

19: H Reduce (x,Nf(xT), Gj); // We delete all the monomials in / 

20: (Q, R) ^ polynomials such that H = Q ■ xq + R; 

21: for all x^ G Supp R do 

22: equations ^ equations U {Coeff(R,x^)}; 

23: end for 

24: G^G\{x'*}; 

25: end while 

26: syzygies ^ SuperminimalSyzygies(/); 
27: for all x^ea - x'^'ca' e syzygies do 

28: S(f„,f«0 

29: H ^ Reduce (S(fa,faO/G/); 

30: for all x^ G Supp H do 

31: equations ^ equations U {Coeff(H, x*^) }; 

32: end for 

33: end for 

34: return N - dimjK (equation); 

Algorithm 4.5: The algorithm computing the embedding dimension of a Grobner 
stratum. 

Example 4.5.4. Let us consider the saturated Borel-fixed ideals in K[xo,Xi,X2, X3] 
with Hilbert polynomial p(i) = 4t: 

/i = {xz,x\,x\x\), 

h = {xl,X^X2,Xj,Xi,xl,x\xi), 
h = {xl,X3X2,X3xl,xj), 
Ji = {xl,X3X2,xl). 

They are all hilb-segment ideals and by Proposition 2.64 any truncation will be a 
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gen-segment ideal, so that any marked family coincides with the Grobner stratum 
w.r.t. the term ordering making any ideal a gen-segment ideal. We now discuss how 
the computational complexity of the costruction of such families of ideals decreases 
applying the results introduced up to this point. 

/i. This is the lexicographic ideal associated to p{t) = At. As seen in Example 
4.1.5, there are only two possible marked family structures: 

Mfih) ~ Mf{{hhm), m = 2,3,4, Mf{{hhs) ^ Mf{{hhm), m > 5. 

Applying Algorithm 4.3 we have that 

dimK To (Mfih)) = 47 and dim^ Tq (MfUhhs)) = 64. 

Furthermore, if we use the homogeneous positive grading induced by the 
term ordering DegLex, we obtain that both A4f{}i) ~ 5iDegLex(7i) and 
-Mfll/O^s) - StoegLeK{{h)>5) are affine spaces and 

ed 5f DegLex (/l )= 21 and ed 5f DegLex ( (7i ) )= 23. 

}2- Again there are two possible marked scheme structure up to isomorphism 

Mf{j2) ^ MfiiJihs) , dimK To {Mf{h)) = 61, 
Mfiihhi) ^ Mfiihhm) , V m > 4, dimK Tq {Mf{{hh^)) = 88. 
By computing the Grobner strata w.r.t. C02 = (9,3,2, 1), we find that the vari- 
ables we need to describe these families of ideals are 

ed5fa;2(/2) =24 and edSt^,{{hhi) =27. 

/a. In this case p = 3, thus the marked families of the truncations of /a are all 
isomorphic to Mf{j2>) — Stco3{h)f where coo, = (7,3,2, 1): 

Mfih) - Mfiihhm) , V m, dimK To {Mf{h)) = 44, ed5f^3(/3) = 24. 

/4. In this case the ideal is ACM, so Xi do not appear in any generator, so we can 
consider again the saturated ideal itself. 

Mfih) ~ Mf{{hh„) , V m, dimK To (Mfih)) = 28, edSt,,^ = 16, 
where 6c;4 = (6,4,2,1). 
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4.6 Open subsets of the Hilbert scheme II 

In this final section of the chapter we will use marked families to cover the Hilbert 
scheme. The results we will expose belong to the submitted paper "Borel open 
covering of Hilbert schemes" [13] written in collaboration with C. Bertone and M. 
Roggero. 

We consider again the embedding of the Hilbert scheme in a suitable projective 
space through the Pliicker embedding Hilbp(fj C GrK{q{r),N{r)) ^ PV(0^ and 
we will use the same notation introduced in Section 4.2. As we seen, each open 
affine subset Uj of the Grassmannian and the corresponding open subset T-Lj = 
Uj n Hilbp(f J of the Hilbert scheme can be uniquely identified with a monomial ideal 
of K[x] generated hy q{r) monomials of degree r that fixes the Pliicker coordinate 
A J 0. We will denote this set of ideals with Ai", with B" its subset composed 
by Borel-fixed ideals and with yB^j-j^ the subset of Borel-fixed ideals with Hilbert 
polynomial p{t), i.e. 

CB" CM'\ (4.23) 

In the following results, we state some close relation between open subsets of 
Grassmannians and properties of the ideals that correspond to the points of 
GrK{q{r),N{r)). 

Lemma 4.61. Let J and I be ideals in Gr^{q{r), N{r)), with J S Ai" and Gj its monomial 
basis. Then the following statements are equivalent: 

(i) Aj(J) ^0; 

(ii) Ir can be represented by a matrix 971(7^) of the form ^ Id | ^, where the left block 
is the q{r) x q[r) identity matrix and corresponds to the monomials in Gj and the 
entries of the right block R are constants —c^^, where G Gj and x^ G M{J)r; 

(Hi) I is generated by a J-marked set: 

G = [f, = x' - E'^^/i^'' I Ht(/.) =x'e G;} . (4.24) 
If the previous conditions hold and moreover f is another monomial ideal in Ml", then: 
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(iv) Aji{I)/ Aj{I) can be expressed as a polynomial in the Ca^'s of degree \Gj\ {GjCiGji)]; 

(v) especially, ifGy = Gj \ {x"^} U {x^}, then (up to the sign) Aji{I)/ Aj{I) = Cc^^; 

(vi) we can fix an isomorphism AP^'')'?^'') ~ Uj such that the constants c^^ are the coordi- 
nates of I in A^^')'^^') . 

Proof, (i) (ii) It suffices to multiply any matrix Tl{Ir) hy the inverse of its subma- 
trix corresponding to the columns fixed by /, since its determinant is Aj(J) 7^ 0. 
=> (/) is obvious. 

=> (Hi) The generators of I given by the rows of 9Jt(7, ) are indeed a /-marked 
set and, vice versa, the matrix containing the coefficients of the polynomials fa has 
precisely the shape required in (ii). 

Finally (iv), (v) and (vi) are easy consequences of (ii). □ 

As before we will denote by G the /-marked set: 

g = {F, = x' - I Ht(F,) =x'e G,,xf' G Ar(/)} (4.25) 

and by (^) the ideal generated in the ring K[C] [x], where C is as usual the compact 
notation for the set of new variables C^^, S Gj, x^ S A/'(/)r. 

Corollary 4.62. In the hypothesis of Lemma 4.61, Uj is isomorphic to the affine space 
pjj{,r)q(r) _ Spec]fC[C]. The (closed) points in Uj correspond to all ideals that we obtain 
from {Q) specializing the variables to Ca^ E K. 

Remark 4.6.1. If / G then the open subset Uj is a parameter space for the set 
of /-marked sets. However it is not in general isomorphic to the /-marked scheme 
A4f{}) because, for instance, the Hilbert polynomial is not necessarily constant on 
Uj (see [22, Example 1.10]). 

Remark 4.6.2. Let /, /' be any couple of monomial ideals m Ai" and let S = \Gj\ 
Gji\. The localization of Aji in K[C], the coordinate ring of AP^''^'^^''^ ~ Uj, gives 
a polynomial of degree S as shown in Lemma 4i.61(iv). In the "worst" case, if we 
consider /' such that Gj D Gj/ = 0, then S = q(^r). 
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As / varies in M.", the open sets Uj cover the Grassmannian, and so the subsets 
Tij = Ujr\ Hilbp^jy } ^ Ai" give an open covering of Hilbp(f-) by affine subschemes. 
It is quite obvious that every open subset Uj is non-empty because it contains the 
point corresponding to / itself. If / has Hilbert polynomial p{t) also T-Lj is non-empty 
because it contains / itself, but when ProjK[x]// ^ 'Hilbp(f)(K), it is not easy to 
understand general properties of T-Lj or even to decide if it is empty or not. For this 
reason we prefer to consider a slightly different open covering for GrK{q{r), N{r)) 
and Hilbpj^fj, obtained considering only the set of Borel-fixed ideals B" C that 
we will prove to be more convenient for our purposes. 

Definition 4.63. Given the Grassmannian Gr]K(^(r), N(r)) and the set B" of all 
the Borel-fixed ideals / C K[x] such that dimR Jr = ^?('')/ we call Borel region of 
GrK{q {i'),N{r)) the union 

U = [J Uj. (4.26) 

JgB" 

Another key role will be played by the linear group GL^{n + 1) and its induced 
action on the Grassmarmian GrTj<^{q {r),N{r)). The action of an element of GL(n + 1) 
on P" corresponds to a different choice of the basis for ]K[;c]i and therefore to a 
different choice of the basis for K[x]r. So ^ G GL(n + 1) induces a linear change 
of Pliicker coordinates in the projective space P^pI'^)' in which Gr^{q {r) , N {r)) 
is embedded. Note that not all the linear changes of Pliicker coordinates can be 
obtained by the action of some element of GL(n + 1) on P". 

Lemma 4.64. The action o/GL(n + 1) on the Borel region U gives an open covering of 
GrK{q{r),N{r)),thatis: 

U g.U= U gMj = GTK{q{r\N{r)). (4.27) 

geGL(n+l) JGB" 

gGGL{,i+l) 

Proof. Let I G Gr]K(ij(r), N{r) ) be any ideal and let t7be any term order on the mono- 
mials of K[x]. Due to Galligo's Theorem [33], in generic coordinates the initial ideal 
/' of I is Borel-fixed, and then / = (/^) is Borel-fixed too. Moreover, by construction 
/ is generated by q{r) monomials of degree r and so / G B". Hence for a general 
g G GL(n + 1) we have Aj{g . /) 7^ that is g. I eUj, so that I E g^'^ . Uj. □ 
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Remark 4.6.3. In the proof of Lemma 4.64 we deal with the generic initial ideal 
which may have minimal generators of degree > r. To avoid this problem, we 
consider /,', which is Borel-fixed and is generated by q{r) monomials in degree r. 

The new covering of the Grassmannian GrK{q{r),N{r)) shown in Lemma 4.64 
will turn out to be more suitable to study local properties of Hilbert schemes. 

Definition 4.65. Given the Grassmannian Gr^{q{r), N{r)), we define the Borel cov- 
ering of Grs<i{q{r),N{r)) as the family of all open subsets of the type g .Uj where 
/G6"and^GGL(n + l). 

What happens to the restriction to the Hilbert scheme of the Borel covering of 
the Grassmannian? First we investigate whether T-Lj = Uj H Hilbp^f-j is empty or 
not, for / G B". Of course if / belongs to Hilbp^f), then T-Lj cannot be empty because 
it contains at least /. Moreover, since it is an open subset of Hilbp^^f^ if it contains 
a point, it also contains an open subset of at least one irreducible component of 

Proposition 4.66. 7/ / G B", then: 

Hj^Q ^ FmiK[x]/J eni\h"p^t^{K). (4.28) 
As a consequence, if we define the Borel region H o/Hilbp^^j^ as H = U D Hilbp^f-j = 

Hilb;(,)= U 8-^J= U S-n. 

geGL(n+l) geGL(jj+l) 

Proof. We prove only the non-trivial part (=>) of the first statement. Assume that 
Proj ]K[x] // ^ "Hilbpi^f^ (K). By Gotzmann's Persistence Theorem, this is equivalent 
to dimjK Jr+i > q{r + 1). If J is any ideal in Uj, then it has a set of generators as 
those given in Lemma 4.61(fzz), so that dimjc ^ dimjc /r+i > q{r + 1) (see [22, 
Corollary 2.3]). Hence Proj K[x]/ 7 ^ 'Hilbp(t)(K). The other statement is a direct 
consequence of the first one and of Lemma 4.64. □ 

We point out that in Proposition 4.66, the hypothesis / G 5" is necessary, as 
shown in the following example. 



4.6. Open subsets of the Hilbert scheme II 



219 



Example 4.6.4 (Cf. Example 4.2.2). Let us consider again the Hilbert scheme Hilb2: 
in this case r = 2 and q{2) = 4. The monomial ideal / = {x^, X2X1, x^, Xq) is gener- 
ated by 4 monomials of degree 2, it is not Borel-fixed and obviously does not belong 
to Hilb2 because it is a primary ideal over the irrelevant maximal ideal {x2,Xi,xq). 
Nevertheless, "Hj contains the ideal {x\ — X2Xq, x^xx, x\ — x\Xq, x^ — x\Xq — x^xq) cor- 
responding to the set of points {[1 : : 1], [1 : 1 : 0]} and, more generally, all the 
ideals corresponding to pair of distinct points outside the line = and not on the 
same line through [1:0:0]. 

Corollary 4.67. Set-theoretically we have that: 

Hilb^(,)C n ^.n; (4.29) 

geGL(n+l) 

where Ilj is the hyperplane in PViO' given by Aj = 0. 

Example 4.6.5. Let us consider the Hilbert polynomial p{t) = 3t in P^. The closed 
points of Hilb3f corresponds to curves in p3 of deg ree 3 and arithmetic genus 1, 
hence it contains all the smooth plane elliptic curves and also some singular or re- 
ducible or non-reduced curve. The Gotzmann number of p{t) = 3t isr = 3 and so 
q{3) = 11 and {f^) - 1 = 167959. 

The only Borel-fixed ideal defining points on Hilb3f is the lexicographic ideal: 

The Borel region of Hilb3f is then equal to the open subset Ul H Hilb3f. The Grass- 
mannian Gr]K(ll,20) in which Hilb3f is embedded has dimension q{3) ■ p{3) = 
99. Using Algorithm 2.4, we compute the complete list of Borel-fixed ideals in 
GrK(ll,20) that do not belong to Hilbgt: 

2t + 3 h = {xj, X3X2, X3X1, xl, xlxi)^3, 

h = {xl,X3X2,xl,X3xl);^3, 
t + 6 J3 = {x\,X3X2,x\,x\xx,X3x\,X2x\)^3, 

9 /4 = {x\,X3x\,x\,X3X2Xx,x\xx,X3x\,X2x\,x\)^3 
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Then Hilb3f as a subscheme of Gr]K(ll,20) ^ pi67959 jg contained set- theoretically 
in the intersection of the hyperplanes ITj. given by Aj. = 0, i = 1,2,3,4 (and in all 
the hyperplanes obtained from these by the action of GL(4)). 

Definition 4.68. The Borel covering of Hilb^^f j will be the family of all the open sub- 
sets of g .Ti] where / E ^'^(^i^ and g E GL(m + 1). 

For any Borel ideal / in B^f^^y the open subset "Hj = fl Hilbp(t) will be called 
the J-marked region of Hilbp^j-j. 

The name "/-marked region" comes from Lemma 4.61 and its connection with 
the /-marked scheme will be clearer with Theorem 4.70. 

Remark 4.6.6. 1. If the Hilbert polynomial p{t) is the constant r, then every Borel 
ideal / E GYK{q{r),N{r)) belongs to Hilb" i.e. B" = B'^^^y Then in the zero- 
dimensional case the family of hyperplanes ITj considered in Proposition 4.66 
is indeed empty. 

2. If deg p(i) = d ^ 1, B" \ S^^^^ in general is not empty and its elements define 
subschemes of P" of dimension equal to or lower than the one of the sub- 
schemes parametrized by Hilbpj^j-). Indeed, if I E B" has Hilbert polynomial 
p{t) 7^ p(0' then being q[r) = q{r) for Gotzmann's Persistence Theorem, 
dimicJt > q{t) for t ^ r. Hence for t ^ 0, q{t) > q{t) and p{t) < p{t). So 
deg p{t) ^ d. 

3. If contains only one ideal, then Hilbp(t) is a smooth rational projective 
variety. Indeed, we know that B'^^^^^ contains at least the lexicographic ideal L, 
i.e. the ideal generated in degree r by the q{r) maximal monomials w.r.t. the 
term order DegLex. In Section 4.2.1 we proved that 71 = Tii is isomorphic to 
an affine space. By Proposition 4.66, as g varies in GL(n + 1), the open subsets 
g . T-L cover Hilbp(f-). Thus Hilb^^fj is smooth and rational as claimed. 

The open subset T-Lj = Ujr\ Hilbp^^^ of Hilb^^j j is then a closed subscheme in the 
affine space in PJ^'')^'^^') ~ Uy Moving from Lemma 4.61 and Corollary 4.62 we can 
determine the scheme structure of "Hj in A''^'')'?^''), starting from the set of /-marked 
polynomials Q as in Definition 4.25. 
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Definition 4.69. We will denote by 2lj the ideal in K[C] defining Tij as an affine 
subscheme of AP^' )'?'''' through the isomorphism of Lemma 4.61(vi). 

Remark 4.6.7. We obtain every ideal I ^ Uj specializing (in a unique way) the 
variables Ca^ in {Q) to c^.^ G K, but not every specialization gives rise to an ideal I 
in T-Lj, that is to an ideal with Hilbert polynomial p{t). This last condition holds for 
an ideal I if and only if every pol}momial has an unique /-normal form modulo I, 
that is if and only if every /-reduced polynomial in I vanishes. Hence, the ideal 2tj is 
made by the coefficients w.r.t. the variables x of all the polynomials {G) C IK[C] [x] 
that are /-reduced. 

Due to Macaulay's Estimate on the Growth of Ideals we know that if I is gen- 
erated by a /-marked set, then dimR h ^ c]{t) for every t ^ r. Moreover, by Gotz- 
mann's Persistence Theorem, ProjK[x]/J G 'Hilbp(t)(K) if the equality holds for 
r + 1, that is if dimK J,.+i = q{r + 1). 

Then let {G) C K[C][x], Tl{{g)r) and 9Jt((g?),+i) be respectively the matrices 
whose columns correspond to the monomials in K[;c],. and K[x]r+i and whose rows 
contain the coefficients of monomials in the polynomials and XjFcc respectively. 
Thus, a set of generators for the ideal 2lj is given by the minors of order q{r + 1) + 1 
of the matrix m{{g)r+i). 

An easy computation shows that this is in general a very large set of polynomi- 
als! Indeed is a (n + l)q{r) x N{r) matrix and the number of its minors 
of order q{r + 1) + 1 is (^"^^'ijJJ) • a^d their degree is up to q{r + 1) + 1. 
Looking at the special form of Tl[{g)r+i), we will show in Theorem 4.72 that the 
number of minors of Tl[{Q)r+i) that are sufficient to impose the condition on the 
the rank can be drastically reduced and the degree of the involved determinants is 
bounded by d + 2. 

Example 4.6.8. Let us consider for instance the Hilbert scheme Hilb2. For every 
monomial ideal / G M", we have r = 2, q{2) = 4, q{3) = 8, N(3) = 10. Then 
9Jl((^j)3) is a 12 X 10 matrix and the number of its minors of order 9 (with degree 
up to 9) is {%^) ■ C^) = 2200. 

In order to obtain a better set of generators for 21/, we now prove that the open 
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subset Hj for a Borel-fixed ideal / defining a point of Hilbp(f-) is nothing else but the 
/-marked scheme A4f{}). 

Theorem 4.70. There is a scheme theoretic isomorphism: 

Hj ~ MfiJ). (4.30) 

Proof. The thesis directly follows from the two constructions of Mf{}) and Tij. Both 
constructions start from a /-marked set G C K[C][x] (as in Definition 4.25). As 
shown in Proposition 4.55, we can obtain a set of generators for the ideal defining 
MfiJ) imposing conditions on the rank of some matrices. In the present hypothesis, 
we can consider only one matrix, the one corresponding to the degree r + \, and 
impose that its rank is ^ dimjc /r+i- This matrix turns out to be indeed ^[{Q)r+i) 
and dimK /r+i = q{r + \). Then in both cases, a set of generators is given by the 
minors of order q{r + 1) + 1 of the matrix 9Jt((^)^_|_i). □ 

Thanks to this last result, 2tj is the ideal in K[C] defining 71 j or equivalently 
Aif(}) as an affine subscheme in A^P^''^^(''\ The isomorphism between a /-marked 
region of Hilbp(f-) and the corresponding /-marked scheme allows us to embed T-Lj 
in affine linear spaces of "low" dimension by Theorem 4.60. We can choose linear 
spaces of different dimension, depending on whether we want to keep control on 
the degree of the equations defining the scheme structure or not. 

4.6.1 Equations defining Tij in local Pliicker coordinates 

In our reasoning the matrix 9Jt((^),-+i) has a major role, therefore we now look 
closer at its shape. Remind that the ideal / = /^,- = {}r) belongs to S^^j^ and that we 
are assuming that the degree of the Hilbert polynomial p{t) is equal to d. 

Lemma 4.71. Up to permutations on rows and columns, dJl[{Q)r+i) assumes the following 
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simple form: 



Id(n,...,d + 1) 


• 


• 


• 


• 







Id(d) 


• 


• 


• 


• 








• 















ld(0) 


• 


• 




• 


• 


• 


• 


• 




• 


• 


• 


• 





where 



(4.31) 



• the columns on the left of the vertical line correspond to monomials in J^+i; 

• the columns on the right of the vertical line correspond to monomials in J\f{J)r+i; 

• ld{n, . . . ,d -\- 1) is an identity matrix of order (^~^^), corresponding to the mono- 
mials in K[X(i+i, . . . , Xn]r+l^ 

• Id{d), . . .,ld(0) are identity matrices of suitable dimensions ^ q{r), corresponding 
to monomials in ]r+i with minimal variable Xd,---,xo respectively; 

• "-k" stands for entries that are all 0, except at most one entry equal to 1 in each row; 

• "•" stands for entries that are either or coefficients — Q^g. 

Proof. We consider the K[C] -module of polynomials in (Q) of degree r + 1 with 
respect to the variables x and its set of generators {xiF^^ | e G,i = 0,...,n}. 
We write inside the matrix the coefficients of the monomials in ]K[x]^+i 

appearing in these polynomials x,Fa. 

First of all we order the columns writing first the monomials in J^+i, listed in 
decreasing order w.r.t. DegRevLex, and then the monomials in J\f{J)r+i- In this 
way the first monomial is x^^'^, the only one with minimal variable x„, after this 
there are the monomials whose minimal variable is x„_i, and so on. 

The rows are ordered in a similar way. Every monomial in ]r+\ can be writ- 
ten as a product {x'^\xi)^ such that Xi = xma.Xix'^ < minx" and x" e ]r (Lemma 
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2.17). The first rows (those above the horizontal line in the picture) correspond to 
polynomials x,Fa such that Xj = mmXjX'^ ordered w.r.t. DegRevLex on the initial 
monomials XjX". The first row corresponds to XnFx>„, after there are the rows corre- 
sponding to polynomials of the type x„_iFa withz'' e K[ 

^n-i/^n] and so on. Below 

the horizontal line we list the rows corresponding to the remaining polynomials 
XjFa such that min < x,-. 

The top left submatrix, let us call it V, is an upper triangular matrix of order 
q{r + 1). In fact, as / G ^p(t)' then J^+i contains K[z^i_|_i, . . . , (see Proposition 

2.15) and so each monomial in corresponds to one and only one column and 
row in D. 

Moreover in the row of V corresponding to a polynomial XiFa with initial mono- 
mial Xjx", the entry on the main diagonal is the coefficient of x^x" in XjFa, i.e. 1. If 
XjX^ is any monomial appearing in XjT{Fa), then either XjX^ ^ /, hence its coeffi- 
cient —Cafi is written on the right of the vertical line, or Xixl^ G /, that is XiX^ = XjX'^' 
for some x'^' S / and Xj = minx,x^ < x„ hence its coefficient — is written in one 
of the columns corresponding to monomials with minimal variable Xy lower than x,. 
Thus in V there are identity blocks Id(f) corresponding to monomials in with 
minimal variable x, . 

Furthermore, the minimal variable in every monomial x^ G A/^(/)r is lower than 
or equal to x^: hence the first block of P is a big identity matrix Id(n, . . . , d + 1 ) of or- 
der corresponding to monomials in with minimal variable x^+i, . . . , x„. 
The same arguments holds for the under the horizontal line. □ 

We will now determine the dimension of a linear affine space in which T-Lj can be 
embedded and furthermore to study in which cases we can control the degree of the 
defining equations, bounding it using only d. As 21/ is the localization in the open 
subset Uj of the ideal defining the Hilbert scheme Hilbp^j^ in K[A], we can derive 
a bound on a set of generators of 21/ from the known bounds for analogous global 
results. In Chapter 1 we showed that larrobino and Kleiman proved that Hilbp^f^ 
is generated in degree q{r + 1) + 1. Later on, Haiman and Sturmfels proved the 
Bayer's conjecture saying that Hilbpj-f^ is generated in the far lower degree n + 1. 
Unluckily, global results do not give a satisfying bound in the local case, because the 



4.6. Open subsets of the Hilbert scheme II 



225 



global Pliicker coordinate Aj/, when localized in Uj, corresponds to a polynomial in 
K[C] whose degree can vary between 1 and q{r) (Remark 4.6.2). 

Example 4.6.9. We consider again Hilb3f as in Example 4.6.5. 

• Localizing A^^ at Uj^, we obtain a polynomial of degree 1, since the monomial 
basis of L is G/j \ {x2X^} U {xg^o} (Lemma 4.61(f)); 

• for Uji, i = 2,3,4, we count the monomials in Gj. \ Gl- We then obtain that 
localizing at Uj^, the Pliicker coordinate Al becomes a polynomial of degree /, 
i = 2,3,4 in the Q-y (Lemma 4.61(ro)). 

We now prove that the equations defining Tij in J^Pi'')l('') ^ that is in the local case, 
are of degree ^ d + 2. 

Theorem 4.72. Let p{t) be an admissible Hilbert polynomial in P", of degree d and Gotz- 
mann number r. If J E -Sp^jj, then the ideal 2tj defining Hj as a subscheme o/ AP('')'?(''', 
that is in "local" Pliicker coordinates, is generated in degree smaller than or equal to d + 2 
by p{r + 1) ■ ((n + l)q{r) — q{r + 1)) polynomials. 

We give two (equivalent) proofs that 2lj is generated in degree ^ d + 2: the first 
one uses minors of the matrix 9Jl((^)r+i), and in this way we also count the number 
of generators; the second one uses the Buchberger-like criterion on the reduction of 
S-polynomials. 

First proof. The ideal 21/ of l-Lj is generated by the minors of order q{r + 1) + 1 of 
^{{G)r+i) , that we think to be written like in Lemma 4.71. As the determinant of 
the top left submatrix of order q{r + 1) (called T) in the proof of Lemma 4.71) is 1, 
we can just consider the minors of order q{r + 1) + 1 containing V: 

\ 



det 



/ Id(n,...,d + 1) 


• 


• • 







Id(£f) 


• • 


• 








• 

ld(0) 


• 


V 


• 


• • 


• 



(4.32) 
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We perform Gaussian reduction on the last rows. In ★ there is at most a non-zero 
element, which is 1; if necessary, we perform a first row reduction, to make it a 0. 
At the end of this first step of reduction, the degree of • in the last row remains at 
mostlinK[C]. 

With the second row reduction, we obtain that the above determinant is equal 
to the following: 



/ Id(n,...,d 




det 



1) 



Id(£f) 



ld(0) 



V 







02 



02 



\ 



02 / 



where 02 stands for polynomials in K[C] of degree at most 2. 

Going on with Gaussian reduction, the determinant is equal to the element ap- 
pearing in the last line and last column, which is a polynomial in K[C] of degree 
^ d + 2. 

For the number of polynomials that generate 2tj, we simply count the number 
of minors of Tl[{G),-^-l) of order q{r + 1) + 1 containing the matrix V. □ 

Second proof. As shown in Theorem 4.47 and Corollary 4.48, we can obtain a set of 
generators for 2lj also using a special procedure of reduction of S-polynomials of 
elements in Q with a Buchberger-like criterion analogous to the one for Grobner 
bases. The only difference when a term order is not defined is that reductions must 
be chosen in a careful way in order to have a Noetherian reduction. In the present 
hypothesis, we consider only EK-polynomials of degree r + 1 with respect to the 
variables x, that is of the type XjFa — XjFa' with x, > minx* and x,x'* = {x'^'\xj)^, 
that correspond to a basis of the syzygies of / in degree r + 1. 

If Xjxf^ is a monomial of / that appear in x^Fa — XjFi^i, then x^ G M'{J)r and X;X^ = 
{x'^\xf,)J, i.e. X;, = minx,x^ < x, and x^ G /,-. Then we can perform a step of 

reduction ''^ > of x^x'^ rewriting it by Xf,T{Fj). If some monomial of X;,x^ — Xj^Fy 
belongs to /, then again we can reduce it using some polynomial x^iiFy with x;/ < 

Xh- 
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At every step of reduction a monomial is replaced by a sum of other monomials 
multiplied by one of the variables C. Then at every step of reduction the degree 
of the coefficients directly involved increases by 1. If x'^°, x^"^, . . . , x'^^ is a sequence 
of monomials in /,„ such that appears in the tail of the reduction of x^', then 
mmx^'+^ < minx'?'. As the minimal variable of any monomial in A/'(/),- is lower 
than or equal to x^, the length of any such chain is at most d + 1. Thus, the final 
degree of the coefficients is at most 1 + {d + 1) = d + 2. □ 

Example 4.6.10. We consider again Hilb2, already investigated in Example 4.6.8. If 
we consider all the minors of Tl[{Q)r+i) of order q{r + !) + !, we obtain a set of 
generators for 21 j of cardinality 2200. Using Theorem 4.72, we see that actually in 
order to define 2lj we just need 8 minors of degree 2. 

By Theorem 4.70, we can exploit the techniques presented for /-marked schemes 
to embed T-Lj in linear affine spaces of lower dimension. We consider again the 
notation introduced for Theorem 4.60: for an ideal / G ^p{t)' J saturation 
and p the maximal degree of a monomial divisible by xi in Gj; if there are no such 
monomials in Gj, we set ,0 = 0. Moreover if x'^ G Gj, we write x* for the monomial 
x'^Xq'^''*' G G/^ , if |a| < m; otherwise x"^ = x*^. Finally, we will denote by (pj^r the 
embedding Hj ^ AP('')'?('') given by Theorem 4.70 and Theorem 4.72. 

Theorem 4.73. In the established setting, the fallowings hold: 



(i) 



ifm^r, then Mf{J_^J ~ Uj; 



(ii) 



if m < r, then M-f{}~^^^^) is a closed subscheme ofHj, (eventually equal). If we 
consider the embedding (p],r{T^j) C AP^''^''^''), then is cut out by a suitable 

linear space; 



(Hi) 



Tij ~ if and only if either } 



Jorm^p 



- 1. 



In particular, ifp>0, then p — lis the smallest integer m such that: 
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Especially, the isomorphism T-Lj ~ •Mf(/>reg(/)) ^"^"ces an embedding ^/,reg(/) ofHj in an 
affine space of dimension |G/| ■ p(reg(/)) and the isomorphism Hj ~ Mf{J^^_^) induces 
an embedding (p],p-i ofTij in an affine space of dimension 

L K(/,p-i)i.i 

Proof. Thanks to the isomorphism 7ij ~ -Mf(/>^) Theorem 4.70, the statements 
are straightforward consequences of Theorem 4.60. □ 

The embedding (pj,p-i (or more generally ,„ with p — 1 ^ m < reg(/)) of T-Lj in 
affine spaces defined in Theorem 4.73 are computationally advantageous, because 
in order to compute equations for 7ij we deal with a small number of variables, 
namely smaller than p{r)q{r); however, using these embedding we do not have any 
control on the degree of the equations defining T-Lj. 

If we can do computations for an embedding in a bigger affine space, consid- 
ering Ti] in £!i^P('^^s{D)^{'^esU_)) ^ then the equations defining T-Lj as a subscheme of 
^p(reg(/))(/(reg(/)) ^^.g i^Qunded, as we show in the following theorem. Furthermore 
we can compare computationally two open subsets of this kind. 

Theorem 4.74. Consider J G B",,s. 

' pit) 

(i) Hj can be embedded as a closed subscheme in AP^'")''^'") where m is any integer ^ 
reg(/), by an ideal generated in degree ^ d + 2. 

(ii) If (p]i,r '■ "Hj; — ?► AP^'')'?^'') are the embedding for the open subsets corresponding to two 
Borel-fixed ideals Ji and J2 belonging to t^'^i^^y then in general n Hj^) 7^ 
^/2,'-(^/i rrH/J. More precisely: 

cpjM, n -Hjj = (p^A^j,) \ fi, (pkA'Hi, n Hj,) = cpj.Anj,) \ Fi, 

where Fi e F2 are hypersurfaces of the same degree |Gjj \ (G/^ n GjJ| in AP^'^'^^'l 

(Hi) If we consider m ^ max{reg(/^),reg(/2)} then statement (ii) holds considering the 
embedding (pj.^Tn : V-j, ^ AP(^)''(^). 
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Proof, (i) Using Theorem 4.70, T-Lj = A4f{J). Furthermore, thanks to Theorem 4.73 , 
we have that T-Lj ~ -Mf(/>reg(/))" "^PP^Y^^S Theorem 4.47, it is sufficient to consider 
reductions of S-polynomials in degree reg(/) + 1 and we conclude as in Theorem 
4.72. 

(ii) Fi is defined by the equation of ^ in and so its degree corresponds 

to |Gjj \ (Gjj n G/JI, by Lemma 4.61(z;). ' 

(Hi) is a straightforward consequence of (i) and (ii). □ 

Example 4.6.11. We consider the Hilbert scheme of s points in P", Hilb". For 
any monomial ideal / , we have that the open subset of the Grassmannian Uj is 
isomorphic to A^'?^^', where q{s) = ("^'^) — s. The saturated lexicographic ideal 
L = {xn,. .. ,X2,x\) has regularity s the open subset "Hl^^ C Hilb", the Reeves- 
Stillman component, contains all the subschemes of P" made up of s distinct points, 
so it has dimension ^ ns. Using Theorem 4.73, ?^l>s is embedded in an affine space 
of dimension |Gl| • p(s) = ns. Then, "Hl^, — A"^. 

Example 4.6.12. We can now easily study some features of Hilb3f, that we have 
already investigated in Example 4.6.5. The Borel region of Hilb3t is made up of one 
open subset only, corresponding to the lexicographic ideal L = L^3 = {x2,,x\)^2>, 
as already pointed out in Example 4.6.5, using Proposition 4.66 and Theorem 4.70. 
Since no monomial in the basis of (X3, x\) is divisible by x\, using Theorem 4.73, we 
have that Mf{L) ~ Tii and we can embed Tii in A^^. 

Furthermore, since the monomial basis of L is made up of two coprime mono- 
mials, we have that every ideal I in AifiV) corresponds to the complete intersection 
of a plane and a cubic; we then have that "H^ has dimension ^ 12, and so "Hl — A^-^. 
Every point of Hilb3f is, up to a change of coordinates, a point of T-Li^, hence every 
scheme in P'^ with Hilbert polynomial 3t is a (l,3)-complete intersection. 

Example 4.6.13. Let us consider the Hilbert scheme Hilb|f. Continuing the com- 
putation of marked schemes started in Example 4.5.4, we obtain that the Grobner 
stratum St(^^{]i) of /4 = [x^^, x^X2, x\) is isomorphic to the affine space A^^, namely 
Hilb|f has a rational component of dimension 16 corresponding to (2,2)-complete 
intersection (called Vainsencher-Avritzer component [101]). A second component 
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is the Reeves-Stillman one, containing the lexicographic point. Being such a point 
smooth [87], the Grobner stratum tS^DegLex ((/i)^5) has to be an affine scheme, thus 
isomorphic to A^^ (cf. with [35]). 

We know that the point defined by /s = {x'^, X3X2, x^X'^, xf) lies on the intersec- 
tion of these two components: indeed it belongs to the Reeves-Stillman component 
because it has the same hyperplane section of the lexicographic ideal (Reeves crite- 
rion) and it belongs to the Vainsencher-Avritzer component because there is a Borel 
rational deformation having (73)^6 and (/4)>6 as fibers. By explicit computation 
(see Example C.2.2) we find that the ideal of the Grobner stratum 5fa;3(/3) can be 
decomposed in an ideal generated by a single variable (of 24), that correspond to an 
affine scheme of dimension 23, and an ideal defining a affine subscheme isomorphic 
to A}^. Hence the two components of Hilb|t intersect transversely. 



Chapter 5 



Low degree equations defining the 
Hilbert scheme 

In this chapter, we will introduce a new set of equations defining the Hilbert scheme 
Hilbp^j^ as subscheme of the suitable Grassmannian Gr^{q {r) , N {r)) as already 
done in Chapter 1. This topic is placed here, after a long discussion on Borel-fixed 
ideals, because ideas behind the main result we will prove come from the construc- 
tion of the Borel open covering of the Hilbert scheme discussed in Chapter 4, in 
particularly Section 4.6.1. We remark that it is not trivial to extend the bound on 
the degree of equations defining locally the Hilbert scheme to the global equations, 
because as seen in Lemma 4.61 global coordinates can correspond to polynomials 
of high degree in the local coordinates. The results of this chapter belong to the 
preprint "Low degree equations defining the Hilbert scheme" [17], joint paper with 
J. Brachat, B. Mourrain and M. Roggero. 

5.1 BLMR equations 

Given an admissible Hilbert polynomial p{t) on P" with Gotzmann number r and 
degree d and the associated volume polynomial q{t) = C^^) — p{i), we set 

//X /X /n-d-l + t\ (n + t\ fn-d-l + t\ ,. ,^ 
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so that (^(f) -q'{t) = dim]KK[xd+i, . . .,x„]f. 



Proposition 5.1. Let U' he the set of all the elements I G Gr^{q{r),K[x]r) such that U 
has a set of generators of the type: 



G\ = {x" + /a I G K[xd+i,...,x„]rand G (xd,...,xo)} 
U {gj \gj e {xd,...,xo)} 



(5.2) 



where the first set of generators contains by construction q{r) — q'{r) elements and the 
second set has q'{r) polynomials, so that dimK h = '?('')• 

Then U' is a non-empty open subset in Gx^ {q(r),W^x\r) and lr+\ has a set of generators 
Gj"*"^ that can be represented by a matrix of the type: 





( 


Id 


• • • 


Ar+l = 














V2 



(5.3) 



where: 

• the columns belonging to the left part of the matrix correspond to the monomials in 

x^j^i, . . . , Xn]r+i and the columns on the right to the monomials in {xq, . . . , Xd)r+i; 

• the top-left submatrix Id is the identity matrix of order q{r + 1) — q'{r 

• the rows ofVi contain the coefficients of all the generators multiplied by a variable 
Xh, h = 0,..., d; 

• the rows of V2 contain the coefficients of the generators gj multiplied by a variable 
xpi, h — d + 1,. . . ,n and the coefficients of the polynomials Xi'fa' — Xifa such that 
Xiix'^' = Xix'^ and i, i' ^ d + 1. 

Moreover the subset U cW of all the ideals ly such that rankPi ^ q'{r is open 
and U'^^ = {g .U \ g G GL(n + 1)} is an open covering ofGi^{q{r),K[x]r). 

Proof. Let us consider the canonical projection 

n ■.K[xQ,...,Xn]r ^ {K[xQ,...,Xn]/ixo,...Xii))^^K[Xii+i,...,Xn]r- 



5.1. BLMR equations 



233 



The subset W of Gr^{q{r),K\x\r) is open because W = 7r^^(K[X(j_|_i, . . .,Xn]r) n 
Gr^{q{r) ,K\x\r) . Moreover W is non-empty because any Borel-fixed ideal / defin- 
ing a point of Grjt((^(r),K[:t];.) (i.e. dimiK /r = (J (r)) belongs to Z//'. Indeed, dimK /f ^ 
q{t), y t ^ r (by Macaulay's Estimate on the Growth of Ideals) implies that the 
Hilbert polynomial of K [xq, . . . ,x„]/} has degree smaller than or equal to deg p{t) = 
d and so K[xrf_|_i, . . . ,x„]'^r Q } (see Proposition 2.15). Therefore the ideal /,- has a 
basis Gj (as K-vector space) as the one described in (5.2) so that /,- G W. 

For any I,- G W, a set of generators of J^+i is K[x]i • = IJi {^i Gj}. The set of 
generators Cj^^ we are looking for can be easily obtained from K[x]i ■ Cj just mod- 
ifying few elements: for every monomial x^ in K[X(j_|_i, . . . , Xn]r+i we choose only 
one product x, (x* +/«) such that x'^ = Xj X*, to be left in GJ^^ (and correspond- 
ing to a row in the first block of Ay+i), whereas we replace any other polynomial 
Xii {x"-' +fa'), such that x^ = x^ix'^' , by x,v/^, — x,/a (which belongs io {xq, . . . ,x^) and 
corresponds to a row of 'D2)- 

Obviously the condition rank Pi ^ q' {r -\-\) is an open condition and we call 
U <Z W the corresponding open subset. Again this open subset is not empty be- 
cause it contains for instance all the subspaces ]r defined by a Borel-fixed ideal 
] eGr^{q{r),^[x]r). 

To prove the last statement, we consider any term ordering a, refinement of <b 
(i.e. Xn >a ■ ■ ■ >a Xq). Then for a generic g G GL(n + 1), / = (in(^ . J), ) is Borel- 
fixed. Note that / belongs to Gr^{q{r),K.[x]r), but if J ^ 'Hilbp(f)(K), / can differ 
from \r\{g.l). As / is Borel-fixed 

dim]K(xo/r + . . . + XdJr) = dimiK n {xq, ...,Xd) = 

= dimjc/r+i - dimKK[xrf+i,. . ^ q'{r + l), 

hence 

dimiK (xo(^ ./), + ... + xa{g . I)r) ^ dimiK {xo\n{g . J), + . . . + x^mig . 7),.) ^ 

^ dim]K(xo/,- H h x^Jr) ^ + 1). 

Finally we can conclude that g.I because a set of generators of the vector space 
Xo{g . I)r + ■ ■ ■ + x,i{g . I)r corresponds to the rows of □ 
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Making reference to the matrix Ay+i in (5.3), let us call 

Corollary 5.2. Let 7 C K[x] be any ideal belonging to U. Then 
(i) I eUn -Hilbp(f)(K) ^ rankP = rank Pi =q'{r + 1); 

either rankDi > q'{r + 1) 
or rankDi = q'{r + 1) < rankD 

Proof, (i) follows from the fact that I G 'Hilbp(f)(K) if and only if dimK Ir+i = 
rank^,.+i = q{r + 1) and from the special form of Ar+i- 

(ii) is another way to write (i). □ 

We can now describe the set of equations that we will prove to describe the 
Hilbert scheme Hilbp^^j^. As usual r is the Gotzmann number of p{t) and let I be 
an element of Gr^{q{r),K.[x]r). We will describe the equations of in terms of 
the Pliicker coordinates of I via the Pliicker embedding (1.2) ^ : Gr^{q{r),N) — >• 
P[a'?Wk[;c],]. 

A first subset S)' of the equations is construct as follows. Let us choose in all 
the possible ways a set of d + 1 elements of the type XiAy such that i = 0,. . .,d 
and Y^iSj = q'{r + 1). Moreover let us consider any variable xj, j = d + 1, . . . ,n 
and any multiindex K = {ki, . . . ,kg(,.-)_i}, such that all the monomials belonging to 
K[xd+i,.. ■,x„]r are contained in the set {x'^^^^\.. . (in order for A^^^ to 
contain only monomials in {xq, . . . , x^)). The first part S^' of the polynomials in is 
represented by all the coefficients of all exterior products of the type 

hXjA^^l (5.4) 

The second part of the equations S)" is constructed as follows. We choose in 
all the possible ways a multiindex H = {hi, . . . Mq(r)}' such that again the corre- 
sponding set of monomials {x'^'^^^\. . .^x'^'-'^''*")''} of degree r contains the monomi- 
als in K[X(f+i,. . . ,Xn]r- For any x^ G K[X(i_|_i, . . .,Xn\r-i and any couple of vari- 
ables Xj,Xji e {xd+i, ■ ■ ■ ,Xn}, let h and h' be the indices such that Xjx''' = x'^(^) and 
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Xj/X^ = x'^^^\ The second part ^" of the polynomials in can be obtained collecting 
the coefficients of all the exterior products of the type 

(^A X, A{f)^ A [xj,A^^l+XjA^il) (5.5) 

where Hj = H \ {h} and H2 = H \ {h }. Note that we need to sum the two vectors 
in order for the monomials xy/x*^'') and Xjx'^^ ' to delete, because Ap^^j^ = — A^ |^/. 

Theorem 5.3. Let p{t) he an admissible Hilbert polynomial in P" of degree d and Gotz- 
mann number r. The set 'HiVo^^^^^-^iK) of ^-valued point ofHilbp^f) can be described by a 
closed subscheme of the Grassmannian Gr^{q{r), ¥.[x]r) defined by the equations Sj given 
in (5.4), (5.5) of degree smaller than or equal to d + 2. 

Proof. We divide the proof in two steps. 

Step 1. Firstly, we consider an ideal I ^ U and show that every polynomial in 
vanishes on the Pliicker coordinates [. . . : Ai(7) : . . .] of 7 if and only if 7 S 
Wn-Hilb|;(t)(K). 

Note that the conditions given by the vanishing of the polynomials in = 
S)' U S)" mean that q'{r + 1) rows in the matrix and one rows in the matrix T)2 
are linearly dependent (directly by the construction of the matrix Ar+i in Proposi- 
tion 5.1). These conditions ensure also that q'{r + 1) + 1 rows of the matrix Vi are 
dependent, because of the well-known property of vector spaces saying that s + 1 
vectors Vi,..., t^s+i/ such that every subset of s elements is linearly dependent with 
any other vector u 7^ 0, are dependent. The only delicate issue, that we will discuss 
later in Remark 5.1.1, is checking that T>2 is not a zero matrix. 

By Corollary 5.2, I eU belongs to "Hilbp^^j ^ (K) if and only if the pol}momials of 
vanish on [. . . : Ai(J) : . . .]. Note that the coefficients of the exterior products in 
(5.4) and (5.5) are polynomials of degree ^ d + 2 (more precisely the degree is the 
number of non-zero s,). 

Step 2. Let I be an element of GrK((^(r),K[x],.) and g = {gi^j) be an element of 
GL(n + 1). The Plucker coordinates [■ ■ ■ : Ai(^ . 7) : • • • ] of ^ . 7 G GrK((?(r),K[x],) 
are bi-homogeneous polynomials of degree 1 in the Pliicker coordinates [• • • : Ai(7) : 
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■ • • ] and of degree q{r) • r in the coefficients gi^j of the matrix g. So given a homo- 
geneous polynomial P of degree s ^ d + 2 in Sj, P{[- ■ ■ : Ai{g . I) : • • • ]) is a bi- 
homogeneous polynomial of degree s in [• ■ • : Ai(7) : • ■ • ] and of degree q{r) ■ r ■ s 
in gi^j. At this point we collect, and denote by Cp, the homogeneous polynomials 
of degree s ^ d + 2 in the Pliicker coordinates [• ■ • : Ai(J) : ■ ■ ■ ], that spring up 
as coefficients of P([- • • : Ai(^ . I) : ■••]), viewed as a homogeneous polynomial of 
degree q{r) ■ r ■ s in the variables gij. 

From Proposition 5.1 and Corollary 5.2, I belongs to 'Hilbp(f)(K) if and only if 
for a generic changes of variables g G GL(n + 1) 

g.7GWn-Hilb;(,)(K) 

1. e. 

all the homogeneous polynomials P G vanish at [• • • : Ai(^ . 7) : ■ ■ ■ ], 

or equivalently 

all the coefficients Cp for P G vanish at [■ ■ ■ : Ai(7) : ■ ■ ■ ]. 

We finally proved that I G GY^{q{r),K[x]r) belongs to 'Hilbp(f)(K) if and only if 
[■ ■ ■ : Ai(7) : ■ ■ ■ ] satisfies all the equations of the set 

U Cp (5.6) 

which consists of homogeneous polynomial of degree smaller than or equal to d + 

2. □ 

Remark 5.1.1. Note that a necessary condition in order that is empty is that 
Ir has no generators belonging to Gj of the t5^e gj and now we prove that it is not 
possible. For the sake of simplicity, we can think about the monomial ideal obtained 
in the case /« = gj = 0, V a, V Such an ideal should have a Hilbert polynomial 
p{t) such that p{r) = ("+'') - ("^_^^'')- Let us show that p{r) can not be equal to P(r) 
with P a Hilbert polynomial with Gotzmann number equal to r and of degree d. 

The first point is to compute the maximal value in degree r of a Hilbert poly- 
nomial of degree d and Gotzmann number r. By the Gotzmann decomposition of 
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Hilbert polynomials (1.21), we know that among the Hilbert polynomials of degree 
d and Gotzmann number r there is 

and that any other Hilbert polynomial has at least one binomial coefficient 
C^^d-t') replacing C+p) [i,] > 0). Because of C+^^O > C+tP^O^ ^^e maximal 
value reached is 

r 

P = max {P{r) \ P{t) of degree d and Gotzmann number r| = 

! = 1 

Finally, starting from the decomposition 

K[xo,. . . ,X„]r = [j K[xo,...,Xd]i-K[x^+-^,...,X„]r-i, 
i=0,...,r 

we have that 



5.2 Extension of the coefficient ring 

We will now prove that the subscheme of Gr^{q{r),'K[x]r) described in Theorem 

5.3 representing the set 'Hilbp(j)(K) is indeed the Hilbert scheme we are looking 
for, so let us denote it by Hilbp^fj. We have seen in Chapter 1 that any element 
Z G 'Hilbp(f) (A) defines an element of Gt^^i^-j' (^)/ that is, being represented by 
GrK(i?(r), N(r)), a morphism/z : SpecA Gr^iq {r) , N (r)) . To prove that Hilb^jf) 
represents "Hilbp^f^ we have to show that to any element Z S 'Hilbp(fj(A) we can 
associate a morphism : Spec A — > Hilbp^^-). To accomplish this task we prove 
that the morphism fz factors through the inclusion Hilbp^^f-) ^ Gr^{q{r), N{r)) as 
subschemes of P [ A'?^''' K[x]r] : 




p{r) 



n + r 
n 

' ^d + i 
d 



E 



n-d+r+1 

n-d + 1 
n-d+l+r 
n-d + 1 
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SpecA fz > GrK{q{r),N{r)) 




Theorem 5.4. The Hilbert scheme Hilbp^f) can be defined as subscheme of the Grassman- 
nian Gr^{q{r), N{r)) by equations of degree equal to or less than d + 2. 

Proof. For any element of Z G 'Hilbp(f)(A) we consider the submodule J(Z),. C 
A[xo, . . . , x„]r that belongs to ^r^[,j''(A). To prove that the map fz '■ Spec A — )> 
Gr^{q (r) , N (r)) factors through Hilbp^^y we now prove that an element of 7 G 
^r^[^' (A) belongs to "Hilbp^j-j (A) if and only if the equations (5.4) and (5.5) extended 

to the projective space P^'*'' by means of the tensor product for the K-algebra A 
(S>K A = A[x] are satisfied by the Pliicker coordinates of J in the Grasmmannian 
Gr A{q {r), N {r)) =GrK{q{r),N{r)) xgpecKSpecA. 

In Chapter 1 we discussed about the fact that the flatness is a local property, 
therefore we can consider A a local K-algebra with maximal ideal m and residue 
field k{m). 

Step 1. Given 7, G g^r^J^ {A), firstly let us prove that if equations given in Theorem 

5.3 are satisfied, then I,, belongs to 'Hilbp(f) (A) (i.e. A[x]i • Ir belongs to Gt^^i^'^^) (A) 
according to Gotzmann's Persistence Theorem. 

Let us consider Ir G ^r^^^''(A) satisfying the extension of equations (5.4) and 
(5.5). Tensoring by the residue field k{m) and using Nakayama's Lemma, we can 
determine a free submodule }r C A[x],- generated by q{r) monomials having the 
Borel-fixed property, such that with a generic change of coordinates, the monomials 
N{Jr) = {x^ e A[x]r \ xl^ i /,.} form a basis of A[x],./J,- as a free A-module (see [27, 
Chapter 15]). Now we consider the exact sequence 

0^7,^ A[x]r A[x]r/Ir 0, 

and we tensor it by the residue field k{xn), obtaining 

IrOK^(m) — > k{m)[x]r = K[x]r0Kk{m) — > A[x]r/Ir<^Kk{m) — > 0. 
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Called Z^^"' the image of I,- (S>k k{vn) in A;(m) [s:], by the assumptions and by Theorem 



5.3 we deduce that 7^'''"' belongs to T-Li\h^,f\{k{xn)). Consequently, /r'''"^ (resp. /,) also 



belongs to -Hilb^(,)(fc(m)) (resp. 'Hilb);(t)(A)) and thus (J^*""^) (resp. (/,)) defines a 
Borel-fixed ideal with Hilbert polynomial p{t) in k{m) [x] (resp. in 

For a generic change of coordinates, as N(/r) is a basis of A[x]r/ Ir, h is also a 
free A-module of rank q(r) with a basis of the form: 

c.^xf x'ejA. (5.7) 

Therefore we can choose a system of generators for A[x]i ■ I,- equal to that one de- 
scribed with the matrix Ar+i (5.3) in Proposition 5.1. Up to a change of coordi- 
nates, the A-module {Vi ) generated by the lines of Vi (and by definition equal to 
Xoh + ■ ■ ■ + Xdir) contains a family of c]'{r + 1) polynomials of the form: 



T = <X^ - ^ CytjX'l 



X'^ &XoJr + ---+XaJr}. (5.8) 



L .T'/GN(/,+i) 

Let us prove it by induction on ^ z ^ d for x'^ G x,/,.. Let x^ = Xqx'^ with x'^ in Jr. 
Among the generators (5.7) of Ir there is 

x/'gN(/,.) 

thus 

Xqx" - L CccfiXQX^ 

belongs to xq/,- C xq/,- + . . . + x^I^. Moreover because of (/r) is Borel-fixed and 
: A[x]i) = /, (/, G m\h"p(^f){A)), it is easy to check that xoN(/,) C N(/,+i). 
Hence the assertion is proved for i = and let us suppose that it holds for all 
^ < i. Considered x^ = x,x* with x* G /,-, again 

XiX"^ - J2 ^cifiXixf^ G Xilr C Xoir + ... + X^Ir- 

If x,x^ (x^ G N{Jr)) does not belong to N(/,.+i), then there exists x^ G ]r such that 
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and i < i because of the Borel-fixed property. Then, by induction, we can replace 
x,x^ = XjX^ with an element of the A-module generated by N{}r+i) modulo Xoir + 
• ■ ■ + Xiilr, finally proving that the family T described in (5.8) belongs to {Vi) (i.e. 

to XoIr + ...+ X^Ir). 

As equations of Theorem 5.3 are satisfied, equations (5.4) and (5.5) are also sat- 
isfied for a generic change of coordinates, so that we can assume without loss of 
generality that there exist }r Borel-fixed and IF as in (5.8), such that satisfies (5.4) 
and (5.5). 

Now we want to show that equations (5.4) and (5.5) imply that F generates the 
A-module {1)2) spanned by the lines of I?2- As a matter of fact, equations (5.4) and 
(5.5) imply that the exterior product between q'{r + 1) polynomials in {Vi) and one 
polynomial in {'D2) always vanishes. In particular, the exterior product between 
the q'{r + 1) polynomials that belong to T and any polynomial g in {V2) is equal to 
zero. We deduce easily that g belongs to {T) and that T generates (1*2) • 

Moreover T generates {T>i). With the same reasoning used in the proof of The- 
orem 5.3 and in Remark 5.1.1, it is easy to prove that any exterior product between 
(j'(r + 1) + 1 pol}momials in {T>i) is equal to zero. In particular, the exterior product 
between the q' {r + \) polynomials that belong to F and any polynomial g in {T>i) 
is equal to zero. So again g belongs to {T) and T generates {Vi) (keeping in mind 
that the free A-module A[x\r has a basis that contains F). 

Finally, we conclude that J^+i is a free A-module with basis F plus the polyno- 
mials represented by the lines in the first rows of Ay+i and rewriting this family of 
polynomials using linear combinations of elements in F we can obtain a basis of 
the form 



that it satisfies the extension of equations given in Theorem 5.3. This is equivalent 
to prove that equations (5.4) and (5.5) are satisfied for a generic changes of coor- 
dinates. From the Generic Initial Theorem [27, Theorem 15.20] and Nakayama's 



L x'/GN(/,+i) J 

turns out to be an A-module with basis N(/,._|_i), so ly G "Hilbp^j^ (A). 
Step 2. Let us suppose that G [A) belongs to 'Hilbp(f) (A) and let us prove 
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Lemma, there exists a Borel-fixed monomial ideal / with Hilbert polynomial p{t), 
such that for a generic changes of coordinates, N(7, ) and N(/,._|_i) are a basis of re- 
spectively Ir and as free A-modules. As mentioned in Step 1, 
we can represent 7^+1 with the matrix Ar+i introduced in Proposition 5.1 and find a 
family T in {Vi) of the form (5.8). 

As N(/r+i) is a basis of A / J^+i as a free A-module, every polynomial given 
by a line in Vi or D2 belongs to (J-"). Therefore equations (5.4) and (5.5) are satisfied 
for a generic change of coordinates and equations of Theorem 5.3 are satisfied. □ 



Example 5.2.1. Let us apply Theorem 5.3 to Hilb^, already considered in Example 
1.5.1, Example 1.5.4 and Example 1.5.5. Since the Hilbert polynomial is constant, 
to compute the first set of equations Sj' (5.4), we have to consider the wedge prod- 
uct between XqA^^ and the 2 elements X2A^23/ ^1^123 containing monomials in 
K[x2, :ci]2. We obtain 12 polynomials: 

- A26A46 + A45A46 + A16A56, 

- A24A46 + A14A56, 

- A24A45 + A12A56, 

- ^36-^46 + A26A56 + A45A56, 

- AI5 - A34A46 + A24A56, 



A25A45 + A23A46, 



• - AI5 + A25A46 - A15A56, 

• A34A45 + A23A46 - A13A56, 

• A14A45 - A12A46, 

• A35A46 — A25A56, 

• A35A45 - A23A56, 

• A15A45 - A13A46 + A12A56. 



To compute the second set of equations S^" (5.5), we have to consider the coefficients 
of the wedge product between xqA^^ and one of the following elements 



X\A2j^ ~\~ X2A-j^2^, 
XiAg) +X2Af3^, 

x^A^j, + X2A^^l 



XiAigi + X2A^^^^, 

XiAf3^ + X2Af2^, 



XiA^ 



^2Afi 



We obtain other 36 generators: 

A16A25 - A15A26 - A24A26 + A14A36, 

- A15A24 - + A14A25 + A14A34, 

- A14A23 + A12A25, 

- A25A26 - A26A34 + A16A35 + A24A36, 

- A24A25 + A14A35, 

- A23A24 + A12A35, 

- A24A46 + A14A56, 



• A24A25 - A14A35, 

• A15A23 + A23A24 - A13A25, 

• A13A14 - A12A15 - A12A24, 

• A^g + A25A34 - A15A35 - A24A35, 

• A23A25 + A23A34 — A13A35, 

• A13A24 - A12A25 - A12A34, 

• A16A25 - A15A26 + A24A45, 
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A16A24 + A14A26 - A14A45, 
A14A25 + A12A26, 

- A^g + A16A36 - A34A46 + A24A56, 

- A24A26 + A14A36 - A24A45, 

- A24A25 + A24A34 + A12A36, 
A|g - A16A36 - A25A46 + A15A56, 
A24A26 - A16A34 - A15A45, 
A16A23 - A15A25 + A24A25, 

- A35A46 + A25A56, 

- A26A34 + A24A36 - A25A45, 

- AI5 + A23A26 + A24A35, 



• A16A23 - A13A26 - A24A34 + A14A35, 

• A14A15 - A12A16 - A14A24, 

• A25A26 - A15A36 + A34A45, 

• A23A26 - A^ + A24A35 - A13A36, 

• A15A24 - A12A26 - A14A34, 

• - A25A26 + A16A35 + A25A45, 

• - A23A26 - A25A34 + A15A35, 

• Afg - A13A16 - A14A25 + A12A26, 

• A26A35 - A25A36 + A35A45, 

• A25A35 - A34A35 - A23A36, 

• A15A25 - A13A26 - A14A35 + A12A36. 



Now we need to introduce the action of GL]k(3) on K[a:o, 3:1,3:2] and to under- 
stand how the induced action on Gr^{4:,6) works. Given an element g = (gij) G 
GLk(3) and its action 



\ 



^00 ^01 ^02 
^10 gn giz 

\ g20 g2l g22 ) 



/xo\ 

\X2 J 



the induced action on the K-vector space K[xo, x\, 3:2] 2 is represented by the matrix 
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^00 


2^00^01 


2^00^02 


^01 


2g0lg02 


g02 


\ 


I 




\ 






^01^10 + googu 


^02^10 + 


^01^11 


^02^11 + ^01^12 


g02gl2 






XqX-1 








goigio + googii 


^02g20 + g00g22 


g01^21 


^02^21 + g01^22 


g02g22 






XqX2 








2^10^11 


2^10^12 


g'u 


2^11^12 


gl2 






x\ 








^11^20 + ^10^21 


^12^20 + ^10^22 


^■11^21 


§"12^21 + ^11^22 


gl2g22 






XIX2 




V 


8w 


2^20^21 


2^20^22 


gll 


2^21^22 


g\2 


I 


V 


x\ 


I 



To write explicitly the action of g on the Pliicker coordinates, we can consider the el- 
ement A^23456' substitute each element of the basis of K[xo, X\, X2]2 with g . ob- 
taining the exterior product g . A^23456 then the action is determined by looking 
at the coefficients of the same element of the basis of A'*K[xo, xi, xzli in A^23456 
g . A^23456- instance the Pliicker coordinate A25, coefficient of ^2 A A X2X0 A Xq 
in A^23456/ will be send by the action of g to the coefficient of A x^ A X2X0 A Xq in 

d ■-'h23456- 

Finally, for every polynomial P contained in Sj, we have to compute the action 
of g, that is substituting each Agj, with g . Ag^,, and then we have to collect all the 
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coefficients (polynomials in the Pliicker coordinates of degree 2) of g . P, viewed as 
polynomial in the variables gij. For instance collecting the coefficients of the poly- 
nomial g . (A35A46 — A25A56), A35A46 — A25A56 G S)', we obtain 3495 polynomials 
that give some of the equations defining the Hilbert scheme Hilb^. 



Chapter 6 



On the connectedness of 
Hilbert schemes of locally 
Cohen-Macaulay curves in P 



In this chapter I expose the first results obtained in collaboration with E. Schlesinger 
about the question of the connectedness of the Hilbert scheme of locally Cohen- 
Macaulay (km for short) curves in P^. Basically this is an expanded version of the 
paper "The Hilbert schemes of locally Cohen-Macaulay curves in P'^ may after all 
be connected" [59]. 

This chapter wants to be a further evidence of the potential of the ideas we 
are proposing to study many problems of geometric nature. Indeed looking at lo- 
cally Cohen-Macaulay curves in P'^ with a computational and combinatorial eye, 
we prove quite easily the connectedness of the Hilbert scheme of (locally Cohen- 
Macaulay) curves of degree 4 and genus —3, considered one of the best candidates 
to be a non-connected Hilbert scheme. 

Throughout this chapter, unless otherwise specified we will say Hilbert scheme 
meaning Hilbert scheme of locally Cohen-Macaulay curves. 
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6.1 Introduction to the problem 

By the term curve we will mean a one dimensional subscheme without isolated or 
embedded zero dimensional components; in the literature such an object is usually 
called a locally Cohen-Macaulay curve. One of the major tool in the study of Hilbert 
schemes of codimension two subschemes of a fixed projective scheme is the liaison 
theory. We refer to [46] and [71] for a modern treatment of this topic. Let us recall the 
main results of biliaison theory in the context of curves in P'^. We say that a curve D 
is obtained from a curve C by elementary biliaison of height if D is linearly equivalent 
to C + hH on a surface S that contains both C and D and has H as its plane section 
[44] (see also [66, Chapter III]). For example, an effective divisor D of bidegree (a, b) 
on a smooth quadric surface Q ~ P^ x P^ C P'^ is obtained by an elementary biliai- 
son of nonnegative height from a curve C which is the disjoint union of d = \a — b\ 
lines on the quadric. Biliaison is the equivalence relation generated by elementary 
biliaisons. Rao [85] proved that there is an invariant that distinguishes biliaison 
equivalence classes: the finite length graded module Mc = 0„gz ^^(^^'^c('^))/ 
which is now commonly referred to as the Rao (or Hartshorne-Rao) module of C; 
two curves are in the same biliaison class if and only if their Rao modules are iso- 
morphic up to a twist. The structure of a biliaison class is well understood. A curve 
C in a biliaison class is said to be minimal if for every other curve D of the class 
Md — Mc{—h) with h ^ 0; this means the Rao module of D is obtained shifting the 
Rao module of C to the right. The main result of the theory is: 

(i) Every biliaison class contains minimal curves; the family of the minimal 
curves of the class is irreducible, and any two minimal curves of the class can 
be joined by a finite number of elementary biliaisons of height zero. 

(ii) If D is a non minimal curve, then D is obtained from a minimal curve C of the 
class by a finite sequence of elementary biliaisons of positive height. This is 
known as the Lazarsfeld-Rao property. 

Note that from 6.1 it follows that a curve is minimal in its biliaison class if and only 
if it has minimal degree among curves of the class. This result has a long history. 
Lazarsfeld and Rao [56] proved the Lazarsfeld Rao property under a cohomological 
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condition on C that guarantees C is minimal; they only considered trivial elemen- 
tary biliaisons (C, = C,_i + nH, no linear equivalence allowed), but at the end of 
the process they needed a deformation with constant cohomology. The existence 
of minimal curves and the Lazarsfeld-Rao property were proven independently in 
[66] and [5]. Strano [100] showed the deformation at the end of the Lazarsfeld-Rao 
process is not needed if one allows linear equivalence in the definition of elemen- 
tary biliaison. The version of the theorem we have given is due to Hartshorne [46, 
Theorem 3.4], where the precise conditions on the ambient projective scheme are 
determined for the Lazarsfeld-Rao property to hold for biliaison classes of codi- 
mension 2 subschemes. 

We would like to stress the fact that for this theory to work it is necessary to con- 
sider locally Cohen-Macaulay curves: even if one starts with a smooth irreducible 
curve, the minimal curve of the class may fail to be reduced or irreducible; it may 
even not be generically a local complete intersection (as it was assumed by Rao in 
[85]). So let H^^ denote the Hilbert scheme parametrizing (locally Cohen-Macaulay) 
curves of degree d and arithmetic genus g in P'^; it is an open subscheme of the full 
Hilbert scheme Hilb^f^^_^. In [67] and [68] Martin-Deschamps and Perrin have 
shown that, whenever nonempty, H^j g has a component g whose closed points 
correspond to curves that have maximal cohomology, in the sense that 

dimH'(p3,Xc(«)) ^ dimH'(p3,XE(n)) (6.1) 

for every C G iid,g> E ^ Ed,g> n E X and i = 0,1,2. Note that by (6.1) there is 
no obstruction coming from the semicontinuity of cohomology to specializing any 
curve in ild,g to an extremal curve. This remark raised the question whether every 
curve can be specialized to an extremal curve. This is known to be false for curves 
that are not generically of embedding dimension two [81], but it is open for, say, 
smooth curves. A weaker version of this question, proposed by Hartshorne in [45] 
and [47], is whether H^^g is connected, that is, if every curve in He/ ^ belongs to the 
connected component containing the extremal curves. It is an interesting problem 
because the Hilbert scheme of smooth curves is not connected [43], while the full 
Hilbert scheme is connected (as seen in Chapter 3), but through schemes with zero 
dimensional components. 
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Let us review what is known about the problem of connectedness of ild,g- No 
example of a nonconnected ^ has been found so far. The Hilbert scheme H^;^ 
is connected when g ^ (''2^) - 1 (see [1, 48, 91]) and when d ^ 4 (see [79, 81]; 
this is non trivial, because when g is very negative the Hilbert scheme has a large 
number of irreducible components). Hartshome [45] has shown that smooth irre- 
ducible nonspecial curves and arithmetically Cohen-Macaulay (ACM) curves are in 
the connected component containing the extremal curves, and so are Koszul curves 
by [84]. Building on the results of [45], E. Schlesinger has shown [92] that, if a mini- 
mal curve C can be connected to an extremal curve by flat families lying on surfaces 
of degree s, where s is the least degree of a surface containing C, then every curve 
in the biliaison class of C is in the connected component of extremal curves in its 
Hilbert scheme. 

By [44] and [49], any curve contained in a singular quadric surface, including a 
double plane, is in the connected component of extremal curves [49]. On the other 
hand, the case of curves on a smooth quadric surface has been open so far. By bil- 
iaison it is enough to deal with divisors of bidegree (d, 0). The case d ^ 2 is then 
trivial, and Nollet [79] has shown that is possible to specialize a divisor of bidegree 
(3, 0) to an extremal curve, but it has been an open question whether one could 
specialize four (or more) disjoint lines on a smooth quadric to an extremal curve 
of the same genus; consequently, the Hilbert scheme of curves of degree Hio,i2/ 
which has an irreducible component whose general member is a divisor of bide- 
gree (7,3) on a smooth quadric surface, was proposed as a candidate for an exam- 
ple of a nonconnected H^ gi see [45, Ex. 4.2], [47, Section 4], and the open prob- 
lems list of the 2010 AIM workshop on Components of Hilbert Schemes available at 
aimpl . org/hilbertschemes. 

6.2 Extremal curves 

In this section we establish notation and terminology and review some known re- 
sults that we will need later. We work over an algebraically closed field K of arbi- 
trary characteristic. We denote with the symbol Ix the ideal sheaf of a subscheme 
X C P"^. Given a coherent sheaf T on P'^, we define h'{J^) = dim H' (P'^, J^) and 
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Hl{T) = 0„e2 W'(P^ J'(n)). We write KM = K[xo,x-^,X2,X3] for the homoge- 
neous coordinate ring H2(Op3) of P^. 

Definition 6.1. A curve in P'^ (or more precisely a locally Cohen-Macaulay curve) is 
a one dimensional subscheme C C P'^ without zero dimensional associated points; 
this means that all irreducible components of C have dimension 1, and that C has 
no embedded points. 

We denote by H^^^ the Hilbert scheme parametrizing curves of degree d and 
arithmetic genus g in P^ [66]. This is an open subscheme of the Hilbert scheme 
Hilb^f_i_^_^ parametrizing all one dimensional subschemes of P^ with Hilbert poly- 
nomial dt + 1 — g. 

Definition 6.2. We say that a curve £ C P^ of degree d and genus g is extremal if 

h\lc{n)) ^ h'{F\lE{n)) (6.2) 

for i = 0, 1, 2, for every curve C of degree d and genus g, and for every n G Z, 

Thus a curve is extremal if it has the largest possible cohomology. One knows 
that ild,g is nonempty if and only if either g = {'^^^), in which case it is irreducible 
and consists of plane curves, or ^ ^ (^2^)- Whenever nonempty, H^j^ contains 
extremal curves [67]; in fact, the extremal curves form an irreducible E^^g of H^j ^ 
[68]. 

Remark 6.2.1. Our definition of extremal curves is equivalent to the one given by 
Hartshorne [45, 47]. Martin-Deschamps and Perrin did not include ACM curves 
with maximal cohomology among extremal curves; the difference comes up only 
when^ = C'j^) 8 — C*2^)- t^^I functions h'{lE{n)) are computed explic- 
itly for an extremal curve E, and the bounds (6.2) are proven, under the assumption 
that the field K has characteristic zero; this assumption on the characteristic is not 
necessary [80]. 

Martin-Deschamps and Perrin also compute the Rao module Me = H} {Ie ) of 
an extremal curve: 
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Theorem 6.3 ([67, 68]). Let {d,g) be two integers satisfying d ^ 2 and g ^ ('^2^) ~ 1- ^ 
curve E of degree d and genus g is extremal if and only if 

MEC^R/{hJ2,F,G){b) 

where (/i,/2, F, G) is a regular sequence, deg/i = deg/2 = 1, degF = ("^2^) ~ S' 
deg G = {^2^) - g, and & = deg f - 1. 

The following proposition describes extremal curves supported on a line. It is 
a special case of [68, Proposition 0.6]; we state it in the form needed later in the 
chapter. 

Proposition 6.4. Let (d,g) he a fair of integers satisfying g ^ ^^^) — 1- Let F and G 

be two forms of degrees degF = ('^2^) ~ S ^^'^ degG = C^^^) — g in K[xi,xo] with no 
common zeros. The surface S of equation xjG — X2^^F = is irreducible and generically 
smooth along the line L of equations X3 = X2 = 0. It therefore contains a unique curve E 
of degree d supported on L. The curve E is extremal of degree d and genus g, and its Rao 
module is 

Me K[xo,Xi,X2,X3]/(x3,X2,f,G)(&) ~ K[xo,Xi]/(f,G)(&) 

where b = deg(F) + 1. The homogeneous ideal ofE is generated by x^, X3X2, x^ and x^G — 
x(-^F. 

Proof. The surface S is irreducible because F and G have no common zeros, and it 
is smooth at points of L where G is different from zero. Therefore the ideal of L in 
the local ring 0$,^ of the generic point ^ of L is generated by one function t, and the 
ideal of a curve of degree d supported on L must be f^Os,^- Since a locally Cohen- 
Macaulay curve supported on L is determined by its ideal at the generic point of L, 
we see that there is a unique curve Dm C S supported on L of degree m for every 
m ^ 1. For m = d — 1, the curve P = D^_i is the planar multiple structure of 
equations X3 = ^2"^ = 0. We note that Zp ® Oi ~ Oi{-l) © Oi{l - d) where 
the two generators are the images of X3 and ^2^^. The two forms F and G define a 
surjective map Oi^{—\) ® — d)^ OL(fc); composing this with the natural map 
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Zp ^ Xp Oi we obtain a surjection cp : Ip ^ Oi{b). We let E be the subscheme of 
P'^ whose ideal sheaf is the kernel of (p. By construction we have an exact sequence 

^ Ie ^ Ip ^ Oi{h) 0. (6.3) 

This sequence shows that £ is a (locally Cohen-Macaulay) curve of degree d and 
genus g, and that its homogeneous ideal is generated by x\^,x^X2,X2 and x^G — X2^^F. 
Therefore £ = is the unique curve of degree d contained in S and supported on 
L. Finally, the long exact cohomology sequence associated to (6.3) shows that the 
Rao module of E is 

Me = K[xo,xi]/(F,G)(fc) = K[xo,xi,X2,X3]/ {x3,X2,F,G){b). 

Hence E is an extremal curve. □ 

Extremal curves seem to have a special role on the study of the connectedness 
of ild,g the lexicographic ideal for the connectedness of the full Hilbert scheme 
Hilbp^j^. The lexicographic ideal is so important for two reasons: 

1. every Hilbert scheme Hilbp^f-j contains a point defined by the lexicographic 
ideal associated to p{t); 

2. being the lexicographic ideal a segment ideal w.r.t. DegLex, this term order- 
ing fixes the "direction" to follow to define flat deformations and specializa- 
tions of ideals in order to approach the lexicographic point (polarizations for 
Hartshorne [42], Grobner degenerations for Peeva and Stillman [83] and Borel 
degenerations in Chapter 3). 

Each Hilbert scheme of locally Cohen-Macaulay curves g contains extremal 
curves [66], therefore they are a good candidate to play the analogous special role 
as the lexicographic ideal. The point we want to discuss is how to detect the "direc- 
tion" that allows to approaching them, basically applying Grobner degenerations. 
This direction can not be given by a term ordering, mainly for two reasons: 

• there is not a unique extremal curve, but we have to consider a wide class of 
curves, precisely a component of iid,g} 
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• the ideal defining an extremal curve is not a monomial ideal. 
Thus the idea is to consider a weight order co such that 

1. it does not distinguish Xi and Xq; 

2. the generator x^G — X2^F is a;-homogeneous. 

The first consequence is that the order defined by co on the monomials of K.[x] is 
not a total order, but the Grobner machinery still works. Indeed given a polynomial 
P{xo,Xi,X2,X2,), the initial form int^(P) of P with respect to co is the sum of all the 
terms c^^x* in P for which the scalar product 

CO ■ a. = CO^DC^ + CO20il + COiOCi + LOqCCq 

is maximal. The initial ideal \'C\w{l) of an ideal I is the ideal generated by the initial 
forms in(^(P) as P varies in I. Also in this case, there is a flat family over the affine 
line = SpecK[f] whose fibers over i 7^ are isomorphic to ProjK[x]/J, while 
the special fiber over zero is the subscheme of P'^ defined by the in(^(J): see for 
example [9] and [27, Theorem 15.17]. Roughly, this family is defined letting the one 
dimensional torus act on P^ by f . [X3 : X2 : Xi : Xq] = [t^^x : t'^'^X2 : t^^Xi : t^°Xo] and 
taking the limit as t goes to zero, so that set theoretically we are projecting C onto 
the line L of equations X3 = X2 = 0, but what is interesting is the scheme theoretic 
structure of the limit. 

Let us suppose 

X3 >w X2 >w Xi =0, Xq (6.4) 

anddeg^xi = deg^xo = 1, i.e. co = {co3,co2,\,\). The order induced by the 
hypothesis (6.4) on the monomials of a fixed degree can be represented as a planar 
graph in similar way to that one used to represent the Borel partial order <b. 

Definition 6.5. We call Q(m) the graph defined as follows: 

• the vertices correspond to the classes of polynomials X3^X2^F, with F in 
K[xo, xi] such that ^3 + a2 + deg F = m; 
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• the edges correspond to the two classes of transformations 63 = ^ and 62 = 
^ with / G K[xo,Xi]i. 

Proposition 6.6. The graph Cl{m) is isomorphic to the graph representing the poset 
V{2,m). 

Proof. Assumed that the monomials of V{2,m) belong to the ring K[xi,X2, X3], it 
suffices to consider the map ^ : Q(m) — > 7^(2, m) 

er ^ er, f = 2,3. 

Definition 6.7. Let 7 C K[x] be an ideal defining a locally Cohen-Macaulay curve C 
in ^d,g' d ^ 3 and let r be the maximal degree of a generator of 1. We will say that I 
is a Icm-segment ideal if there exists a weight order co = [cos, C02, 1/1) such that 

(i) every polynomial in the basis of (J^) as K-vector space is a;-homogeneous; 

(ii) the image through xp of the set of all monomials involved in a basis of (Ir) is a 
segment of 7^(2, r) w.r.t. ZD = {co3,co2,l)- 

Proposition 6.8. The ideal Ie C K[xo, Xi,X2,X3] defining any extremal curve E G H^^^ 
supported on a line is a Icm-segment ideal w.r.t. co = {d, 2,1,1). 

Proof. By Proposition 6.4, we know that the ideal of an extremal curve in of degree 
d and genus g supported on a line is 

Ie = {xl X3X2, xi X3G - x^-^F) with deg(x3G - x{-^F) = - g + 1. 

Set r = ('^2^) ~ + 1' the vector space ((Je),.) as only one non-monomial generator: 
X3G — x^^^F. So we need a weight order co such that 

deg^ X3G = i03+(^ ^^^-g={d- l)a)2 + 2 ^) ~ ^ " '^^^'^ ^2"^^ 
i.e. a;3 = (d - l)a;2 - {^\^) = {d - l)co2 -d + 2. 
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Then the image through xp of monomials involved in the basis of ((^e),,) corre- 
sponds to the Borel set ^ = {{xl,X3X2,x^)r} U {x3x[-^,x^-^x[-'^+^} C 'P{2,r) (see 
Figure 6.1), so that 



^ = P{2,r)\m = \^x^2'^x[-^+^,...,x[Y 



The two monomials of =^ images of the generator x^G — x^^^F are minimal elements 
and ^ has as unique maximal monomial x'^^^x^^'^^'^, hence in order for to be a 
segment w.r.t. co = {(x)3,co2,coi) we need 

00^ > C02 
002 > 

co3 + {r- l)coi > {d- 2)t02 + {r-d + 2)coi 

Finally adding the hypothesis coi = 1 and the requirement of homogeneity for 
X3G — xf^^F, we have to solve the system 

CO3, > CO2 
CO2 > 1 

co3 + {r-l)> {d- 2)002 + (r - d + 2) 
003 = {d- \)oo2 -d + 2 

Replacing CO3 in the third inequality using the equality we obtain 002 > 1, so that a 
solution of the system is 



003 > C02 

002 > I 

003 = {d- l)co2 - d + 2 



CO2 



O03 = 2{d-l)-d + 2 = d>2 



□ 



Remark 6.2.2. The weight order making the ideal of an extremal curve E G ^d,g 
a Icm-segment ideal does not depend on the genus of the curve, but only on the 
degree. 



6.3 H4 -3 is connected 

In this section we construct a flat family of curves whose general member is a dis- 
joint union of lines on a smooth quadric surface Q and whose special member is an 
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(b) The Borel set in P{2, r) associ- 
ated to an extremal curve. 



Figure 6.1: The ideal defining an extremal curve represented in Q(r) and the asso- 
ciated Borel set mV{2,r). 

extremal multiple line. This specialization is obtained considering the initial ideal 
with respect to the weight vector cv = {d,2,\,\). In case d = 3, such a specialization 
was constructed by Nollet [79] for a triple structure 3L on the line L on Q (without 
using the language of weight vectors and initial ideals). For d ^ 4, if we begin with 
the d-uple structure dL on the quadric, we obtain a limit with embedded points. We 
now show that, if we take a sufficiently general divisor of bidegree (d, 0), for any 
d ^ 3, then we obtain an extremal curve as a limit. 

Theorem 6.9. Let Q he the quadric surface of equation 



For every a E¥^letLa <Z Q denote the line of equations — axi = X2 — a{ax\ + xq) = 0. 
Given d ^ 3 and fli, . . . , G K, consider the divisor 



q{xQ,Xi,X2,X^) = X3{x3 + Xo) -X2X1 = 0. 



(6.5) 



C = + • • • + L, 



(6.6) 
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on Q. If the sums a, + ajfor 1 < j ^ dare all distinct, then there is a flat family of pairs 
C d Q —> Ps}, whose fiber over 1 is (C, Q), whose fiber over t ^ Q consists of d disjoint 
lines on a smooth quadric surface, and whose fiber over is an extremal curve in the double 
plane of equation = 0. 

Proof. Let Co denote the subscheme defined by (the saturation of) \Uu){lc)r where 
Jc denotes the homogeneous ideal of C. By Grobner bases theory, there is a flat 
specialization from C to Q; since \^co{^) = ^3/ the smooth quadric Q specializes 
to the double plane X3 = as C specializes to Cq. We let /, = X3 — aiX\ and m, = 
X2 — ai{aiXi + xq) denote the given equations for the line Luf. Since Jc contains the 
product of the ideals of the lines Lai, 

xi = \r\aj{mi ■ ...-ma) e /q- 

Therefore Q is contained in the complete intersection x^ = X2 = and so it is sup- 
ported on the line L. We will show that Iq contains a polynomial A{xq,Xi,X2,X3) 
such that ina;(A) = X3G — X2^^f where F and G are homogeneous forms in K[xo,^i], 
degC = (2), degF = ('^2^) + ^' ^ ^^'^ ^ have no common zero in = 
Proj K[xo, Xi]. It follows that Co is contained in the surface S of equation X3G — 
X2~^F. By flatness, the Hilbert polynomial of Co coincides with that of C, so Co is 
a one dimensional subscheme of P'^ of degree d and genus 1 — d. Let E the largest 
Cohen-Macaulay curve contained in Co: it is the curve of degree d obtained from Co 
throwing away its embedded points. By Proposition 6.4 E is the unique curve of de- 
gree d contained in S and supported on the line L; it is an extremal curve of degree 
d and genus 1 — d. Since £ C Co and the two schemes have the same Hilbert poly- 
nomial, we conclude £ = Co- Thus the limit is an extremal curve, and the statement 
is proven. 

To conclude the proof, we need to find A G Jc with inai(A) = X3G — X2^^F. In 
principle, this is a Grobner basis calculation, but luckily we can bypass such a calcu- 
lation because we were able to find, with the help of some computation performed 
with Macaulayl [37], a determinantal formula for A (note that, while Iq is generated 
by forms of degree ^ d, the degree of A is much larger than d). Let A = X3G — xiB 
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denote the determinant 



/i nil 

h ni2 m\ 



m 



i-i 



m 



d-l 



Since // = X3 — Xi, by linearity 



m 



d-l 



A = X3 



1 rui m\ ... m\ 
1 m2 rn^ ... m' 



d-l 



d-l 



1 md ... m.^ 



d-l 



^1 



a2 m2 nij 



m 



d-l 



m. 



d-l 



m 



d-l 



(6.7) 



The linear forms and m, are the equations of the line L^;, hence the polynomial 
A belongs to the ideal of C. In the expansion A = xG — zB the polynomial G is a 
Vandermonde determinant, i.e. 

G= Y[ {mj-nii)= Yl («/ -«/)((«! + fl/)xi + xo) (6.8) 

l^iKj^d l</'<;<d 

We note that G is nonzero: the hypothesis that the sums a, + Uj be all distinct implies 
that fl, — Uj for every / < j. Furthermore, the zeros of G inPi = ProjK[xo,xi] 
are the points [1 : — fl, — aj]. 



The polynomial B is 



B = 



fl2 ni2 m\ 



m 



d-l 



m 



d-l 



m 



d-l 



(6.9) 



«d md . 

d 

= D(-i)^~^«y'«i---»^---'«d n im-mh)- 

i=l l^/i<A:^d 

Since mj^ — mj^ = {a^ — a]^){{ah + ak)xi + Xq) and the initial term of nij is X2, the 
initial term of B is the polynomial 

d 

Y^i-iy-^j x{-^ n - ak){iah + + Xq) = x^-^P (6.10) 

j=l l^h<k^d 
h^j,k^j 
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provided P = P{xq, Xi) ^ 0. We will prove not only that P is not zero, but also that it 
has no zero in common with G, that is, it does not vanish at the points [1 : — fl, — fly] . 
By symmetry, it is enough to show that P(l,— fli — fl2)7^0. For this, we write P as a 
determinant: if we set pi = ajxi + fljXo, then 



p=u-^y~'^i n iPk-Ph) 

7=1 l^hKk^d 



«i 1 Pi ••• vi^ 

fl2 1 P2 • 



U 1 Vd ■■■ Vd 



d-2 



(6.11) 



Now note that pi(l, — fli — fl2) = p2(l/— fli — fl2) = — flifl2 arid p,(l, — fli — fl2) = 
aj — (fli + fl2)fl; for ; ^ 3. For simplicity we write pi in place of p,(l, —ax — fl2). Then 



P(l, — fli — fl2) = 



= («i - «2) 



fli 1 (— fllfl2) 
fl2 1 (— fllfl2) 

(-fllfl2) ... 
P3 



(-fllfl2)^'-2 
(-fllfl2)'*-2 



(-fllfl2) 



d-2 



1 Pd 
/ d 



Pi-' 



= (fli - fl2) Yl(Pi + '^^'^2) 

\/=3 y 



n (Pfc -Ph)) = 

y3!^h<k!^d J 



= (fli - fl2) Yl^ttj - fli) (fly - fl2) 
V/=3 



n (flfc-fl;,)(fl;j + flfc-fli-fl2) ■ 

K3^h<k^d I 



(6.12) 



This shows P(l, —fli — fl2) 7^ because of the assiunption that sums fl, + fly be all 
distinct. 

To finish, we let F = x\P. Then in(^,(A) = X3G — x^^V, and F and G are homo- 

(^),degF= (V 



geneous forms in K[xo,xi], degG = (-), degF = + 1, and F and G have no 



common zero in P^. 



□ 
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We would like to make some remarks on the polynomial P. It is divisible by x"^^^. 
Indeed, P is a form in Xi and Xq of degree (^^2 ^) '^ith coefficients in K.[ai, . . . ,a^\. It is 
divisible by the Vandermonde determinant V{ai, . . . , a,}) because it is antisymmetric 
in the fl,'s. Furthermore, the coefficient of x'^^Xq° in P is an antisymmetric polynomial 
of degree 2ai + ao + 1 in the fl,'s: in order for it to be nonzero, it is necessary that 
2^1 + ^1 + 1 ^ degy = (2). Since oci + ocq = {'^2^), we deduce ai ^ d-2. This 
means that P is divisible by xf^^, and the coefficient of xf^^x^ ^ ^ is V(fli, . ■ ■ ,ad) 
times a constant —c^ that depends on d but not on the a/s. To compute c^, we 
eliminate the highest power of xq in each column by subtracting the correct linear 
combination of the previous columns: we obtain C2 = 1 and 

The first few values are C3 = 1, C4 = 2, C5 = 5, Ce = 14, C7 = 42, and at the end of the 
chapter we will prove that c,; coincides with the {d — 2)-th Catalan number. 

Remark 6.3.1. We can give a geometric interpretation of the condition that the sums 
Uj + Uj be all distinct. In the family constructed in the proof of the theorem, the union 
of the two lines Lai specializes to the planar double line X3 = X2 = plus 

the embedded point X3 = X2 = (fl, + aj)xi + xq = 0. Thus the condition means that 
these embedded points are all distinct. 

Example 6.3.2. If the condition that the fl, + fly be all distinct is not satisfied, we 
expect the limit to acquire embedded points. The reason is that in this case the 
proof of Theorem 6.9 shows that the polynomials F and G have a common zero, 
and so X3G — X2^^F is no longer irreducible. For a specific example, we take d = 4 
and fli = 0, fl2 = 1, fl3 = 2 and fl4 = 3 (in characteristic 7^ 2,3), so that ai + = 
fl2 + fl3 = 3. In this case, 

^^'^12^^^ ^ X3(xi +:to)(xi +2:to)(xi +3:to)^(xi +4xo)(xi +5xo) 
- 2x1x1(3x1 + xo) = (3xi+xo)(x3Gi-x^Fi). 
The initial ideal of Iq is 

in(4,2,U)(Jc) = (X3,6X3X2X? + 2X3X2X1X0, x|,X3X2Xo, 6X3X2X1, 
6X3X2X1X0 + 2X3X2X^,X3Gi - X^fi, 6X3X2) 
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The saturation of this ideal is 

^^3, 3X3X2X1 + X3X2X0, X3X2, xj, X3G1 - xf Fi^ , 

therefore the limit Co consists of the unique 4 structure supported on L contained in 
the surface X3G1 — X2F1, which by Proposition 6.4 is an extremal curve of genus —2, 
plus an embedded point (of equation 3xi + xq = on L). 

Corollary 6.10. Let C be an ejfective divisor ofbidegree {d, 0) on a smooth quadric surface. 
Then every curve in the biliaison class of C is in the connected component of the extremal 
curves in its Hilbert scheme. In particular, this holds for every curve on a smooth quadric 
surface. 

Proof. The case ^ d ^ 2 has been proven by Hartshorne [45]. When d ^ 3, the 
statement follows from Theorem 6.9 and [92, Theorem 2.3] because C is a minimal 
curve. □ 

Catalan numbers 

Definition 6.11. Let us define for any n > k ^ 2 



1, iik = 2 

d (6.14) 
E ()c-i)/ otherwise. 

k i=k+l 



Proposition 6.12. The number {/_-^ coincides with the Catalan number C{d — 3). 

Proof. The definition of (^) is the same as the construction of the Catalan numbers 
through the generalized Pascal triangle (see [99, Example 3.5.5]). □ 

We recall a binomial identity that will be very useful in the following. For any 

n,m 

E(-i)'(';) = (-ir(";^) (6.15) 

and equivalently for n > 

f;(-i)'+i(^) =i + (-i)"'+i (6.16) 
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M = 3 M = 4 


M = 5 


M = 6 


n — / 




n = 9 


n — W 


n = 1 


k 


= 2 


1 1 


1 


1 


1 


1 


1 


1 


1 


k 


= 3 


1 


2 


3 


4 


5 


6 


7 


8 


k 


= 4 




2 


5 


9 


14 


20 


27 


35 


k 


= 5 






5 


14 


28 


48 


75 


110 


k 


= 6 








14 


42 


90 


165 


275 


k 


= 7 










42 


132 


297 


572 


k 


= 8 












132 


429 


1001 


k 


= 9 














429 


1430 


k 


= 10 
















1430 



Table 6.1: First values of (^). 



Lemma 6.13. For the coefficients Cd described in (6.13), 

d-a-l 



I "iQ-iv Vrf>0 2. (6.17) 



Proof. We proceed by induction on a. Let us consider any with d > 2. The sum 



i=3 i=3 \k=l V 1^ 



can be rewritten as 



1=3 fc=l \! = 1 



Cd-k 



as suggested by the following diagram 

Q ('T')Q-I - tl^Yd-l + {'tyd-3 - {'f)Cd-^ + ■■■ + {d-2)Cl 

+ +('t')q-2 - t^'yd-^ + {'fyd-^ +... + {dU)c2 



+ C3 



{l)C2 
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Since d — k — lis greater that for each k, we can apply the binomial identity (6.16), 
obtaining 



i=3 k=l 



!=2 k=l 



The binomial coefficient corresponding tok = d — 2 surely vanishes and 1 = (2) so 
we proved 

Let us now suppose that the statement is true for a — 1, that is for every d > a — 1 
With the same reasoning applied before we compute 



!=fl+l 1—a+l \n=0 



For the first part of the sum, we can change the order of the summations obtaining 

i:rE7.!T!.V«)^EfE( ';*_.)V«= 



, , , , „ vfl — 1 — /i/ / f—l, \ ■ ^ \a — 1 — h , I 

!=fl+l \n=0 \ ' / «=0 \i=fl+l ^ ' / 

For the second part of the sum, we change the order and we use again the binomial 
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identity (6.16), since d - k - [a - 1) > 0, y k: 



i=a+l \ k=l 

d-{a-l)-l / k 



i=a k=l \ 1^ / 

For k = d — [a — 1) — 1, the binomial coefficient vanishes and 1 = (f 1(1^12)) so 



Proposition 6.14. 

Cd = ('^y)=C{d-2). (6.18) 



Proof. We prove the equaHty by induction on d. Obviously C2 = 1 = (2) = C(0) and 
let us assume the statement true for any c^, 2 ^ k < d. Considering the equality 
(6.17) with a = d — 1 the second sum is empty, so that 

/ d-h \ 



h=0 

By the inductive hypothesis 



E ^'2+h = EC{d - h - 3)C(2 + h-2) = f^C{D- h)C{h). 

h—O \ ' h=0 h=0 

This is the recursive definition of Catalan numbers (see [36, Section 7.5]) so 

f;C(D-?2)C(;z) = C(D + 1) => Cd = C{d-2) = (^^y). □ 
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Corollary 6.15. 

Corollary 6.16 (A new recurrence relation for Catalan numbers). 

C(0) = 1, C(n) = E (-1)'^' C " ^ ^) - (^-^O) 



Appendix A 



The Macaulayl package 

Hi Ibe r t S cheme s Equat i on s 

This chapter is supposed to be a handbook for the Macaulayl [37] package 
HilbertSchemeEquations .m2. We will introduce and explain the main func- 
tions of the package through the complete computation of the examples introduced 
in Chapter 1, that is computing various sets of equations for the Hilbert scheme 
Hilbi. 

A.l Basic features 

Firstly we need a method for computing the Gotzmann number of a Hilbert poly- 
nomial. HilbertSchemesEquations .m2 provides two methods: 

• got zmannDecomposit ion, taking as input a single variable polynomial p(f ) 
and returning the Gotzmann decomposition of the polynomial as list of pairs 
{. ..,{aiM),.. •} such that p{t) = Zi {'X')-- 

gotzmannDecomposition ^ method (TypicalValue -> List) 

— INPUT: p, polynomial (one variable) . 

— OUTPUT: a list of pairs { . . . (a_i, b_i) . . . } containing the 

— Gotzmann decomposition of p. 
ERROR: if numgens (ring (p) ) > 1 . 

— if coef f icientRing (ring (p) ) =!= ZZ and 

— coef f icientRing (ring (p) ) =!= QQ . 
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if p is not an admissible Hilbert polynomial. 



• gotzmannNumber, taking as input a single variable polynomial p{t) and re- 
turning the Gotzmann number: 

gotzmannNumber = method (TypicalValue => ZZ) 

— INPUT: p, polynomial (one variable) . 

— OUTPUT: the Gotzmann number of p. 

ERROR: if numgens (ring (p) ) > 1. 

— if coef f icientRing (ring (p) ) =!- ZZ and 

— coef f icientRing (ring (p) ) =!- QQ . 

— if p is not an admissible Hilbert polynomial. 

Example A.1.1. We test these two methods on the polynomials = 4i + 1 and 

q{t) = \t^-lt + l. 

Macaulay2, version 1.4 



11 


loadPackage "HilbertSchemesEquations " ; 


12 


R = QQ[t] ; 


13 


p = 4*t+l; 


14 


q = (t'-2-2*t + 3) /3; 


15 


gotzmannNumber p 


o5 = 


= 7 


16 


gotzmannDecomposition p 


o6 = 


= { (1, 1) , (0, 1) , (-1, 1) , (-2, 1) , (-4 


o6 


List 


17 


gotzmannDecomposition q 



stdio:7:l: (3) : error: argument 1: not admissible Hilbert polynomial 

Hence q{t) is not admissible (as expected) and p(f ) can be decomposed as 

To compute the Pliicker relations defining the Grassmannian, we will use the 
function Grassmannian (ZZ, ZZ) provided by MflCflw/fli/2. We remark that to com- 

pute the ideal defining GrK(«J, N) C Pj^ we need to call Grassmannian (q — 
1,N-1). 

The package HilbertSchemesEquations gives methods to compute the generic 
generators of a subspace (and of its exterior powers) parametrized by Gr^{q, N) ac- 
cording to Definition 1.9. 

• genericSubspaceGen. This method requires 3 arguments: 
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1. the exterior algebra generated by the basis {v^, . . ■ ,Vj^} of the base vec- 
tor space V ~ K^, with coefficient in the ring of the Grassmannian 

2. the dimension q of the subspaces parametrized by GrK{c], N); 

3. a multiindex J; 

and it returns the element a|'' associated to Gr^{q, N). 



genericSubspaceGen = method (TypicalValue => RingElement ) 

— INPUT: A, an exterior algebra with coef f icientRing (A) 

— corresponding to a ring defining a grassmannian. 

— gens (A) has to be a basis of the base vector 

— space of the grassmannian. 

— q, the dimension of the subspaces parametrized by 

— the grassmannian. 
J, a set of indices. 

— OUTPUT: the generator Lambda" { (q-#J) }_J. 

ERROR: if q < 1 or q > numgens (A) . 

— if numgens ( coef f icientRing (A) ) !- binomial (numgens (A) , q) . 
if #J >= q, 

— if min ( J) < or max (J) > numgens (A) -1 . 

• genericSetOf SubspaceGens. Also this method requires 3 arguments: the 
first 2 are the same required by genericSubspaceGen and the third is the 
order s of the exterior power. It returns the set of generators T^^^ associated to 

genericSetOf SubspaceGens - method ( TypicalValue ^> List) 

— INPUT: A, an exterior algebra with coef f icientRing (A) 

— corresponding to a ring defining a grassmannian. 

— gens (A) has to be a basis of the base vector 

— space of the grassmannian. 

— q, the dimension of the subspaces parametrized by 

— the grassmannian. 

— s, the order of the exterior power. 

— OUTPUT: list containing the set of generators Gamma" { (s) } . 

ERROR: if q < 1 or q > numgens (A) . 

— if numgens (coef f icientRing (A) ) != binomial (numgens (A) , q) . 

— if s < 1 or s > q. 



Example A.1.2. We introduce these two new methods applying them to the case of 
GrK(4,6) discussed in Example 1.2.3 and Example 1.2.4. 
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Macaulay2, version 1.4 

11 : loadPackage "HilbertSchemesEquations"; 

12 : grass = Grassmannlan (3, 5, Coef f lclentRlng=>QQ) ; 

o2 : Ideal of QQ[p , p , p , p , p , p , 

0, 1,2,3 0, 1,2, 4 0,1,3, 4 0,2,3,4 1,2,3,4 0,1,2,5 

P ,P ,P ,P ,P ,P ,P 

0, 1, 3, 5 0, 2, 3, 5 1, 2, 3, 5 0, 1, 4, 5 0, 2, 4, 5 1, 2, 4, 5 0, 3, 4,5 

P . P ] 

1,3,4,5 2,3,4,5 

13 : pluckerRelations = first entries gens grass; 

14 : #pluckerRelations 
o4 = 15 

15 : for 1 from to #pluckerRelations-l do (print (pluckerRelations#i );) ; 

p p -p p +p p 

1,2,4,5 0,3, 4,5 0,2, 4, 5 1,3,4,5 0, 1, 4,5 2, 3, 4,5 
p p -p p +p p 

1,2,3,5 0,3, 4,5 0,2,3, 5 1,3,4,5 0, 1,3,5 2,3,4,5 
p p -p p +p p 

1.2.3.4 0,3, 4,5 0,2, 3, 4 1,3,4,5 0, 1,3,4 2, 3, 4,5 

P P -P P +P P 

1.2.3.5 0,2, 4, 5 0, 2, 3, 5 1,2,4,5 0, 1,2,5 2, 3, 4,5 

P P -P P +P P 

1, 2, 3, 4 0, 2, 4, 5 0, 2, 3, 4 1, 2, 4, 5 0, 1, 2, 4 2, 3, 4,5 

P P -P P +P P 

1, 2, 3, 5 0, 1, 4, 5 0, 1, 3, 5 1, 2, 4, 5 0, 1, 2, 5 1, 3, 4,5 

P P -P P +P P 

0, 2, 3, 5 0, 1, 4, 5 0, 1, 3, 5 0, 2, 4, 5 0, 1, 2, 5 0, 3, 4,5 
P P -P P +P P 

1, 2, 3, 4 0, 1, 4, 5 0, 1, 3, 4 1, 2, 4, 5 0, 1, 2, 4 1, 3, 4,5 

P P -P P +P P 

0, 2, 3, 4 0, 1, 4, 5 0, 1, 3, 4 0, 2, 4, 5 0, 1, 2, 4 0, 3, 4,5 

P P -P P +P P 

1, 2, 3, 4 0, 2, 3, 5 0, 2, 3, 4 1, 2, 3, 5 0, 1, 2, 3 2, 3, 4,5 

P P -P P +P P 

1,2,3,4 0, 1, 3,5 0, 1, 3, 4 1,2,3,5 0, 1,2,3 1, 3, 4,5 

p p -p p +p p 

0,2,3,4 0,1, 3,5 0, 1, 3, 4 0,2,3,5 0, 1,2,3 0, 3, 4,5 

P P -P P +P P 

1,2,3,4 0,1,2,5 0,1,2, 4 1,2,3,5 0, 1,2,3 1,2,4,5 

P P -P P +P P 

0,2,3,4 0,1,2,5 0, 1,2, 4 0,2,3,5 0, 1,2,3 0,2, 4,5 

P P -P P +P P 

0, 1,3,4 0,1,2,5 0,1,2, 4 0, 1,3,5 0, 1,2,3 0,1,4,5 

Then we introduce the exterior algebra generated by the basis {vq, . . ■ ,v^} of the 
base vector space V and we compute the sets of generators of any exterior power of 
a subspace parametrized by Gr^{4:, 6). 



16 
17 



G = ring (grass) /grass; 

A = G [ v_0 . . v_5 , SkewCommutat ive=>true] ; 
genericSubspaceGen (A, 4 , { , 4 , 5 } ) 
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08 = p v+p v+p V 

0, 1,4,5 1 0,2, 4,5 2 0,3, 4,5 3 

08 : A 

19 : Gammal = generlcSetOf SubspaceGens (A, 4,1); 

110 : #Gammal 

010 = 20 

111 : generlcSubspaceGen (A, 4, {1,3}) 

011 = -p vv+p vv-p vv+p vv-p vv 

0, 1,2, 3 2 0, 1,3,4 4 1,2,3, 4 2 4 0,1, 3,5 5 1,2, 3,5 2 5 



+ p V V 

1,3,4,5 4 5 

A 

Gamma2 = genericSetOf SubspaceGens (A, 4,2); 

#Gamina2 

15 

generlcSubspaceGen (A, 4, {2}) 

p VVV+p VVV-p VVV-p VVV + 

0, 1,2,3 1 3 0, 1,2,4 1 4 0,2, 3, 4 3 4 1,2,3,4 1 3 4 



p VVV-p VVV-p VVV-p vvv- 

0, 1,2,5 1 5 0,2,3,5 3 5 1,2, 3,5 1 3 5 0,2, 4,5 4 5 



p vvv+p vvv 

1, 2,4,5 1 4 5 2, 3, 4,5 3 4 5 

A 

Gamma3 = genericSetOf SubspaceGens (A, 4,3); 
#Gamina3 



generlcSubspaceGen (A, 4, { } ) 

p vvvv+p vvvv+p vvvv+p vvvv 

0,1,2,3 1 2 3 0,1,2, 4 1 2 4 0, 1,3,4 1 3 4 0,2, 3,4 2 3 4 



+ p vvvv 


+ P 


vvvv 


+ p vvvv 


+ 


1,2,3,4 1 2 3 4 


0,1, 


2,5 12 5 


0,1,3,5 1 3 5 




p V V V V + 


P 


vvvv + 


p V V V V + 


p vvvv 


0,2,3,5 2 3 5 


1,2,3, 


5 12 3 5 


0,1,4,5 14 5 


0, 2, 4, 5 2 4 5 


+ p vvvv 


+ P 


vvvv 


+ p vvvv 


+ 


1,2,4,5 12 4 5 


0,3, 


4, 5 3 4 5 


1,3,4,5 13 4 5 





p vvvv 
2, 3, 4, 5 2 3 4 5 

ol7 : A 



oil : 

112 : 

113 : 

013 = 

114 : 

014 = 



ol4 : 

115 : 

116 : 

016 = 

117 : 

017 = 
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A.2 Hilbert scheme equations 
Gotzmann equations 

The package HilbertSchemesEquations provides the function 

Got zmannHilbEquat ions: 

GotzmannHilbEquations ^ method {TypicalValue => List, 

Options ^> {PluckerRelations -> true, SingleGrassmannian => true}) 

— INPUT: p, admissible Hilbert polynomial. 

— n, dimension of the projective space. 
OUTPUT: a list containing: 

- #0 the ring in which the Hilbert scheme is embedded; 

— - #1 the ideal defining the Hilbert scheme. 
OPTION: PluckerRelations (Boolean), default value true. 

If true, the ideal of Plucker relations is computed. 

— If false, the Plucker coordinates are considered 

— without relations among them. 

— SingleGrassmannian (Boolean), default value true. 

— If true, the ideal is embedded in a single 

— grassmannian . If false, the ideal is embedded 

— in the product of two grassmannians . 
ERROR: if numgens (ring (p) ) > 1. 

— if coef f icientRing (ring (p) ) != ZZ and 

— coef f icientRing (ring (p) ) != QQ 

— if p is not admissible, 
if n < 1. 

— if first degree (p) >= n. 

This method requires two inputs: a Hilbert pol}momial and a dimension n of a 
projective space Pj^. It returns a sequence with two elements: the first is the ring in 
which the ideal of the Hilbert scheme is computed and the second is just the ideal. 
There are two options: 

• PluckerRelations, since computing the ideal of the Plucker relations is in 
general a hard task, it is possible to tell the function to ignore Plucker relations; 

• SingleGrassmannian, with this option it is possible to choose the embed- 
ding of the Hilbert scheme: if in the single Grassmannian Gr^{q{r), N{r)) or 
in the product GrK(ij(r),N(r)) x GrK(p(r + l),N(r + 1)). To compute the im- 
age of the Hilbert scheme Hilbp(f) C GrK{q{r),N{r)) x GrKipir + l),N{r + 1)) 
by the projection tt on the first factor, we use the projective elimination theory 
(see [24, Chapter 8 Section 5]). Given the map n : ProjK[A] x ProjK[V] 
ProjK[A] and the ideal defining Hilbp(f) C ProjK[A] x ProjK[V], the 
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ideal defining 7r(Hilbp(^f^) can be computed applying the standard elimi- 
nation algorithm on the affine open subset of the product of projective spaces. 
Denoted by Ui the open subset of Proj K [A] where Aj 7^ and by Vj the open 
subset of Proj K[V] where Vj 7^ 0, we dehomogenize the ideal X^, then we 
eliminate the variables V and finally we homogenize the ideal obtained with 
the variable Aj. Repeating this procedure for any pair I, J we recover the ideal 

in- 

To recap, let us consider the Hilbert poljmomial with Gotzmann number r 

and the projective space P|^. Moreover let GrK((?(r), N(r)) C Pk*'' = Proj K[Ai] 

be defined by the ideal Qi and GrR (p(r),N(r + 1)) C F^*'^ = ProjK[Vj] de- 
fined by the ideal Q2- Finally let B-^ be the ideal generated by the bilinear equations 
introduced in the proof of Theorem 1.24. 

Calling the method GotzmannHilbEquations on the pairs {p{t),n) and vary- 
ing the option, there are the four possibilities illustrated in the following table: 







SingleGrassmannian 






false 
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Example A,2.1. We compute entirely Gotzmann equations of the Hilbert scheme 
Hilb2/ completing Example 1.5.1. 

Macaulay2, version 1.4 

11 : loadPackage "HilbertSchemesEquations " ; 

12 : R = QQ[t] ; 

13 : time Hllb = GotzmannHilbEquations (2_R,2); 

— 600 bilinear equations 

— used 10943.3 seconds 

14 : gensHllb = first entries gens (Hllb#l); 
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15 : #gensHilb 
o5 = 30376 

16 : gbHilb = first entries gens gb (Hilb#l) ; 

17 : tgbHilb 

07 = 50 

18 : hilbertPolynomial (Hilb#l, Pro jective=>false) 

7 4 15 3 45 2 15 

08 = -i + — i + — i + — i + 1 

8 4 8 4 
o8 : QQ[i] 



The computation is very long because to compute the projection of the ideal 
given by the bilinear equations on a single Grassmannian, the method has to elimi- 
nate the variables V in each open subset lii x Vj of the open covering of P^^ x P^. 
Each elimination correspond to a computation of a Grobner basis and there are 
15 • 45 = 675 possible open subsets. 

If we want to embed Hilb2 in the product Gr]K(4,6) x Gr^{2, 10), we have to 
switch to false the option SingleGrassmannian and the computation turns out 
to be very quick. 

i9 : time Hilb = GotzmannHilbEquations (2_P, 2, SingleGrassmannian=>false) ; 

— 500 bilinear equations 

— used 0.542746 seconds 

110 : gensHilb = first entries gens (Hilb#l) ; 

111 : tgensHllb 
oil = 735 

112 : gbHilb = first entries gens gb (Hilb#l) ; 

113 : tgbHilb 

013 = 1992 

114 : hilbertPolynomial (Hilb#l, Pro jective=>f alse) 

1 16 1 15 739 14 239 13 

014 = 1 + i + i + i + 

14631321600 182891520 3657830400 52254720 



74153 12 41759 11 24703913 10 3192863 9 3190527833 8 

i + 1 + i + i + i + 

1045094400 52254720 3657830400 73156608 14631321600 



8866763 7 674339683 6 30564427 5 1668104321 4 7824563 3 

i + i + 1 + i + i + 

10450944 261273600 3265920 101606400 508032 



6898529 2 5477 

1 + i + 1 

705600 1260 
ol4 : QQ[i] 



A.2. Hilbert scheme equations 
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larrobino-Kleiman equations 

The package HilbertSchemesEquat ions provides also the code to compute 
larrobino-Kleiman global equations for the Hilbert scheme, even if this method is 
totally unusable because the huge number of product to be computed as shown in 
Example 1.5.4. 

IKHilbEquations = method ( TypicalValue => List, 

Options ^> {PluckerRelations => true}) 

— INPUT: p, admissible Hilbert polynomial. 

— n, dimension of the projective space. 

— OUTPUT: a list containing: 

— - #0 the ring in which the Hilbert scheme is embedded; 

— - #1 the ideal defining the Hilbert scheme. 

— OPTION: PluckerRelations (Boolean), default value true. 

— If true, the ideal of Plucker relations is computed. 

— If false, the Plucker coordinates are considered 

— without relations among them. 
ERROR: if numgens (ring (p) ) > 1. 

— if coef f icientRing (ring (p) ) !- ZZ and 

— coef f icientRing (ring (p) ) != QQ 

— if p is not admissible, 
if n < 1. 

— if first degree (p) >= n. 



Bayer-Haiman-Sturmfels equations 

The method implementing the strategy introduced in the proof of Theorem 1.26 for 
computing the equations of Hilb^^^^^ is called BHSHilbEquations. 



BHSHilbEquations 



OUTPUT : 



OPTION: 



ERROR: 



method ( TypicalValue => List, 

Options => {PluckerRelations => true}) 
p, admissible Hilbert polynomial, 
n, dimension of the projective space, 
a list containing: 

- #0 the ring in which the Hilbert scheme is embedded; 

- #1 the ideal defining the Hilbert scheme. 
PluckerRelations (Boolean), default value true. 

If true, the ideal of Plucker relations is computed. 

If false, the Plucker coordinates are considered 

without relations among them, 
if numgens (ring (p) ) > 1. 
if coef f icientRing (ring (p) ) != ZZ and 

coef f icientRing (ring (p) ) != QQ 
if p is not admissible, 
if n < 1. 

if first degree (p) >= n. 
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This function requires as input the same objects as the previous methods and it also 
has the option PluckerRelation to choose if considering the Pliicker relations or 
not. If PluckerRelations => true then the relations are used during the com- 
putation of the exterior products, in order to reduce any coefficient in the Pliicker 
coordinates. 

Example A.2.2. We test the method BHSHilbEquations on the Hilbert scheme 
Hilbl, completing Example 1.5.5. 

Macaulay2, version 1.4 

11 : loadPackage "HilbertSchemesEquations"; 

12 : R = QQ[t] ; 

13 : time Hilb = BHSHilbEquations (2_R, 2); 

— 577 exterior products 

— used 1.67346 seconds 

14 : gensHllb = first entries gens {Hllb#l); 

15 : #gensHllb 
o5 = 3976 

15 : gbHllb = first entries gens gb (Hllb#l) ; 

17 : #gbHllb 

07 = 272 

18 : hilbertPolynomial (Hllb#l, Pro jectlve=>f alse) 

7 4 15 3 45 2 15 

08 = -1 + — 1 + — 1 + — 1 + 1 

8 4 8 4 
o8 : QQ[i] 

19 : time Hilb = BHSHilbEquations (2_R, 2 , PluckerRelatlons=>f alse) ; 

— 617 exterior products 

— used 1.01678 seconds 

110 : gensHllb = first entries gens (Hllb#l); 

111 : #gensHllb 
oil = 1642 

We underline that by this computation the Hilbert scheme Hilb2 embedded in P^^ 
has dimension 4 and degree 21, i.e. g = fr / confirming what stated by Haiman and 
Sturmfels in [41, page 756]. 
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The H(ilbert) S(cheme) 
C(omputation) java library 

B.l The description of the library 

The HSC library contains several packages that we now briefly describe. 

HSC . math It contains the implementations of the rational numbers and some basic 
mathematical operations and functions. 

HSC . hilbpoly It contains the implementations of Hilbert polynomials and some 
basic operations on them. For instance given a Hilbert polynomial p{t), it is 
possible to compute Ap{t), its Gotzmann number and Gotzmann decomposi- 
tion and the saturated lexicographic ideal associated to it. 

HSC .monomials It contains the implementations of monomials, monomial ideals 
and term orderings. All the basic operation on these objects are made avail- 
able (elementary moves and evaluation on maximal and minimal variable, 
regularity of a Borel-fixed ideal, etc.). 

HSC .borelf ixed This package contains the implementation of the most impor- 
tant algorithms introduce in the thesis to work on Borel-fixed ideals. Let us 
look closer at its classes: 
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PosetGraph contains the implementation of the poset of monomials of a 
fixed degree with the Borel partial order <b represented as planar graph; 

BorelGenerator contains the algorithm for computing all the saturated 
Borel-fixed with chosen number of variables and Hilbert polynomial; 

BorellnequalitiesSystem contains the algorithms determining when- 
ever a Borel-fixed ideal is a gen/ reg/hilb-segment ideal (and computing 
the relative term ordering); 

ConnectingPath contains all the algorithms about Borel rational deforma- 
tions of Borel-fixed ideals. 

HSC. inequality It contains the implementations of the linear inequalities with 
integer coefficients needed for the simplex algorithm used in the computation 
of segment ideals. 

HSC . utilities It contains methods to manage the input/ output. 

B.2 Borel-fixed ideals and segment ideals 

Algorithm 2.4, computing all the saturated Borel-fixed ideals with fixed number of 
variables and Hilbert polynomial, can be tested by the applet Borel Generator 
(Figure B.l) available at www.personalweb.unito.it/paolo.lella/HSC/ 
borelGenerator . html. There are two field to fill: 

Projective space requires the dimension of the projective space; 

Hilbert polynomial requires the Hilbert polynomial as list of coefficients enclosed in 
square brackets. Any rational coefficient has to be enclosed in round brackets. 
As example 

p{t)=At ^ [0,4], 
p{t) = lf + lt-l - [-1,(5/2), (3/2)]. 

In the output window (Figure B.2), there will be the list of all Borel-fixed satu- 
rated ideals, with first element always the lexicographic ideal. 



B.2. Borel-fixed ideals and segment ideals 
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BOREL GENERATOR 



Projective space; 4 [T] 



Hilbert polynomial: [1,4] 



COMPUTE! 




Figure B.l: The applet Borel Generator. 



Output 



Java Applet Window A 



/ -k -k ii ii ii -k -k -k ****************************** / 

/* BOREL GENERATOR */ 

Projective space: P''4 = Proj K[ x[ xf 4 1 1 , 
Hilbert polynomial: 4*t + 1 



» 


J_ 


_1 


» 


J_ 


_2 


» 


J_ 


3 


» 


J 


4 


» 


J 


5 


» 




_6 


» 


J_ 


7 


» 


J 


_8 


» 


J_ 


9 


» 


J_ 


10 


» 


J_ 


_11 


» 


J 


12 



(x[41,x[3),xt2)-5,x[21"4x[ll-3) 
(x[41 ,xf31 ,x[21*6,x[21*5x[ 1] ,x[21*4x[ 11*2) 
(x[4],x|3]*2,x[3]x[2],x[3]x[l],x[2]*5,x[2]*4x[l]"2) 
{x[4],x|3]*2,x[3]x[2],x[3]x[l]*2,x[2]*5,x[2]*4x[l]) 
(x[4]*2,x[4]x[3],x[3]*2,x[4]x[21,x[3]x[2],x[4]x[l],x[3]x[ 
(x[4],x|3]*2,x[3]x[2],x[2]"4,x[3]x[l]*3) 
{x[4],x|3]*2,x[3]x[2]*2,x[3]x[21x[l],x[3]x[l]"2,x[2]*4) 
(x[4]*2,x[4]x[3],x[3]*2,x[4]x[21,x[3]x[2],x[4]x[l],x[3]x[ 
(X[4],X|3]'2,X[3]X[2],X[2]"4,X[2]"3X[1]) 
= (x[4],x[3]"2,x[3]x[2]*2,x[2]*3,x[3]x[2]x[l]) 
= (X[4]*2,X[4JX[3],X[3]*2,X[4]X[2J,X[3]X[2],X[4]X|1],X[2|* 
= (x[4l'2,x[4)x[3),x[3)'2,x[4)x[2),x[3Jx[2] ,x[21-2) 



To s^ve the result, copy the content of the text area above 

and paste it on a local file in your computer. 

( Back ) 



Figure B.2: The output window of the applet Borel Generator. 
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The applet Segment Ideals (Figure B.3) makes available the algorithms to de- 
termine whenever a Borel-fixed ideals is hilb/reg/ gen-segment ideal (Algorithm 
2.7 and Algorithm 2.8). It can be found at www.personalweb.unito.it/ 
paolo . lella/HSC/segment . html requires three arguments as input: 

Projective space needs a positive integer declaring the dimension of the projective 
space (i.e. n means that the polynomial ring used will be K[:tO/ • • • / ^n])', 

Borel-fixed ideal needs a string describing a Borel-fixed ideal, with the same syntax 
used in the output window of the applet Borel Generator; 

Truncation degree needs a positive integer, which will be used to compute if the 
ideal truncated in such degree is a gen-segment ideal. 




Figure B.3: The applet Segment Ideals. 



In Figure B.4, there is the output window of this applet, with the results of the 
computation on the ideal discussed in Example 2.7.4. If the ideal is some segment 
ideal, the applet specifies the term ordering with the first solution (that one with 
smallest coefficients) of the system of constraints given by the symplex algorithm. 



B.3. Borel rational deformations 
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OOP Output 

The Bore[-fixeci ideal given is not a hilb-segment ideal. 
The Borel-fixed ideal given is not a reg-segment ideal. 

The Borel-fixed ideal given is a gen-segment Ideal w.r.t. 

1111 
10 7 6 1 
D 1 D D 
10 

( Back 3 

Figure B.4: The output window of the applet Segment Ideals. 



B.3 Borel rational deformations 

The applet computing all the Borel rational deformations of a Borel-fixed ideal 
(Algorithm 3.1) is called Borel Rational Deformations (Figure B.5) and it can 

be found at www.personalweb.unito.it/paolo.lella/HSC/ 
deformations . html. 

It requires two arguments: 

Projective space is the dimension of the projective space (as before). 

Borel-fixed ideal needs the string of the Borel-fixed ideals that we want to deform, 
again with the systax used in the applet Borel Generator. 

The algorithm computes both simple and composed Borel rational deformations, 
considering the Borel set defined by the homogeneous piece of the ideal of degree 
equal to the Gotzmann number of its Hilbert polynomial, so that all the possible 
Borel rational curves on the Hilbert scheme passing through the given ideal are 
determined. 
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O OO Output 

BOBEL RATIOHAL DEFOHMaTIOHS »/ 
^*************************************/ 

Projective space: P"3 = Proj K[x[0],,,.,x[3]], x[3] > > x[e] 
Hilbert polynomial i 3*t + 5 
Gotzmann number: B 

Starting point: J = (x[ 3 ] *2 , x[3 ]x[2 ] "2 , x[3]x[ 2]x[ 1] , x[ 2 ] *4,x[ 2 ]"3x: 

1 > J\{x[21*2x[ ll*2x[01*4HJ{y_0»x[21*2x[ 1] *2x[ ] *4+y_l»x[ 2 ] *3x[ ] ' 
Degeneration: (x[3]"2,x[3]x[2]"2,x[2]"3,x[3]x[2]x[l],x[2]"2x[l] 

2 > J\{x[2]*2x[ l]*2x[0)'4}U{y_0*x[2)'2x[l)'2x[0)'4+y_l*x[31x[2Jx[0 
Degeneration : (x[3]'2,x[3)x[2),x[2)*4,xt21*3x[ll,xt21*2x[ll*3) 

3 > J\{x[3)xt21xrilxt01"S}U{y_0*x[31x[21x[llx[0l"5+y_l*x[2]"3x[01* 
Degeneration: (x[3]*2,x[3]x[2]*2,x[2]*3,x[3]x[2]x[l]*2,x[2]*2x[l 

4 > J\{x[3]"2x[0]"6}U{y_0*x[3l"2x[0]"6+y_l»x[2]"3x[0]*5} 
Degeneration: (x[3]"3,x[3]"2x[2],x[3]x[2]"2,x[2]*3,x[3]"2x[l],x[. 



To save the result, copy the content of the text area above 
and paste it on a local file in your computer. 



( Back ) 



Figure B.6: The output window of the applet Bore 1 Rational Deformations. 



B.3. Borel rational deformations 
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To have a global glance of Borel rational curves on a Hilbert scheme, we can 
use the applet Borel Incidence Graph (Figure B.7) that computes simple and 
composed Borel rational deformations of every Borel-fixed ideal with number of 
variables and Hilbert polynomial fixed (Algorithm 3.5). It requires the same two ar- 
guments of the applet Borel Generator (Projective space and Hilbert polynomial) 
and it is available at www.personalweb.unito.it/paolo.lella/HSC/ 
borellncidenceGraph . html 




Figure B.7: The applet Borel Incidence Graph. 



The output window (Figure B.8) is divided in two part. The upper part contains 
the details about the deformations: for each Borel-fixed ideals there is the list of all 
the simple and composed Borel rational deformations involving it. In the lower part 
of the window there is the description of the graph (vertices and edges) described 
with the language of the free software Graphvi z. Copying the code and pasting it 
in a file with . dot extension and compiling with the neato processor it is possible 
to get the picture of the Borel incidence graph (see for instance Figure 3.12 and 
Figure 3.14). 
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■OO 



Output 



y*************************************/ 

/* BOKEL INCIDENCE GRAPH */ 

^*************************************/ 

Projective space: P'^Z = Proj K[x[Oj, 
Hilbert polynomial: 6*t - 3 
Gotzmann number: 12 



fm 



,X[3)), X[3) > 



— J_l = (x[3] ,x[2]*7,x[Z]*6x[ 1]*6) 

» J_l -> J_2 - \{x[2]*7x[0]"5}U{y_0»x[Z]*7x[0]"S+y_l»x[2]"6x[l)*S 
» J_l -> J_3 - \{x[3JxtOJ*ll}U{y_0*x[3)xtO)*ll+y_l»x[2l"6x[ l)"5x[ 



graph BIG 
( 

compile with neato 

label="\nBorel Incidence Graph\n P^3, hptt) = 6*t - 3" 
f ontsize=20 ^ 
overlap=" scale" ; 



To save the result, copy the content of the text area above 

and paste it on a local file in your computer. 

The second frame contains the code to draw the graph with 
the dot language (for details see www.graphvliz.org). 

( Back ) 



Figure B.8: The output window of the applet Borel Incidence Graph. 



B.4 (7-Borel degenerations 



The algorithms dealing with oriented Borel rational deformations are made avail- 
able in the applets Oriented Borel Rational Degeneration (Figure B.9) and 
Degeneration Graph (Figure B.12). 

Oriented Borel Rational Degeneration (Algorithm 3.3) is available at 
www . personal web .unito. it/paolo. lella/HSC/TOdef ormat ion . html 
and requires three arguments: Projective space and Borel-fixed ideal are as in the 
applet Borel Rational Deformations. Moreover a term ordering is required: 
the default term order is DegLex. To change it, we need to click on the button 



B.4. cr-Borel degenerations 



283 



"Change": in the dialog window that opens (Figure B.IO) there are two options. 
Graded and Reverse, and the fields to fill with a sequence of rational coefficients 
determining the term ordering. The DegLex term ordering corresponds to Graded: 
yes. Reverse: no. Weights: 1 ,0,. . . ,0, whereas DegRevLex corresponds to Graded: 
yes. Reverse: yes. Weights: 0,. . . ,0,-1 . To fix the term ordering described in (2.41), 
it suffices to choose Graded: yes. Reverse: no and to insert the vector (a;„, . . . ,coo). 



Projective space; 



(x[3]A2,xl3]x[2],x[2]A3,x[2]'^2x[l]) | 


DegLex 


Change 1 





COMPUTE! 



Figure B.9: The applet Oriented Borel Rational Degeneration. 




Figure B.IO: The dialog window for changing the term ordering. 



284 



Appendix B. The HSC Java library 



In the output window (Figure B.ll), there is the description of the degeneration 
computed in degree equal to the Gotzmann number of the Hilbert polynomial of the 
ideal, with the monomials exchanged specified and the Borel-fixed ideal obtained. 



OOO 



Output 



^******************************************^ 

/* OEISHTED BORKL RMIONAL DEGEHEHATIOH »/ 
/******************************************/ 

Projective space: P*3 = Proj K[x[0] x[3]], x[3] > ... > x[€] 

Term ordering: DegLex 

(x[3l"2,x[3]x[2],x[2]"3,x[2]"2x[l])_5 — > 
\ {X[2]"2x[ l]"3,x[2]"2x[ l]"2x[0] ,x[2]"2x[ l]x[0p2} U {Xt3 Jxt 1 ,x[3 
— > (x[3]*2,x[3]x[2],x[2]*3,x[3]x[l]*2)_5 



J" 



( Back ) 

Figure B.ll: The output window of the applet Oriented Borel Rational 
Degeneration. 




Figure B.12: The applet Degeneration Graph. 



B.4. cr-Borel degenerations 
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The applet Degeneration Graph (available at www . personalweb . unito . it / 
paolo . leiia/ HoC/ aef ormat lonGraph . html) realizes Algorithm 3.4 and 
needs three arguments: Projective space, Hilbert polynomial and Term ordering. As 
for the applet computing the Borel incidence graph, its output window (Figure B.13) 
splits in two parts: the upper one contains the explicit description of the Borel-fixed 
ideals defining points on the chosen Hilbert polynomial with the relative Borel de- 
generation prescribed by the fixed term ordering, while the lower one contains the 
description of the direct graph again with the Graphvi z code. Copying the code 
and pasting it in a file with . dot extension and compiling with the dot processor it 
is possible to get the picture of the forest representing the degeneration graph (see 
for instance Figure 3.6 and Figure 3.8). 



OOP 



Output 



/*************************************-*/ 

/' 3ESENERATI0N GRAPH •/ 



Projective space: P*3 = Proj K[ k[ ],..., x[ 3 ]] , x(3] > > x[0] 

Hilbert polynomial; 6*t - 5 

Gotsmann number: 10 

Term ordering: Deg[25, 5,2, 1 ) 



» J_l - (Xt3],x[2]"7,x[21*6x[ 11*4) — > 
\ {Xt3jxt0]'9} tl {x[2l"6x[ll*3x[01} 

— > J_3 = (x[3 J'2,X[31X[2] ,x[3]x[ 1] ,x[2l"7,x[21*6x[ 1 1*3) 




ii_J_2_s. 



fvni ■vr^i^H.vrJi-ivn 1 vr;i-(^vn 1-3 1 — > 



digraph DG 
{ 



// compile with dot 



label="\nDeg[25,5,2, l]-Degeneration graphXn p-3, hp[t) = 6*t - 
5"; 

fonts ize=20; 




To save the result, copy the content of the text area above 
and paste it on a local file in your computer. 



The second frame contains the code to draw the graph with 
the dot language (for details see www.graphviz.org). 



( Back 



Figure B.13: The output window of the applet Degeneration Graph. 



Appendix C 

The Macaulayl package 
MarkedSchemes 

This chapter is supposed to be a handbook for the Macaulayl [37] package 
MarkedSchemes . m2. We will introduce and explain the main functions of the 
package that allow to compute affine schemes associated to marked families and 
Grobner strata. 

C.l Basic features 

Firstly there are some basic methods to manipulate monomials (in the context of 
Borel-fixed ideals). 

• moveUp and moveDown implement the elementary moves and require two 
arguments: a monomial and the index of the elementary move. 

moveUP = method (TypicalValue => RingElement ) 

INPUT: m monomial 

— i variable index 

— OUTPUT: the monomial m* ( ring (m) _( i-1 ) /ring (m) _i ) ; 

— ERROR: if m is not a monomial 

— if m is a constant 

— if i < 1 or i > numgens ( ring (m) ) -1 

— if the i-th variable does not divide m 

moveDOWN = method (TypicalValue => RingElement) 
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— OUTPUT 

— ERROR 



INPUT 



m monomial 

i variable index 

the monomial m* (ring (m)_(i+l) /ring (m)_i) ; 
if m is not a monomial 
if m is a constant 

if i < or i >= numgens ( ring (m) ) -1 
if the i-th variable does not divide m 



• minimum and maximum require as argument a monomial and return the index 
of the minimum/maximum variable dividing the monomial. 

minimum = method (TypicalValue => ZZ) 
INPUT: m monomial 

— OUTPUT: the index of the smallest variable dividing m 

— ERROR: if m is not a monomial 



• canonicalDecomposition is a method for computing the canonical de- 
composition of a monomial w.r.t. a Borel-fixed ideal containing it. It returns 
a sequence with two entries, the first one is the imique generator of the ideal 
giving the decomposition. 

canonicalDecomposition = method (TypicalValue => Sequence) 
INPUT: m monomial 

— J Borel-fixed ideal 

— OUTPUT: a sequence of two elements that represent the 

— canonical decomposition of m over J 

— ERROR: if m is not a monomial 



Example C.1.1. With this example, we want to point out that Macaulayl does not 
permit to work with decreasing indexed variables, so we will have to consider xq > 
...> x„. 



if m is a constant 



maximum = method {TypicalValue => ZZ) 
INPUT: m monomial 

— OUTPUT: the index of the greatest variable dividing m 

— ERROR: if m is not a monomial 



if m is a constant 



if m is constant 

if J is not a monomial ideal 

if J is not a Borel-fixed ideal 

if m does not belong to J 



Macaulay2, version 1.4 

11 : loadPackage "MarkedSchemes" ; 



C.2. Marked families and Grobner strata 
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12 : R := QQ[x_0 . . x_3 ] ; 

13 : m ^ x_0*x_l 
o3 = X X 

1 

03 : QQ [x , X , x , x ] 

12 3 

14 : mUP = moveUP (m, 1) 

2 

04 = X 



04 : QQ[x , X , X , X ] 

12 3 

15 : mDOWN = moveDOWN (m, 1 ) 

05 = X X 

2 

05 : QQ [x , X , x , x ] 

12 3 

16 : minimum mDoWN 

06 = 2 

17 : maximum m 

07 = 

18 : J = ideal (mUP,m,mDoWN,x_l"5,x_l"4*x_2) 

2 5 4 

08 - ideal (x, xx, xx, x, xx) 

01 02 1 12 

08 : Ideal of QQ[x , x , x , x ] 

12 3 

19 : f = x_0*x_l"5*x_2 

5 

09 ^ X X X 

12 

o9:QQ[x,x,x,x] 

12 3 
110 : canonlcalDecompositlon {f,J) 
4 

010 = (x X , X X ) 

1 12 
olO : Sequence 



C.2 Marked families and Grobner strata 

The basic method implementing Algorithm 4.2 is called markedScheme. 

markedScheme = method (TypicalValue => Sequence, 

Options => {MonomialOrder => GRevLex, 
Segment -> false, 
DescribeFamily -> false, 
EliminateParameters => false}); 
INPUT: J Borel-fixed saturated ideal 

— s degree in which J has to be truncated 

— OPTIONS: Segment, if true there exists a term ordering for which the 

— ideal is a gen-segment ideal. 
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— MonomialOrder, if the option Segment is true, the option 

— MonomialOrder contains the term ordering for 

— which the ideal is a gen-segment ideal. 

— DescribeFamily, if true the function returns the complete 

— list of polynomial generators with coefficients 

— in the parameters . 

— EliminateParameters , if true and Segment is true some 

— parameters willbe eliminated. 

— OUTPUT: sequence containting 

— - #0 the ring of parameters 

— - #1 the ideal of the marked scheme 

— - #2 the ring of the parameters and the starting variables 

— - #3 the polynomial generators of the family 

— {if opts .DescribeFamily all the polynomials, 

— otherwise only the superminimal generators) 

— ERROR: if J is not a monomial ideal 

— if J is not a Borel-fixed ideal 
if s < 

— WARNING: if J is not saturated, the ideal will be saturated. 

With the default choices for the options of the method, the scheme of the }- 
marked family is computed avoiding any term ordering. If we are interested in the 
open subset of the Hilbert scheme defined by /, there is the method 
openSubsetHilb that computes the maximal degree p of a monomial generator 
of / divided by the last but one variable and then calls markedScheme with argu- 
ments / and p — 1. 

Example C.2.1. Let us consider the ideal {xq,xoxI,xI) C K[xo, 3:1,3:2], xq > xi > xz 
and its truncation in degree 3. 

Macaulay2, version 1.4 

11 : loadPackage "MarkedSchemes"; 

12 : R := QQ [x_0 . . x_2 ] ; 

13 : J = ideal (x_0~2,x_0*x_l"2,x_l"5) 

2 2 5 

o3 = ideal (x , x x , x ) 

1 1 
o3 : Ideal of QQ[x , x , x ] 
12 

14 : Mf = markedScheme (J, 2) ; 

— Computation of normal forms in progress... 

— Completed in .073413 

— Computation of S-polynomials in progress... 

— Completed in .106108 

15 : Mf#0 

o5=QQ[p,p,p,p,p,p,p,p,p,p,p ,p ,p ,p ,p ,p , 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
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p - p ] 

16 17 

05 : PolynomialRing 
16 : Mf#l 

2 2 2 

06 = ideal (-pp +p -p,pp -pp +pp -pp +2pp -p,pp 

4 10 10 3 9 10 4 8 3 9 2 10 8 10 1 9 10 

2 

+ PP + PP +p,ppp -pp + PP - pp + P + PP + PP -P, 
89 7 10 6 89 10 46 37 28 8 19 6 10 



PPP +PP + P- PPP -pp - pp + PP + PP + PP + PP , 
79 10 78 5 69 10 45 26 17 68 09 5 10 

2 3 

PPP -pp + PP + PP/-PP -pp - PP -P.-PP + 
59 10 25 07 58 9 10 89 7 10 6 9 10 

2 2 2 

PPP -PP-2ppp +PPP -pp +PPP +PPP -pp 
9 10 17 8 9 7 9 10 4 10 15 10 15 8 9 17 7 10 17 7 8 

4 3 2 

-PP+PP +PP -P.-P+PP -3pp+ppp -2ppp + 
6 9 3 15 6 17 5 9 9 17 7 9 4 9 15 9 10 15 

2 2 
PP +2ppp -p+pp -pp +PP +PP -pp +PP + 
9 16 7 9 17 7 4 13 10 13 9 14 2 15 8 15 7 16 

3 2 2 

P .-pp + PPP -2ppp - pp - pp p +PPP -pp p + 
12 8 9 8 9 17 7 8 9 6 9 9 10 14 4 8 15 8 10 15 



PPP +PPP +PPP -PP-PP-PP +PP +PP +PP 
8 9 16 7 8 17 6 9 17 6 7 5 9 10 12 3 13 1 15 6 16 

3 2 2 

+PP --pp +PPP -2pp -pp p +PPP -pp p +PPP 
5 17 7 9 7 9 17 7 9 9 10 13 4 7 15 7 10 15 7 9 16 

2 3 2 2 

+ PP +PP -pp +PP +P ,-pp + PPP -2ppp - pp - 
7 17 2 13 8 13 7 14 11 6 9 6 9 17 6 7 9 5 9 



PPP +PPP -pPP +PPP +PPP +PPP -PP-PP 
9 10 12 4 6 15 6 10 15 6 9 16 6 7 17 5 9 17 5 7 10 11 

3 2 

-pp +PP +PP +PP +PP /-PP +PPP -2ppp - 
8 12 1 13 6 14 15 5 16 5 9 5 9 17 5 7 9 
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ppp +PPP -ppp +PPP +PPP -pp +PP +pp) 

9 10 11 4 5 15 5 10 15 5 9 16 5 7 17 8 11 13 5 14 

06 : Ideal ofQQ[p,p,p,p,p,p,p,p,p,p,p ,p ,p ,p , 

1 2 3 4 5 6 7 8 9 10 11 12 13 

P / P r P . P ] 

14 15 16 17 

17 : Mf#2 

o7=QQ[p,p,p,p,p,p,p,p,p,p,p ,p ,p ,p ,p ,p , 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
P , P ] [x , X , X ] 
16 17 1 2 

07 : PolynomialRing 

18 : Mf#3 

2 2 2 2 3 

o8={x -pxx -px -pxx -pxx -px,xx -p X -pxxx - 

401 31 202 112 02 01 10 1 9012 

2 2 2354 32 3 

pxx - pxx - pxx - pX,X - p XX - p XX - p XXX - 

812 702 612 52 1 17 12 16 12 15 012 

2 3 4 4 5 

p XX - p XX - p XX - p x} 
14 1 2 13 2 12 1 2 11 2 

08 : List 

Since the highest degree of a generator divisible by xi is 5, the optimal degree to 
compute the open subset of Hilby defined by / is 4. Note that there are more param- 
eters because there are more monomials in the tails of the superminimal generators. 

19 : HJ = openSubsetHilb (J) ; 

— Computation of normal forms in progress... 

— Completed in .363012 

— Computation of S-polynomials in progress... 

— Completed in .152566 

110 : HJ#0 

olO = QQ[p ,p,p,p,p,p,p,p,p,p,p ,p ,p ,p ,p ,p , 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

P , P , P , P , P ] 

16 17 18 19 20 

010 : PolynomialRing 

111 : HJ#3 

4322 222 3 34 

011 ={-px -pxx +XX -pxxx -pxx -pxx -pxx -px,- 

61 512 02 4012 312 202 112 02 

42 3 222 3 34 

p X + XXX - p XX - p XXX - p XX - pxx - pxx - px, 
13 1 012 12 12 11 012 10 12 902 812 72 
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54 32 323 4 45 

X - p XX - p XX - p XXX - p XX - p XX - p XX - p x} 
1 20 1 2 19 1 2 18 1 2 17 1 2 15 2 15 1 2 14 2 
oil : List 

There are also the methods computing the dimension of the tangent space at the 
origin. 

EDmarkedScheme ^ method (TypicalValue => ZZ, 

Options => {MonomialOrder => GRevLex, 
Segment => false } ) ; 
INPUT: J Borel-fixed saturated ideal 

— s degree in which J has to be truncated 

— OPTIONS: Segment, if true there exists a term ordering for which the 

— ideal is a gen-segment ideal. 

— MonomialOrder, if the option Segment is true, the option 

— MonomialOrder contains the term ordering for 

— which the ideal is a gen-segment ideal. 

— OUTPUT: the number of parameters necessary to describe the marked family 

— ERROR: if J is not a monomial ideal 

— if J is not a Borel-fixed ideal 
if s < 

— WARNING : if J is not saturated, the ideal will be saturated . 

EDopenSubsetHilb = method ( TypicalValue => ZZ, 

Options ^> {MonomialOrder ^> GRevLex, 
Segment ^> false } ) ; 
INPUT: J Borel-fixed saturated ideal 

— OPTIONS: Segment, if true there exists a term ordering for which the 

— ideal is a gen-segment ideal. 

— MonomialOrder, if the option Segment is true, the option 

— MonomialOrder contains the term ordering for 

— which the ideal is a gen-segment ideal. 

— OUTPUT: the number of parameters necessary to describe the marked scheme 

— ERROR: if J is not a monomial ideal 

— if J is not a Borel-fixed ideal 
if s < 

— WARNING : if J is not saturated, the ideal will be saturated . 



Considering Example C.2.1, we have that 

112 : EDmarkedScheme (J, 3) 

012 = 19 

113 : EDopenSubsetHilb (J) 

013 = 21 



To compute the Grobner stratum of a gen-segment ideal, i.e. to add to the 
marked family the structure of homogeneous variety w.r.t. a positive grading, we 
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have to use the options putting Segment = true, giving the term ordering for 
which the ideal is a gen-segment ideal and requiring the elimination of the param- 
eters (EliminateParameters = true). 

Example C.2.2. Let us consider the Borel-fixed ideal ] = [xq, xqXi, xqx\, x\) in 
IC[zo, xi,X2/ ^3] (^0 > xi > X2 > X3), that defines a point on the Hilbert scheme 
mih% (cf. Example 4.5.4). 

Macaulay2, version 1.4 

11 : loadPackage "MarkedSchemes"; 

12 : R := QQ[x_0. . x_3 ] ; 



13 


: J = ideal (x_0*2 


x_0 *x_l , x_ 




2 


2 4 


o3 


= Ideal (x , X X 


X X , X ) 




1 


2 1 


o3 


: Ideal of QQ[x , 


X , X , X 







12 3 



14 : EDopenSubsetHllb (J) 

04 = 44 

15 : EDopenSubsetHllb ( J, Segment=>true, MonomialOrder=> { Weight s=> { 7 , 3 , 2 , 1 } } ) 

05 = 24 

16 : St = openSubsetHllb ( J, Segment=>true , 

MonomialOrder=> {Welghts=> {7,3,2,1}}, 
EllmlnateParameters=>true) ; 

— Computation of normal forms In progress... 

— Completed In .116961 

— Computation of S-polynomlals In progress... 

— Completed In .395245 

— Elimination of parameters In progress... 

— Completed In 5.42916 

17 : A := St#0 

o7=QQ[p ,p ,p ,p ,p ,p ,p ,p ,p ,p ,p ,p ,p ,p , 

12 13 16 17 19 20 23 24 25 26 28 30 31 32 



P,P,P,P,P,P,P,P,P,p] 

34 35 36 37 38 39 40 41 42 43 

07 : PolynomlalRlng 

18 : numgens A 

08 = 24 

19 : IdealSt = St#l; 

110 : gensIdealSt :- first entries gens IdealSt; 

111 : tgensIdealSt 

011 = 40 

112 : (factor (gensIdealSt#0) ) #0 

012 = p 

39 

113 : (factor (gensIdealSt#l) ) #0 

013 = p 

39 

114 : (factor (gensIdealSt#2) ) #0 

014 = p 

39 

115 : decl := Ideal (p_3 9 ) ; 
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116 : RScomponent := Spec (A/decl) ; 

117 : dim RScomponent 
ol7 = 23 

118 : dec2 := saturate (idealSt , p_3 9) ; 

119 : VAcomponent := Spec (A/dec2) ; 

120 : dim VAcomponent 
o20 = 16 



Catalog of Hilbert schemes 



The list of all Hilbert schemes discussed in the examples with a brief description of 
the geometric objects parametrized. 

Hilbert scheme Geometric objects parametrized pages 

Hilb2 2 points in the projective plane 32, 35, 38, 175, 

219, 221, 227, 
241, 271, 274 

Hilb3f_|_i curves of degree 3 and genus in the pro- 120 
jective space P"^ (containing rational nor- 
mal curves of degree 3) 

Hilb5f_5 curves of degree 6 and genus 6 in the pro- 134 
jective space P^ 
Hilbg 8 points in the projective space P'^ (first 138 

example of Hilbert scheme of points with 
reducible components) 

Hilb4f_|_i curves of degree 4 and genus in the pro- 149 
jective space P^ (containing rational nor- 
mal curves of degree 4) 

Hilbg(_3 curves of degree 6 and genus 4 in the 151 
projective space P'^ (containing (2,3)- 
complete intersections) 
Hilb|f curves of degree 4 and genus 1 in the 175, 229, 294 

projective space P'^ (containing (2,2)- 
complete intersections) 
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Hilbert scheme Geometric objects parametrized pages 

Hilb3t curves of degree 3 and genus 1 in the 219, 225, 229 

projective space P'^ (containing (1,3)- 

complete intersections) 
H4^_3 locally Cohen-Macaulay curves of degree 254 

4 and genus —3 in the projective space 

(containing disjoint unions of 4 lines on a 

smooth quadric surface) 
Hilby 7 points in the projective plane P^ 292 
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Symbol Typical usage or definition page 

K algebraically closed field of characteristic 1 

K[x] compact notation for the polynomial ring K[xo, . . . , x„] 1 

(schemes )]K the category of schemes over K 7 

(sets) the category of sets 7 

hx the functor of points of the scheme X 7 

Obc the set of objects of the category C 7 

More the set of morphisms between objects of the category C 7 

Fun (C,C') the category of functors between the categories C and 9 
C 

(schemes)^^^ the category of affine schemes over K 10 

(K-algebras) the category of K-algebras 10 

^ Pliicker embedding of the Grassmannian 11 

A'^F exterior algebra of the vector space V of order q 11 

K [A] compact notation for the polynomial ring of Pliicker co- 1 1 

ordinates K[. . . , Ai, . . .] 

Qr^ Grassmann functor 22 

Z{I) the Zariski closed set defined by the ideal I 22 

nHh" Hilbert functor 25 

Hilbp(j) the subfunctor of the Hilbert functor associated to the 26 

Hilbert polynomial p{t) 

Hilbp(^fj the Hilbert scheme, representing the functor T^ilb^^j^ 26 

J(X) the saturated ideal defining the scheme X 28 
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Symbol 

GLK(n + l) 
in^(J) 

gin<,(/) 
B|L(n + l) 



I 



sat 



mmr 

max x** 



Syz(7) 
A'p(i) 

V{n,m) 



Typical usage or definition 

the group of invertible matrices 

the initial ideal of the ideal J with respect to the term 
order a 

the generic initial ideal of the ideal I with respect to the 
term order a 

the Borel subgroup of GLk (n + 1 ) of the upper triangu- 
lar matrices 

the torus subgroup of GL^{n + 1) of the diagonal ma- 
trices 

the saturation of the ideal J 
the smallest variable (or its index) dividing 
the greatest variable (or its index) dividing 
the canonical decomposition of the monomial = 
x'^'x^ G I, namely x'^ is a minimal generator of the Borel- 
fixed ideal J and min > max x'^ 
the decomposition function of the Borel-fixed ideal I. 
For each monomial x^ G /, 3/ maps x^ to the minimal 
generator x'^' of I appearing in its canonical decomposi- 
tion, i.e. x^ = (x*'|x'^)^ 

the module of syzygies of the ideal I (also a set of gen- 
erators of the module) 

the z-th difference of the polynomial p{t): A'p{t) = 
A'-ip(f) - A'"V(i-l) 

the inverse operation of A on polynomials, namely 
A(Ep)(i) = p{t) and E(Ap)(i) = p{t) - c, c ^ 
the element in the field of fractions K(xo, . . . ,x„) 
the element in the field of fractions ]K(xo, . . .,Xn) 
the Borel partial order 

the poset of monomials in K[xo, . . . , x„]„, w.r.t. the Borel 
order 



page 

41 
41 

42 

43 

43 

45 
47 
47 
48 

48 



49 

50 

51 

52 
52 
53 
54 
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Symbol 

{Im} 



rm 



l\f" 



max var ./K 



Pit) 



AAf; 

AM' 
AM* 

Lex 
DegLex 
DegRevLex 
Tj{x-) 



Typical usage or definition page 

Borel set 54 
the Borel set defined by the monomials in J„j 54 
order set, the complement of a Borel set 54 
the subset of S containing the monomials with mini- 55 
mum variable greater than or equal to x, 
the set of saturated Borel-fixed ideals of K [xq, . . . ,Xn 82 
with Hilbert polynomial p{t) 

the number of saturated Borel-fixed ideals of 82 
K[xo, . . . , x„] with Hilbert polynomial p{t) 
the greatest variable (or its index) dividing a monomial 84 
belonging to ^ 

the sequence of the number of saturated Borel-fixed ide- 85 
als with Hilbert polynomial p{t) in polynomials ring 
with increasing number of variables 

the difference between the number of saturated Borel- 90 
fixed ideals with Hilbert polynomial s in the polynomial 
rings K[xo, . . • and K[xo, . . • ,Xs_;_i] 
the sequence of the differences AAC? for i varying from 90 
1 to s - 2 

the constant value of AAQ for s » 91 
the sequence of integers AJ\f' for increasing value of i 91 
the lexicographic term order (not graded) 99 
the degree lexicographic term order 99 
the degree reverse lexicographic term order 99 
the set of monomials of the same degree of not be- 156 
longing to the ideal /, smaller than x* w.r.t. the term 
ordering a 

the family of homogeneous ideals having / as initial 156 
ideal w.r.t. the term ordering a (also the affine scheme 
describing the family) 
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Symbol Typical usage or definition page 

S{fi,fj) the S-polynomial between /, and fj: i.e. 157 

"^'"(/j) f. _ f. -if a tprm nrrlpr 

gcd(in,(/,),in,(/y))/' gcd(in,(/,),in4/,))/; ^ ^^^^^^ 

^ IS consider, ^^dmfiWW)^' ~ gcdmf,),m{fj))fi /' 
and fj are marked polynomials 
Tx the multiplicative group of monomials in the fiels of 160 
fractions K(x) 

edSta{J,T) the embedding dimension of the Grobner stratum 162 
St4J,T) 

Supp X the support of the subscheme X 173 
Af{I) the sous-escalier of the ideal /, that is the set of mono- 181 
mials not belonging to I 
} the saturation of a Borel-fixed ideal / 181 
Supp/ the support of a polynomial / G ]K[x], i.e. the set of 181 
monomials appearing in / with non-zero coefficient 
Ht(/) the specified monomial in Supp/ that makes / a 181 

marked pol}momial 
T(/) the tail of a marked polynomial /, i.e. T(/) = / — 182 
Ht(/) 

M.f{]) the family of ideals I such that the sous-escalier N{]) 182 
of a Borel-fixed ideal / is a basis as K-vector space of 
K[x]/7 

1cm least common multiple 186 
the set of (saturated) Borel-fixed ideals of K[xo, ... 215 
the set of (saturated) monomial ideals of K[xo, x„] 215 

^d,g the Hilbert scheme of locally Cohen-Macaulay curves 247 
in P-' of degree d and genus g (contained in Hilb^f_|_i_(,) 
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